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ABSTRACT

A nonempty set S together with an n-ary operation given by
f 8™ — S, where n > 2, is called an n-ary groupoid and is denoted by (.5, f). The
following sequence of elements x;, x;1, ..., x; is denoted by xi . In the case 7 > 7,

it is (). We call an n-ary groupoid (S, f) as (i, j)-associative if the following holds:
G (G D B (R (G ey

for every x1,x9,...,x9, 1 € S. The operation f is associative if the above identity
holds for every 1 < i < j < n, and (5, f) is called an n-ary semigroup.

In this thesis, we study i-ideals and fuzzy i-ideals of n-ary semi-
groups. Moreover, we study almost i-ideals and fuzzy almost ¢-ideals of n-ary semi-

groups.
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Chapter 1

Introduction

1.1 Background and significance

Zadeh [30] introduced the fundamental fuzzy subset concept in 1965.
The applications of fuzzy subsets can now be seen in different disciplines. A fuzzy
subset of S is a function from S to [0, 1]. In 1971, Rosenfeld introduced the notion
of fuzzy groups and pioneered the study of fuzzy algebraic structures in [24]. Kuroki
[17, 18, 19, 20] gave the definition of fuzzy semigroups and fuzzy ideals in semi-
groups. Considering the semigroup S of the fuzzy points of a semigroup S, Kim [16]
tackled the relation between fuzzy interior ideals of S and the subsets of S. Hamouda
[11] discussed the relation between some ideals of a semigroup S and the subsets of
S. Moreover, he later considered the ternary semigroup S of all fuzzy points of a
ternary semigroup S and then studied the relation between some fuzzy ideals of a
ternary semigroup .S and the subsets of .S in [12].

Grosek and Satko [7] presented the concept of a left almost ideal and
a right almost ideal of a semigroup in 1980. They also studied minimal almost ideals
of semigroups in [8] and smallest almost ideals of semigroups in [9]. Fuzzy almost
bi-ideals of semigroups were discussed by Wattanatripop et al. in [28].

Kasner [13] initiated the generalization of the classical algebraic struc-
tures to n-ary structures in 1904. Sioson [25] gave some properties of regular n-ary
semigroups. Dudek [2] extended Sioson’s study on regular n-ary semigroups. In
[3, 4, 5], he also proved some results of n-ary groups. Furthermore, he provided
the properties of ideals of some elements of n-ary (n > 3) semigroups that con-
tains idempotent in [6]. Wang et al. [27] studied the relation between regular n-ary

semigroups and soft regular n-ary semigroups. n-ary systems were applied in the



following fields: physics in [22] and [26], automata theory in [10], to name a few.

In this thesis, we study the fuzziness of n-ary semigroups.

1.2 Objectives of study

1. To study ¢-ideals and fuzzy ¢-ideals of n-ary semigroups.

2. To study almost i-ideals and fuzzy almost :-ideals of n-ary semigroups.

1.3 Research plan

Task 2017 2018 2019
11-12 | 01-03 | 4-7 | 8 | 9-12 | 1-3 | 4

Literature review * *

Write up the thesis proposal * *

Present the thesis proposal *

Work on the problems * *

Write up the thesis * *

Present the thesis *

1.4 Expected benefit of this study

We will give new definitions in n-ary semigroups and study ¢-ideals,

fuzzy i-ideals, almost ¢-ideals, and fuzzy almost i-ideals of n-ary semigroups.



Chapter 2
Preliminaries

In this chapter, we introduce some basic definitions and examples
of semigroups, ternary semigroups, and n-ary semigroups that will be useful in this

thesis.

2.1 Fuzzy subsets in semigroups

Zadeh [30] initiated the concept of a fuzzy subset in 1965 which eventually opened

up applications in different fields of science.

Definition 2.1.1. A nonempty set S is called a semigroup if there exists a binary

operation * : S x S — S satisfying (a xb) x c = a x (b c) forall a,b,c € S.
Example 2.1.2. (N, +), (N, ), (R, +), (R, -) are semigroups.
Example 2.1.3. (N, —) is not a semigroup since 2 — 3 ¢ N.

Throughout this section, let S be a semigroup.

Let A and B be nonempty subsets of .S. Then
AB:={ab|a€ Abe B}.
Let a € S and B be a subset of S. Then
aB :={a}B = {ab | b € B}.
Definition 2.1.4. Let A be a nonempty subset of .S.

1. Ais called a subsemigroup of S if A2 C A.



2. Ais called a left ideal of S if SA C A.
3. Ais called a right ideal of S if AS C A.
4. Ais called an ideal of S if it is both a left and a right ideal of S.

Definition 2.1.5. A function f is called a fuzzy subset in S if it is a function from S
to the closed interval [0,1].

Let f and g be fuzzy subsets in .S. Then the inclusion relation f C g is defined
by f(x) < g(x) forall z € S. fNgand f U g are fuzzy subsets in S defined by
(f N9)(@) = min{ f(2), g(2)} = f(x) A g(x) and (f Ug)(x) = max{ f(x), g()} =
f(z)Vg(x)forallz € S.

Example 2.1.6. Let S = {a}. Define f : S — [0,1] by f(a) = 0.1 and
g:S —1[0,1] by g(a) = 0.3. Then (f U g)(a) = 0.3and (f Ng)(a) =0.1.

The definition of fuzzy points was given by Pu and Liu [23] in 1980.

Definition 2.1.7. Let S be a nonempty set and ¢ € (0, 1], z € S. A fuzzy point z; of
S is a fuzzy subset in .S defined by

t, ifex=uy,
zi(y) = .
0, otherwise,

forally € S.
The fuzzy point z; is said to be contained in a fuzzy subset f, denoted by x; € f,
if and only if f(x) > t.

Definition 2.1.8. For all x € S, the characteristic function C'4 of a subset A of S is
a fuzzy subset defined by
1, if x €A,
Ca(x) =
0, if x & A.
Example 2.1.9. Let S = {a, b, c,d} and A = {a, b}. Define a fuzzy subset
Cy:5— [0,1] by

Ca(a) = 1since a € A.
Ca(b) = 1since b € A.
Cu(c) =0since ¢ € A.
Ca(d) = 0since d ¢ A.



Definition 2.1.10. Let f be a nonzero fuzzy subset of S.

1. f is called a fuzzy subsemigroup of S if f(xy) > min{f(x), f(y)} for all
x,y € 5.

2. fis called a fuzzy left ideal of S if f(zy) > f(y) forall z,y € S.
3. fis called a fuzzy right ideal of S if f(xy) > f(z) forall z,y € S.
4. f is called a fuzzy ideal of S if f(xy) > max{f(z), f(y)} forall z,y € S.

Example 2.1.11. Let S = [0, 1]. Clearly, (|0, 1], ) is a semigroup.
Define f : S — [0,1] by f(z) =1 — z forall z € S. Then we have

flay) =1—-azy>1-y= f(y)
flay) =1—-2y>1—2= f(x)

for all x,y € S. Hence, f is a fuzzy left ideal and a fuzzy right ideal of .S and, thus,
a fuzzy ideal of S.

2.2 Fuzzy subsets in ternary semigroups

The notion of ternary semigroups was first introduced by Lehmer in [21] in 1932.

Definition 2.2.1. A ternary semigroup is a nonempty set S together with a ternary
operation (a, b, ¢) — abe satisfying (abc)de = a(bed)e = ab(cde) for all
a,b,c,d,e € 8S.

Example 2.2.2. (7, -) is a ternary semigroup, but is not a semigroup since

(~1)(-1) ¢ Z.

Throughout this section, let S be a ternary semigroup.

Let A, B, C' be nonempty subsets of .S. Then
ABC :={abc|a€ A,be B,ce C}.
Definition 2.2.3. Let A be a nonempty subset of .S.
1. Ais called a ternary subsemigroup of S if A3 C A.
2. Ais called aleft ideal of S if SSA C A.

3. A is called a lateral ideal of S if SAS C A.



4. A is called a right ideal of S if ASS C A.
5. Ais called an ideal of S if it is a left, a lateral, and a right ideal of S.

Definition 2.2.4. A function f from S to the closed interval [0,1] is called a fuzzy
subset in S.

Let f and g be fuzzy subsets in S. Then f C g is defined by f(z) < g(z)
forall z € S. fNgand fU g are fuzzy subsets in S defined by (f N g)(x) =
min{ f(z), g(z)} = f(z) A g(z) and (f U g)(z) = max{f(z),g(z)} = f(z) V g(z)
forall x € S.

Definition 2.2.5. Letz € S and t € (0, 1]. A fuzzy point x; of S is a fuzzy subset in
S defined by

t, ifr=y,
zi(y) =
0, otherwise,

forall y € S.
The fuzzy point x; is said to be contained in a fuzzy subset f, denoted by x; € f,
if and only if f(x) > t.

Definition 2.2.6. For all x € S, the characteristic function C'4 of a subset A of S is

a fuzzy subset defined by

1, if x €A,
Ca(z) =
0, if z & A

Definition 2.2.7. Let f be a nonzero fuzzy subset of .S.

1. fiscalled a fuzzy ternary subsemigroup of S if f(xyz) > f(z)A f(y)A\ f(2)
forall z,y,z € S.

2. fiscalled a fuzzy left ideal of S if f(xyz) > f(z) forall x,y,z € S.
3. fiscalled a fuzzy lateral ideal of S if f(zyz) > f(y) forall z,y,z € S.
4. fis called a fuzzy right ideal of S if f(zyz) > f(z) forall x,y,z € S.

5. fiscalled a fuzzy ideal of S if it is a fuzzy left ideal, a fuzzy lateral ideal, and
a fuzzy right ideal of S, i.e., f(zxyz) > f(z)V f(y) V f(2) forall z,y,z € S.



2.3 Almost ideals in semigroups

In 1980, Grosek and Satko [7] introduced the concept of an almost ideal of a semi-

group.
Throughout this section, let .S be a semigroup.

Definition 2.3.1. Let A be a nonempty subset of S. Forall s € S,
1. Ais called a left almost ideal of S if sAN A # (),
2. Ais called a right almost ideal of S if AsN A # 0,

3. A is called an almost ideal of S if it is both a left almost ideal and a right

almost ideal of S.

Example 2.3.2. Every left (right) ideal of S is a left (right) almost ideal of S. Simi-

larly, every ideal of .S is an almost ideal of .S.

Proof. Assume A is a left ideal of S. Then SA C A. Forall s € §,sA C SA C A.
This means sA N A = sA # (). Thus, A is a left almost ideal of S.
The proof is similar for every right ideal of .S is a right almost ideal of S and every

ideal of S is an almost ideal of .S. O]

0+A)NA={1,2,4} and (A+0)NA={1,2,4}
1+A)NA={2} and (A+1)NA={2}
2+ A)NA={4} and (A+2)NA={4}
(B+A)NA={1,4} and (A+3)NA={14}
(4+A)NA={2} and (A+4)NA={2}
G+ A)NA={1} and (A+5)NA={1}.

Hence, A is both a left almost ideal and a right almost ideal of Zg. So, A is an
almost ideal of Zg. But A is not an ideal of Zg since 1 +2 = 3 & A.

2.4 Fuzzy subsets in n-ary semigroups

In 1904, Kasner [13] initiated the generalization of classical algebraic structures to

n-ary structures.



Definition 2.4.1. A nonempty set S together with an n-ary operation given by
f: 8™ — S, where n > 2, is called an n-ary groupoid and is denoted by (S, f). The
following sequence of elements x;, Z; 1, . .., x; is denoted by a:f . In the case ¢ > 7,

it is (). We call an n-ary groupoid (S, f) as (4, j)-associative if the following holds:
! Fart et = fed 7 ff T 2

for every x1,29,...,29,-1 € S. The operation f is associative if the above iden-
tity holds for every 1 < ¢ < j < n, and (S, f) is called an n-ary semigroup. A
nonempty subset 7" of S is called an n-ary subsemigroup of S if f(a}) € T for all
ai, a9, ...,0, €T

Let F(S) be the set of all fuzzy subsets in an n-ary semigroup S. For each
91,92, -, gn € F(S), the product of g1, go, . . ., g is a fuzzy subset gy 0 gy 0 -+ - 0 g,

defined as follows:

\/ {/\ gi(a;)} ifx= f(a?)
z=f(a1,a2,....,an) =1

o) O"'OTL €Tr) =
(91 92 g )( ) a17a2,...,(ln€S7

| 0 otherwise.

for all z € S. Then F(S) is an n-ary semigroup with the product o.

Example 2.4.2. Let A = ({2,2", 27+ 2nt2 9n+3 1 .). Then A is an n-ary semi-
group. If n = 4, then we have A = ({2,2%2° 26 27 ..} .) is a 4-ary semigroup.
Notice that A is not a semigroup since 2> = 4 € A, and is also not a ternary semi-

group since 22 = 8 ¢ A.
Throughout this section, let S' be an n-ary semigroup.

Definition 2.4.3. A function f from S to the closed interval [0,1] is called a fuzzy
subset in 5.

Let g and h be fuzzy subsets of S. The relation g C h is defined by g(z) < h(x)
for all z € S. The fuzzy subsets g N h and g U h are defined by (g N h)(z) =
min{g(z), h(z)} and (g U h)(z) = max{g(x), h(z)} forall z € S.

Definition 2.4.4. For any « € (0,1] and x € S, a fuzzy subset z,, of S is defined by

a, if y=ux,
0, if y#ux,

forall y € S. z, is called a fuzzy point of S.

To(y) =



Definition 2.4.5. For any subset A of S, a fuzzy subset C'4 of S is defined by

1, if x €A,
Ca(z) =
0, if v ¢ A,

for all x € S. C'4 is called the characteristic function of A.



Chapter 3

1-ideals and fuzzy :-ideals of n-ary

semigroups

In this chapter, we consider the n-ary semigroup S of the fuzzy points
of an n-ary semigroup .S. We will also show the relation between i-ideals A of S and
the subsets C'4 of S, and ideals A of S and the subsets C'4 of S.

Throughout this chapter, let (.S, f) be an n-ary semigroup.

3.1 i-ideals

We get the definition of an i-ideal of (.S, f) from [27].

Definition 3.1.1. A nonempty subset / of S is called an i-ideal of (S, f) if for all
T1y ooy Tim1y Tig1s s Ty € S with @ € I, then f(2i7',a,27,,) € I. A nonempty
subset I of S is called an ideal of (S, f) if [ is an i-ideal for every 1 < i < n.

Example 3.1.2. 1. If i = 1,n = 2, then we have a 1-ideal of a semigroup. By
Definition 3.1.1, we have f(v17',a,22,,) = f(a,22) = axy € I forall a €

I,z € S, thatis, [ is a right ideal of (S, f).

2. If i = 2,n = 2, then we have a 2-ideal of a semigroup. By Definition 3.1.1, we
get f(x77',a,23,,) = f(z1,a) = via € [ foralla € I,z € S, thatis, [ is a
left ideal of (.5, f).

Example 3.1.3. 1. If i = 1, n = 3, then we have a 1-ideal of a ternary semigroup.
By Definition 3.1.1, we have f(z17",a,23.,) = f(a,zow3) = amexs € I for
alla € I,z € S, thatis, I is a right ideal of (.5, f).
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2. If i = 2,n = 3, then we have a 2-ideal of a ternary semigroup. By Definition

3.1.1, we get f(22 ' a,23,,) = flx1,a,23) = x1ax3 € I forall a € 1,
1 2+1

x € S, thatis, [ is a lateral ideal of (S, f).

3. If ¢ = 3,n = 3, then we have a 3-ideal of a ternary semigroup. By Definition
3.1.1, we obtain f(z37 ', a,23,,) = f(2122,a) = 1220 € [ foralla € I,
x € S, thatis, [ is a left ideal of (.5, f).

Definition 3.1.4. Let S be the set of all fuzzy points in (.S, f). Then
(al)m © (a2)a2 ©---0 (an>an = (f(aﬁ)min{m,az ,,,,, an}-

Thus, S is an n-ary subsemigroup of F'(S). For any g € F(S), g denotes the set of

all fuzzy points contained in g, that is,

{ra € 5| g(x) > a}.

NS}
I

For any g1, g, ..., gn € S, we define the product of g, go, .. ., gn as

g10g20-::0gn = {(@1)ay 0 (a2)ay © -+ 0 (an)a, | @i € (gi)a, }-

Example 3.1.5. Consider the semigroup ([0,1],-) and a fuzzy subset g such that
g(1) =1,¢(0) = 0.5, and g(z) = 0 for all € (0, 1). Then

g={la[1>a}uU{0s|0.5> 3}
Theorem 3.1.6. Let g1, go, . . ., gi. be fuzzy subsets in S. Then
(1) U1g: = Ul gi-
(2) NE1gi = N gie

Proof. (1) Letx, € UL, g;- Then (U, ;) () > . So, max{g:(z), ..., gr(2)} > a.
This means g;(x) > « for some 7. Hence, z, € g; for some i. Therefore, z, € ur, Gi-
Conversely, let z, € Uf_,g;. Then z, € g; for some i. So, g;(x) > o for some
i. Hence, max{g;(z),...,gr(x)} > a. This implies (U*_,g;)(x) > «. Therefore,
ZTqo € M

(2) Let x, € M Then (N¥_,g;)(z) > a. So, min{g,(z),...,gx(x)} >
. This implies g;(x) > « for all i. Hence, v, € g; for all i. Therefore, z, €
NE_,g;. Conversely, let z, € NY_,g;. Then x, € g; for all i. So, g;(z) > « for all
i. Hence, min{g;(x),...,gx(z)} > «. This implies (N*_,g;)(z) > «. Therefore,

T, € ﬂleg,-. O]



Theorem 3.1.7. Let g1, g2, - - -, gn be fuzzy subsets in S. Then g 0 gy o ---0g, C
g1°2G920 -0 Gn.

Proof. Letx, € g1ogzo---0g, Thenzy = (a1)a, © (a2)a, © - © (an)a, for some
(@i)a, € gi- This implies 24 = (f(a}))minfar,as,....an} and (gi)(a;) > a; for all 4. So,
x = f(a}) and @« = min{ay, as, ..., a,}. Therefore, (g;)(a;) > «; > « for all i.

Hence, (g1 0g20---0¢g,)(x) > a. S0,z € g1 0G0+ 0 gp. ]

Theorem 3.1.8. Let A and B be nonempty subsets of S. Then A C B if and only if
Cy CCp.

Proof. Assume that A C B. We consider two cases:

Case I: x ¢ A. Then C4(x) = 0. So, Cy(z) = 0 < Cp(x).

Case 2: z € A. Since A C B,z € B. Then Cg(x) = 1. Hence, Cy(z) < Cg(z).
Thus, C4 C Cp. Conversely, assume that Cy C Cp. Let 2 € A. Then Ca(x) = 1.
Since Cy C Cp,1 = Cy(x) < Cpg(x). Then Cg(x) = 1. Hence, z € B. Thus,
AC B. O

Theorem 3.1.9. Let A be a nonempty subset of S. Then x, € C4 if and only if v € A.

Proof. Assume that x, € C4. Then C4(z) > . Hence, C4(x) = 1. This implies
x € A. Conversely, assume that x € A. Then Cy(x) =1 > a forall € (0, 1]. This
implies z, € Cy. [

Theorem 3.1.10. For any nonempty subsets A and B of S, A C B if and only if
CaC s

Proof. Assume that A C B. Let x, € C4. By Theorem 3.1.9, v € A. Since A C B,
r € B. By Theorem 3.1.9, z, € Cg. Thus, Cy C Cp. Conversely, assume that
Cy C Cp. Letz € A. By Theorem 3.1.9, x, € Cy4. Since Cy C U, 7, € Cp. By
Theorem 3.1.9, x € B. Thus, A C B. O]

Theorem 3.1.11. For any fuzzy subsets g and h of S, g C h if and only if g C h.

Proof. Assume that g C h. Then g(x) < h(z) forall z € S. Let z, € g. Then
h(z) > g(x) > a. Hence, 7, € h. Conversely, assume that g C h. Let z € S. We
consider two cases:

Case 1: g(x) = 0. Then g(z) = 0 < h(z).

Case 2: g(x) # 0. Let a« = g(x). Then x, € g. So, 7, € h. Hence, h(z) > a =
g(x). Thus, g C h.

]



13

Definition 3.1.12. A fuzzy subset g of S is called a fuzzy n-ary subsemigroup of
(S, f)if g(f(a})) > min{g(a1), g(az),...,g(a,)} forall as,as, ..., a, € S.

Theorem 3.1.13. Let g be a nonzero fuzzy subset of S. Then g is a fuzzy n-ary
subsemigroup of (S, f) if and only if g is an n-ary subsemigroup of (S, f).

Proof. Assume that g is a fuzzy n-ary subsemigroup of (S, f).
Let (a1)ay, (@2)ays -+ -»(@n)a, € g- S0, g(a;) > a; for all 7. Then

g(f(a?})) > min{g(a1),g(az),...,g(a,)} > min{ay,as,...,a,}.

.....

versely, assume that g is an n-ary subsemigroup of (S, f). Let ay, a,..., o, € g.
We choose «; = g(a;) for all 7. We consider two cases:
Case 1: o; = 0 forsome 7. Then min{g(a,), g(az),...,g(a,)} = min{ay, ag, ..., a,} =

0 < g(f(a})).
Case 2: o; # 0 for all . Then a; = g(a;) for all i. So, (a;), € g for all i. Hence,

(f(CLTf))min{al,a2 ,,,,, ant €G- Therefore,
g(f(at)) = minfar, @z, .., an} = min{g(ar), g(az), ... g(ar)}.

Thus, g is a fuzzy n-ary subsemigroup of (S, f). O

3.2 Fuzzy i-ideals

Definition 3.2.1. A fuzzy subset g of S is called a fuzzy i-ideal of (S, f) if g(f(aT})) >
g(a;) forall ay,aq,...,a, € S.

Example 3.2.2. Let S = [0,1]. Clearly, ([0, 1], f) is an n-ary semigroup such that
flz?) =xy---x, forall zy,..., 2, € S. Define g : S — [0, 1] by g(x) = 1 — x for
allz € S. Foralli € {1,...,n}, we have

g(f(21)) =1—f(@]) =1 -2+ 2n 21—z = g(s).
Thus, g is a fuzzy i-ideal of (S, f).

Lemma 3.2.3. Let g be a nonzero fuzzy subset of S. Then g is a fuzzy i-ideal of
(S, f) if and only if g is an i-ideal of (S, f).

Proof. Assume that g is a fuzzy i-ideal of (5, f). Let
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o, €9 and  (T1)ays -5 (Tic)as1s (Tit1)aspas -5 (Tn)an €5,

Then g(a) > «;. Therefore, we have
g(f(xiia a, :U;L-H)) > g(&) > > min{ala Qg, ... >an}-

.....

assume that g is an i-ideal of (S, f). Let x1,..., %1, %41, ..., 7,0 € S. We con-
sider two cases:

Case 1: g(a) = 0. Then g(f (2", a,274)) > 0 = g(a).

Case 2: g(a) # 0. Let o« = g(a). This implies ao € g. Then f(z{ ™', a,27)a € g
by assumption. Therefore, we get g(f (27!, a,27,,)) > o = g(a). Thus, g is a fuzzy
i-ideal of (S, f). O

Lemma 3.2.4. Let A be a nonempty subset of S. Then A is an i-ideal of (S, f) if and
only if Cy is a fuzzy i-ideal of (S, f).

Proof. Assume that A is an i-ideal of (S, f). Let ay, as, ..., a, € S.

Case 1: a; € A. Then f(a}) € A. Hence, Ca(f(a})) =1 > Ca(a).

Case 2: a; ¢ A. Then Ca(a;) = 0 < Ca(f(a})).

Thus, C4 is a fuzzy i-ideal of (S, f). Conversely, assume that C is a fuzzy i-ideal
of (S, f). Letxy,...,xi1,%is1,..., 2, € Sand a € A. So, Ca(a) = 1. Therefore,
Ca(f(z7 " a,27)) > Ca(a) = 1. Hence, f(zi', a,a?,;) € A. Thus, A is an
i-ideal of (S, f). O

Theorem 3.2.5. Let A be a nonempty subset of S. Then A is an i-ideal of (S, f) if
and only if Cy4 is an i-ideal of (S, f).

Proof. Assume that A is an i-ideal of (S, f). By Lemma 3.2.4, C is a fuzzy i-ideal
of (S, f). Then by Lemma 3.2.3, C'4 is an i-ideal of (S, f). Conversely, assume that
Cy is an i-ideal of (S, f). By Lemma 3.2.3, C4 is a fuzzy i-ideal of (.5, f). Then by
Lemma 3.2.4, A is an i-ideal of (5, f). O

Theorem 3.2.6. Let A be a nonempty subset of S. Then A is an ideal of (S, f) if and
only if Cy is an ideal of (S, f).

Proof. Assume that A is an ideal of (S, f). By Theorem 3.2.5, C4 is an ideal of
(S, f) for every 1 < i < n. Conversely, assume that C is an ideal of (3, f). By
Theorem 3.2.5, A is an ideal of (S, f) forevery 1 <i < n. O



Chapter 4

Almost i-ideals and fuzzy almost

1-ideals of n-ary semigroups

In this chapter, we introduce almost i-ideals and fuzzy almost i-ideals
of n-ary semigroups and give some interesting properties.

Throughout this chapter, let (.S, f) be an n-ary semigroup.

4.1 Almost z-ideals

We define an almost i-ideal of (S, f) by using the concept of an almost ideal in a

semigroup.

Definition 4.1.1. A nonempty subset / of S is called an almost i-ideal of (S, f) if
fy L, )N #0forall a2l €5

where f(zi71, 1,a7,,) = {f(z a.a7,) | a € I},

Example 4.1.2. Every i-ideal of (S, f) is an almost i-ideal of (S, f).

Proof. Let I be an i-ideal of (S, f). Then f(z{™", I,2%,) C I. So, f(z{', I,z 1)N
I # (). Thus, I is an almost i-ideal of (S, f). O

the usual addition, and I = {1,4,5}.

0+ 1)NI={1,1,5} and (I+0)NI={1,1,5}.
1+1)NnI={5} and (I+1)NnI={5}.
2+I0)NnI={1} and (I +2)NI=/{1}.
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B+I1)NI={1,4} and (I +3)NI=1{1,4}.
(4+1)nI={5} and (I +4)NnI={5}.
G+I)NI={4} and (I +5)NI={4}.

Hence, I = {1,4,5} is both a left almost 1-ideal and a right almost 1-ideal of Zg.
So, I is an almost 1-ideal of Zg. But I is not a 1-ideal of Zg since 1 +5 =0 ¢ I.
I is also not an n-ary subsemigroup of Zg since4 +5=9 =3 & I.

Example 4.1.3 implies that, in general, an almost i-ideal of (.S, f) need not be an

n-ary subsemigroup of (.S, f) nor an i-ideal of (.5, f).

Theorem 4.1.4. If I is an almost i-ideal of (S, f) and I C H C S, then H is an
almost i-ideal of (S, f).

Proof. Assume that I is an almost i-ideal of (5, f) with / C H C S. Then we have
0+ fla " Lat, ) NI C f(ai7' Hya?,) N H for all 277", 27, € S. Therefore,
H is an almost i-ideal of (5, f). O

Corollary 4.1.5. The union of two almost i-ideals of (S, f) is an almost i-ideal of
(S, f).

Proof. Let I and I, be almost i-ideals of (.S, f). Then [; C I; U I,. By Theorem
4.1.4, I, U I is an almost i-ideal of (S, f). O

Example 4.1.6. Consider n = 2 and the n-ary semigroup Zg under the usual addition.
We have I, = {1,4,5} and I, = {1, 2,5} are almost 1-ideals of Z.
Consider 1 € (Zg, +). Then we have

Hence, [, N I, = {1,5} is not an almost 1-ideal of Zg.

Example 4.1.6 implies that, in general, the intersection of two almost ¢-ideals of
(S, f) need not be an almost i-ideal of (S, f).

4.2 Fuzzy almost i-ideals

Definition 4.2.1. A fuzzy subset g of S is called a fuzzy almost i-ideal of (S, f) if

((%1)ay © (T2)ar © -+ 0 (Tiz1)ay_, © g © ($i+1)ai+1 °...0(Tn)a,) Ng #0

for all fuzzy points (xy),, of S where k € {1,2,...,n} ~ {i}.
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Theorem 4.2.2. Let g be a fuzzy almost i-ideal of (S, f) and h be a fuzzy subset of S
such that g C h. Then h is a fuzzy almost i-ideal of (S, f).

Proof. Assume that g is a fuzzy almost i-ideal of (S, f) and h is a fuzzy subset of S
such that ¢ C h. Foreach k € {1,2,...,n} \ {i}, let (z1),, be a fuzzy pointin S.
Let A = ((%1)a; © (%2)as © - 0 (Ti—1)as1 © 9 © (Tit1)asy, © - 0 (Tn)a,) N g and
B = ((%1)a; 0 (2)ay © ... 0 (T-1)a;, ©h 0 (Tit1)as, ©--- 0 (Tn)a,) N .

Since A # 0, then there exists y € .S such that A(y) # 0. Since g C h, then A C B.
So, A(y) < B(y). This implies B(y) # 0. Hence, B # 0. Therefore, h is a fuzzy
almost i-ideal of (S, f). O

Corollary 4.2.3. Let g and h be fuzzy almost i-ideals of (S, f). Then g U h is a fuzzy
almost i-ideal of (S, f).

Proof. Since g C gUh, by Theorem 4.2.2, gUh is a fuzzy almost i-ideal of (S, f). O

Example 4.2.4. Consider n = 2 and the n-ary semigroup Zg under the usual addition,
g : Zg — [0, 1] is defined by

9(0) = 0,9(1) = 0.3,9(2) = 0,9(3) = 0

N
Yy
N
S—
Il
©
N
Na
S
(]
S~—
Il
o
—_

and h : Zg — [0, 1] defined by
h(0) = 0,h(1) = 0.3,h(2) = 0.1,h(3) = 0,h(4) = 0,h(5) = 0.3.

Then g and h are fuzzy almost 1-ideals of Zg, but g N h is not a fuzzy almost 1-ideal
of ZG .

Proof. (1) We will show that g is a fuzzy almost 1-ideal of Zg.
Case 1: 25 = 0.
Choose = = 1.
We have
[(g © (22)ay) N gl(z) = min{(g © (z2)a,)(x), g(x)}
[(g 0 (0)az) N gl
Then

—
S~—
Il
.
=
~=
—~
Q
O
—~
==
~—

Q
)
~—
—~
—
~—
Q
—~
—|
~—
=

(90 (0)a,)(1) = sup min{g(z1), (0)ay(x2)}

T=x1+x2

> min{g(1), (0)a,(0)}
— min{0.3, as} # 0.
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Hence, (9.0 (0)ay) 1 6)(T) = min{(g o (0)a,) (D), g(T)} £ 0.
Case 2: x5 = 1.
Choose x = 5.
We have
(90 (22)as) N g)(@) = min{(g o (22)a) (@), 9(2)}
[(g 0 (Day) Ngl(5) = min{(g o (I)a,)(5),9(5)}.
Then
(g0 (Day)(5) = sup min{g(w1), (1)a,(22)}

T=x1+x2

> min{g(4), (1)a, (1)}
— min{0.2, as} # 0.

Hence, [(g 0 (1)a,) N ¢](5) = min{(g o (1)a,)(5), 9(5)} # 0.
Case 3: 75 = 2.

Choose = = 1.

We have

[(9 0 (22)a,) N g)(z) = min{(g o (22)a,)(2), g(2)}
[(g0(2)a) Ngl(T) =min{(go(2)a,)(1),9(1)}.
Then
(90 (2)ay)(1) = sup min{g(z1), (2)a,(z2)}

T=x1+T2

> min{g(5), (2)a,(2)}
— min{0.1, ay} # 0.

Case 4: 9 =
Choose z = 4.
We have
(g0 (22)s) N gl(2) = min{(g o (22)a,) (), g()}
(g0 (3)ay) Ngl(4) =min{(go (3)a,)(4), 9(4)}.
Then
(90 (3)ay)(d) = sup min{g(z1), (3)a,(22)}

T=x1+T2

> min{g(1), (3)a,(3)}
= min{0.3, an} # 0.
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Hence, (9.0 (3)ay) N 6)(D) = min{(g 0 (3)a,) (D), 9(2)} £ 0.
Case 5: x4 = 4.

Choose = = 5.

We have

[(9 0 (22)a,) N g)(z) = min{(g o (22)a,)(2), g(2)}
(g0 (4)ay) Ngl(5) =min{(go (4)a,)(5),9(5)}.
Then
(90 (4)ay)(B3) = sup min{g(z1), (4)a,(22)}

T=x1+x2

> min{g(1), (4)a,(4)}
— min{0.3, as} # 0.

Hence, [(g 0 (4)a,) N g](5) = min{(g o (4)a,)(5), 9(5)} # 0.
Case 6: x5 = 5.

Choose = = 4.

We have

[(g 0 (22)az) N g](x) = min{(g o (22)a,)(x), g(x)}

[(g0(5)az) Ngl(4) =min{(go (5)a,)(4), g(4)}.
Then

(90 (5)ay)(d) = sup min{g(x1), (5)ay(x2)}

T=x1+x2

> min{g(5), (5)a,(5)}
= min{0.1, s} # 0.

Hence, [(g © (5)a,) N g](4) = min{(g o (5)a,)(4), 9(4)} # 0.
Therefore, g is a fuzzy almost 1-ideal of Zg. Similarly, A is a fuzzy almost
1-ideal of Zs.

We will show that g N & is not a fuzzy almost 1-ideal of Zg.

Case 1: z = 0.
Choose x5 = 0.
We have

[((g N h) o (22)a,) N (g N A)J(x) = min{((g N h) o (22)a,)(x), (9 N )(x)}
[((g N h) 0 (0)ay) N (gNA)](0) =min{((gNh)o(0)a,)(0), (gNA)0)}.
Then min{(g N h)(0)} = min{0,0} = 0.

Hence, [((9Nh)o(0)a;)N(gNA)](0) = min{((gNh)o(0)a,)(0), (9N0h)(0)} = 0.
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Case 2: = = 1.
Choose x5 = 1.
We have

[((g TV h) o (2)ay) N (g N A)](2) = min{((g N 7)o (2)a,
(9N 1) o (Day) N (gN ML) =min{((gNA)o(1)a,)
Then min{(g N ~)(1)} = min{0.3,0.3} = 0.3.

Now,

)(@), (g ) (2)}
(1), (gNA)(D)}.

((gNh)o(T)a)(I) = sup min{(gNh)(z1), (T)ay(x2)}

T=x1+T2

> min{min{g(0), (0)}, (1)a, (1)}
= min{0,as} = 0.

Hence, [((9Nh)o(1)a,)N(gNA))(1) = min{((gNh)o(1)a,)(1), (90)(1)} = 0.

Case 3: = = 2.
Choose x5 = 0.
We have

[((g 7)o (22)a,) N (g N A)](2) = min{((g N A) 0 (£2)a,) (), (9 N h)(2)}
[((gN k) o (0)ay) N (gNA)](2) =min{((g N h) o (0)ay)(2), (9N 1)(2)}
Then min{(¢g N ~)(2)} = min{0,0.1} = 0.

Hence, [((9Nh)o(0)a,)N(9Nh)](2) = min{((gNh)o(0)a,)(2), (90h)(2)} = 0.

Case 4: = = 3.
Choose x5 = 0.
We have

[((g N h) o (22)a,) N (g N A)J(2) = min{((g N h) o (22)a,)(x), (g N h)(x)}
[((gN 1) o (0)a,) N (gNA)EB) =min{((gNh)o(0)a)(3),(gNA)3)}
Then min{(g N h)(3)} = min{0,0} = 0.

Hence, [((gNh)o(0)a;)N(gNA)](3) = min{((gNh)o(0)a,)(3), (9NA)(3)} = 0.

Case 5: = = 4.
Choose x5 = 0.
We have

[((gVh) 0 (22)ay) N (g N A)](2) = min{((g N 1) o (22)a,)(2), (9 N h)(2)}
[((g D) e (0)ay) N (g N A)I(E) = min{((g N 7)o (0)a,)(4), (g NA)(H)}.
Then min{(g N ~)(4)} = min{0.2,0} = 0.

Hence, [((9Nh)o(0)a,)N(9Nh)](4) = min{((gNh)o(0)a,)(4), (90h)(4)} = 0.
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Case 6: x = b.
Choose x5 = 2.
We have

[((gVh) o (2)a,) N (g N A)](2) = min{((g N 1) o (22)a,)(2), (9 N h)()}
(g0 7) 0 (2)ar) N (g N A)I(B) = min{((gNh) o (2)a,)(5), (g NA)(5)}.
Then min{(g N ~)(5)} = min{0.1,0.3} = 0.1.

Now,

((gNh)o(2)a)(5) = sup min{(gNh)(z1), (2)ay(x2)}

T=x1+T2

= min{0, ax} = 0.

Hence, [((9Nh)0(2)a;)N(9N1)](5) = min{((gNh)o(2)a,)(5), (9Nh)(5)} = 0.
Therefore, g N h is not a fuzzy almost 1-ideal of Zg.

Example 4.2.4 implies that, in general, the intersection of two fuzzy almost i-
ideals of (.5, f) need not be a fuzzy almost i-ideal of (S, f). O

Theorem 4.2.5. Let A be a nonempty subset of S. Then A is an almost i-ideal of
(S, f) if and only if C4 is a fuzzy almost i-ideal of (S, f).

Proof. Assume that A is an almost i-ideal of (S, f). Then f(z}™', A,z ) N A # 0

forall z7", 2%, € S. Thus, there exists z € f(z}7", A, 2%, ;) N A. So,

[((z1)ay © (#2)ay © - 0 (Tit)ayy © Ca © (Titt)aiyy © -+ 0 (Tn)a,) N Cal(w) # 0

forall ay,...,a, € (0,1]. Hence, C is a fuzzy almost i-ideal of (S, f).

Conversely, assume C4 is a fuzzy almost i-ideal of (S, f). Let 2} ',z € S.

Hence,

(Z1)ar © (22)ag © - 0 (Tim1)as, ©Ca © (Tis1)agy © - © (Tn)an) N Ca # 0.

Then there exists € S such that

[((71)a; © (72)ap © . 0 (@i-1)a;,_, ©Ca 0 (xi+l)ai+1 0...0(Ty)a,) NCal(z) #0.

So,z € f(zi"", A 2 ) N A. Hence, f(zi", A,z ) N A # (. Thus, A is an almost
i-ideal of (S, f). ]

Definition 4.2.6. For a fuzzy subset g of S, the support of g is defined by supp (g) =
{zreS|g(x)#0}.
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Theorem 4.2.7. Let g be a nonzero fuzzy subset of S. Then g is a fuzzy almost i-ideal
of (S, f) if and only if supp (g) is an almost i-ideal of (S, f).

Proof. Assume that g is a fuzzy almost i-ideal of (S, f). Let 2,27, € S. Then
for any ay, € (0,1] where k € {1,2,...,n} ~ {i}, we have

(Z1)ay © (12)ap © -+ 0 (Tiz1)a,_, ©g O ($i+1>ai+1 0...0(Tn)a,)Ng#0.
Thus, there exists z € S such that

[((#1)ay © (#2)as © - 0 (Tit)ay © 90 (Tis1)agys © -+ 0 (Zn)a,) N g](x) 7 0.

So, g(x) # 0 and there exists z € S such that g(z) # 0 and z = f(zi7", 2, 27,,),
which implies z, z € supp (g). Thus,

(T1)ay © (72)ay © -+ 0 (Ti1)as_y © Csupp (9) © (Tit1)azsr © - © (Tn)ay, ) (@) # 0
and Ciypp (g) () # 0. Hence,
((T1)ar0(2)az - - -0 (Ti-1) a1 ©Clsupp (9)0 (Tit1)ais1 O - -0 (Tn)ay, NCoupp (9)) (7) # 0.

S0, Csupp (g) is a fuzzy almost i-ideal of (S, f). By Theorem 4.2.5, supp (g) is an
almost i-ideal of (S, f).

Conversely, assume that supp (g) is an almost i-ideal of (S, f). By Theorem
4.2.5, Csupp (g) is a fuzzy almost i-ideal of (S, f). Foreach k € {1,2,...,n} ~\ {i},
let (z)q, be a fuzzy point in S. Then

((@1)ar ©(@2)az0- - -0 (Ti-1)ai—1 © Csupp (9) © (Tit1) a1 ©- - -0 (Tn) ) N Cosupp (g)) # 0.
Then there exists x € S such that
(1) a1 0(%2) az0- - -2(Zim1)as_1 ©Clsupp (9)°(Tit1)ais1 ©- - -0(Tn)an ) Csupp (9)) () # 0.
Hence,

((#1)ay 0 (#2)as © - .- 0 (%i—1)a;_1 © Csupp (9) © (Tit1)azss © -+ © (Tn)ay, ) () # 0.

and Cy,pp (5)(2) # 0. Then there exists 2 € S such that z = f(2%7", 2, 27,,), and
g(z) # 0. Therefore,

(Z1)ay © (T2)ag © -+ 0 (Tic1)asy, ©9 0 (Tig1)a, © - - © (Tn)a, ) (2) # 0.
This implies

((1)ay © (2)ag © -+ 0 (Ti—1)as; © 90 (Tig1)asy © --- 0 (Tn)an Ng)(z) #O.

Consequently, g is a fuzzy almost i-ideal of (.5, f). O
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4.3 Minimal almost i-ideals and minimal fuzzy almost
1-ideals

We define a minimal almost i-ideal of (.S, f) by using the concept of a minimal ideal
in a semigroup and minimal fuzzy almost i-ideal of (S, f) by using the concept of a

minimal fuzzy ideal in a semigroup in [15].

Definition 4.3.1. An almost i-ideal [ of (S, f) is called minimal if for all almost
i-ideal H of (S, f) such that H C I, we have H = 1.

Definition 4.3.2. A nonzero fuzzy almost i-ideal g of (S, f) is called minimal if for

all nonzero fuzzy almost i-ideal h of (.S, f) such that h C ¢, we have supp (h) =
supp (9)-

Example 4.3.3. Let S = [0,1]. Clearly, ([0, 1], f) is an n-ary semigroup such that
fla?) =2 -z, forall zy,...,x, € S. Define a fuzzy subset g : S — [0, 1] by

1, ifx=0,
g(x) =
0, otherwise,

for all z € S. Then ¢ is a minimal fuzzy almost i-ideal of (S, f).

Proof. We will show that g is a fuzzy almost i-ideal of (.5, f).

We have f(zq,...,2;-1,0,241,...,2,) = 0. Then

((Z1)ar0- - -0(Zi-1)a;-1 °90(Tit1) a1 ©- - -0(Tn)an ) (0) = (F(2]))minfas,az,an} (0) =
(0)minfas,az,...a,}(0) # 0 and g(0) = 1. So,

((ml)al ©...0 (xifl)aifl 0go (xi+1)ai+l ©...0 (xn)an> ng 7é 0.

Hence, g is a fuzzy almost i-ideal of (.5, f).

Now, let g and h be nonzero fuzzy almost i-ideals of (S, f) such that h C g.

Then h(z) < g(x) forall z € S. Since h C g, then supp (h) C supp (g).

Let x € supp (g). Then g(z) # 0. So, g(x) = 1. Hence, z = 0. So, supp (¢g) = {0}.
Since h # 0 and supp (h) C supp (g), then supp (h) # 0 and supp (h) = {0} =
supp (g). Hence, supp (g) = supp (h). Therefore, g is a minimal fuzzy almost i-ideal
of (S, f). O

Theorem 4.3.4. Let A be a nonempty subset of S. Then A is a minimal almost i-ideal
of (S, f) if and only if C4 is a minimal fuzzy almost i-ideal of (S, f).
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Proof. Assume that A is a minimal almost i-ideal of (S, f). By Theorem 4.2.5, C4
is a fuzzy almost i-ideal of (.5, f). Let ¢ be a nonzero fuzzy almost i-ideal of (.5, f)
such that ¢ C Cy. So, supp (g) C supp (Ca) = A. By Theorem 4.2.7, supp (g) is an
almost i-ideal of (5, f). Since A is minimal, supp (g) = A = supp (C4). Therefore,
C'4 is a minimal fuzzy almost i-ideal of (.S, f). Conversely, assume that C'y is a
minimal fuzzy almost i-ideal of (.S, f). Let I be an almost i-ideal of (S, f) such that
I C A. By Theorem 4.2.5, C is a fuzzy almost i-ideal of (.S, f) such that C; C Cjy.
Hence, I = supp (Cr) = supp (Cs) = A. Therefore, A is a minimal almost i-ideal
of (S, f). O

4.4 Prime almost :-ideals and prime fuzzy almost :-

ideals

We derive the definition of a prime almost i-ideal of (.S, f) by using the concept of a
prime ideal in a semigroup in [1] and the definition of a prime fuzzy almost :-ideal of

(S, f) by using the concept of a prime fuzzy ideal in a semigroup in [14].

Definition 4.4.1. An almost i-ideal A of (5, f) is called prime if for all
T1,..., T, €8, f(x}) € Aimplies z; € A for some i.

Definition 4.4.2. A fuzzy almost i-ideal g of (5, f) is called prime if for all
1y, €8, g(f(2})) < max{g(x1),...,9(zn)}.

Example 4.4.3. Let S = [0,1]. Clearly, ([0, 1], f) is an n-ary semigroup such that
f(zh) =x1---x, forall xy,...,z, € S. Define a prime fuzzy subset g : S — [0, 1]
by

1, ifz=0,

g(x) =
0, otherwise,

for all z € S. Then ¢ is a prime fuzzy almost i-ideal of (S, f).

Proof. By Example 4.3.3., g is a fuzzy almost i-ideal of (S, f). Let xy,...,z, € S.
Then we consider two cases:
Case 1: g(z;) = O for all 7. Then x; # 0 for all i. So, f(z}) # 0. Hence,

max{g(z1), -, 9(zn)} = 0= g(f(27)).
Case 2: g(x;) = 1 for some i. Then x; = 0 for all i. So, f(z}7) = 0. Hence,

max{g(z1),...,g(zn)} =1 = g(f(a1)).
Thus, ¢ is a prime fuzzy almost i-ideal of (.5, f). O
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Theorem 4.4.4. Let A be a nonempty subset of S. Then A is a prime almost i-ideal
of (S, f) if and only if C 4 is a prime fuzzy almost i-ideal of (S, f).

Proof. Assume that A is a prime almost i-ideal of (S, f). By Theorem 4.2.5, C'4 is a

fuzzy almost i-ideal of (S, f). Let 1, ..., z, € S. We consider two cases:
Case 1: f(27) € A. So, x; € A for some i. Then max{C4(x1),...,Ca(z,)} =1>
Ca(f(27)).

Case 2: f(27) & A. Then Ca(f(2})) = 0 < max{Cyu(x1),...,Ca(x,)}.

Thus, C4 is a prime fuzzy almost i-ideal of (S, f). Conversely, assume that C'4 is
a prime fuzzy almost i-ideal of (S, f). By Theorem 4.2.5, A is an almost i-ideal of
(S, f). Letxy,...,x, € Ssuchthat f(z}) € A. Then Cy(f(z})) = 1. By assump-
tion, Cy(f(27)) < max{Cyx(x1),...,Ca(x,)}. So, max{Ca(x1),...,Ca(z,)} =
1. Therefore, z; € A for some i. Thus, A is a prime almost i-ideal of (S, f). O

4.5 Semiprime almost ;-ideals and semiprime fuzzy al-

most -ideals

We derive the definition of a semiprime almost i-ideal of (.S, f) by using the concept
of a semiprime ideal in a semigroup in [1] and the definition of a semiprime fuzzy al-
most i-ideal of (.S, f) by using the concept of a semiprime fuzzy ideal in a semigroup
in [29].

Definition 4.5.1. An almost i-ideal A of (.5, f) is called semiprime if for all z € S,
f(z") € Aimplies z € A.

Definition 4.5.2. A fuzzy almost i-ideal g of (5, f) is called semiprime if for all
el g(f(z")) < glx).

Example 4.5.3. Let S = [0, 1]. Clearly, ([0, 1], f) is an n-ary semigroup such that
f(z}) =1 -z, forall z4,..., 2, € S. Define a semiprime fuzzy subset
g:S—10,1] by

1, ifz=0,

g(x) = '
0, otherwise,

for all z € S. Then ¢ is a semiprime fuzzy almost i-ideal of (S, f).

Proof. By Example 4.3.3., g is a fuzzy almost i-ideal of (S, f). Let z € S. Then we

consider two cases:
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Case 1: g(f(2™)) = 1. Then 2™ = 0. So, = = 0. Hence, 1 = g(z) > g(f(z™)).
Case 2: g(f(2™)) = 0. Then 2" # 0. So, z # 0. Hence, g(f(z")) =0

Thus, g is a semiprime fuzzy almost i-ideal of (S, f). O

Theorem 4.5.4. Let A be a nonempty subset of S. Then A is a semiprime almost
i-ideal of (S, f) if and only if C'4 is a semiprime fuzzy almost i-ideal of (S, f).

Proof. Assume that A is a semiprime almost i-ideal of (.5, f). By Theorem 4.2.5, C'4
is a fuzzy almost i-ideal of (.5, f). Let z € S. We consider two cases:

Case 1: f(a™) € A. Then x € A. So, C4(z) = 1. Hence, Ca(x) > Cu(f(z")).
Case 2: f(2™) & A. Then C4(f(2™)) =0 < Cy(x).

Thus, C4 is a semiprime fuzzy almost i-ideal of (.S, f). Conversely, assume that C' is
a semiprime fuzzy almost i-ideal of (S, f). By Theorem 4.2.5, A is an almost i-ideal
of (S, f). Let x € S such that f(2™) € A. Then C4(f(2™)) = 1. By assumption, we
have Cy(f(2™)) < Ca(z). Since Cy(f(2™)) = 1, C4s(x) = 1. Hence, z € A. Thus,

A is a semiprime almost i-ideal of (S, f). O



Chapter 5
Conclusions and suggestions

In this thesis, we studied about the fuzziness of n-ary semigroups.
We also showed the relation between i-ideals A of S and the subsets C4 of S, and
ideals A of S and the subsets C4 of S. Furthermore, we introduced and studied the
properties of almost i-ideals and fuzzy almost i-ideals of n-ary semigroups. We de-
fined minimal almost i-ideals, minimal fuzzy almost ¢-ideals, prime almost i-ideals,
prime fuzzy almost ¢-ideals, semiprime almost i-ideals, and semiprime fuzzy almost

1-ideals in n-ary semigroups, and studied their properties in n-ary semigroups.

Suggestions

1. Study ¢-ideals and fuzzy i-ideals in other algebras.

2. Study almost ¢-ideals and fuzzy almost i-ideals in other algebras.
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