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Chapter 1

Introduction

Ideal theory play an important role in semigroups and many types of
algebraic structures. The notion of bi-ideals in semigroups was first introduced
by Good and Hughes [1] in 1952. Steinfeld [2] introduced the concepts of quasi-
ideals in semigroups in 1956. The definition of interior ideals of semigroups has
been introduced by Lajos in [3]. In 1958, Iséki [4] studied quasi-ideals of semirings
without zero. The concept of bi-ideals in associative rings was introduced in 1970
[5]. Rao [8] studied tri-quasi-ideals in ['-semirings. This ideal generalizes ideals,
left ideals, right ideals, bi-ideals, quasi-ideals and interior ideals.

Fuzzy set theory was developed by Zadeh [15] as an extension of the classical
notion of set. In 1971, Rosenfeld [16] introduced the fuzzification of algebraic
structures as well as fuzzy subgroups. The concept of fuzzy ideals, fuzzy bi-ideals
and fuzzy quasi-ideals of semigroups were studied in [9, 10]. In 1995, Hong, Jun
and Meng [11] considered the fuzzifications of interior ideals of semigroups.

Almost ideals of semigroups were first introduced by Grosek and Satko
[13] in 1980. The concept of almost ideals was used to study almost ideals in
many algebraic structures. The definition of almost subsemigroups and fuzzy
almost subsemigroups of semigroups was introduced in [14]. The notion of almost
subsemiring and fuzzy almost subsemiring of semirings were defined in [17]. In
1981, Bogdanovic [18] introduced the notion of almost bi-ideals in semigroups.
Wattanatripop, Chinram and Changphas defined almost quasi-ideals and fuzzy
almost bi-ideals of semigroups in [19, 20], respectively. Murugadas, Kalpana and
Vetrivel [21] defined fuzzy almost quasi-ideals in semigroups. Recently, almost
bi-ideals, almost quasi-ideals, fuzzy almost bi-ideals and fuzzy almost quasi-ideals
in ordered semigroups were defined in [22]. Kaopusek, Kaewnoi and Chinram [23]
introduced the concepts of almost interior-ideals of semigroups. Furthermore, W.
Krailoet, A. Simuen, R. Chinram and P. Petchkaew [24] defined the notions of
fuzzy almost interior ideals in semigroups.

An ordered semiring is an interesting generalization of semirings. In 2011,
Gan and Jiang [6] defined ordered ideals in ordered semirings. The notion of
ordered quasi-ideals and ordered bi-ideals of ordered semirings were defined in

[7]. The notions of fuzzy ideals and fuzzy interior-ideals of ordered semirings



was introduced in [12]. In this thesis, we define almost ordered subsemirings,
almost ordered quasi-ideals, almost ordered bi-ideals, almost ordered interior-
ideals, fuzzy almost ordered subsemirings, fuzzy almost ordered quasi-ideals, fuzzy
almost ordered bi-ideals and fuzzy almost ordered interior-ideals in ordered semir-
ings and study the relationship between them. Moreover, we define tri-quasi ideals
and fuzzy tri-quasi ideals of ordered semirings and investigate some properties and
relationships between them. In addition, we introduce the notion of almost ordered
tri-quasi ideals and fuzzy almost ordered tri-quasi ideals of ordered semirings and

give some relationship between them.



Chapter 2

Preliminaries

In this chapter, we collect the definitions and theorems which will be used

later in the study of this thesis.

2.1 Ordered semirings

Definition 2.1.1. A semiring (R, +,-) is a nonempty set R together with two

binary operations + and - satisfying the following axioms :
1. (R,+) is a semigroup,
2. (R,-) is a semigroup, and
3. the distributive laws hold in R.

Definition 2.1.2. An ordered semiring is a system (S,+,-, <) consisting of a

nonempty set S such that
1. (S,+,") is a semiring,
2. (5, <) is a partially ordered set, and

3. for all a,b,c € S,if a < b, then a+c<b+c¢,c+a<c+b and ac < be,
ca < cb.

Throughout this thesis, let S be an ordered semiring.

Definition 2.1.3. Let A and B be nonempty subsets of S. Define

A+B={a+b|a€ Aandbe B},
AB ={ab | a€ Aand b e B}.

For z € Sand ) # A C S, let Ax = A{z} and xA = {z}A. For n € N, let
At =A..- A
———

n copies



Theorem 2.1.4. Let A, B, C' and D be nonempty subsets of S. Then the following

statements hold.
(1) A+ (B+C)=(A+B)+C and A(BC) = (AB)C.
(2) f ACBand C C D, then A+C C B+ D and AC C BD.

Definition 2.1.5. Let A be a nonempty subset of S. Define
(Al={xz e S|x<aforsomeacA}.

Theorem 2.1.6. Let A, B, C and D be nonempty subsets of S. Then the following

statements hold.
(1) AC (A] and ((A]] = (A].
(2) If A C B, then (A] C (B].
(3) (A]+ (B]C(A+ B]and (A](B] C (AB].
(4) fACBand C C D, then (A+C|C(B+ D] and (AC] C (BD].
Definition 2.1.7. Let A be a nonempty subset of S.
1. Ais called a subsemiring of S if A+ A C A and A? C A.

2. Ais called a left ideal (resp. right ideal) of Sif A+ AC A SACA
(resp. AS C A) and (A] = A.

3. Ais called an ideal of S if A is both a left ideal and a right ideal of S.
4. Ais called a quasi-ideal of Sif A+ AC A SANAS C Aand (A] = A.
5. Ais called a bi-ideal of S if A is a subsemiring of S, ASA C A and (4] = A.

6. A is called an interior-ideal of S if A is a subsemiring of S, SAS C A and
(A] = A.

Definition 2.1.8. An element a € S is said to be idempotent if a = a®. S is

called an idempotent ordered semiring if every element of S is idempotent.



2.2 Fuzzy ideals of ordered semirings

Definition 2.2.1. A fuzzy subset of a set X is a function f : X — [0, 1]. For each
x € X, the value of f(z) is called the degree of membership of x.

Definition 2.2.2. Let f and g be fuzzy subsets of a set X, we say that f C g if
f(z) < g(x) for all x € X.

Definition 2.2.3. Let {f;}ier be a collection of fuzzy subsets of a set X. Define
fuzzy subsets ﬂ fi and U fi of X by

i€l i€l

(ﬂfz) (z) = ?g]f{fz z)} and (Ufz) = sup{ fi(z)} for all z € X.

i€l iel el

Definition 2.2.4. Let X be a nonempty set. The characteristic function of a
subset A of X is a fuzzy subset Cy of X defined by

1 ifxeA,
Ca(z) =

0 otherwise.

Definition 2.2.5. Let X be a nonempty set. For s € X and a € (0,1], a fuzzy
point s, of a set X is a fuzzy subset of X defined by

() a if r=s,
So(x) =
0 otherwise.

Definition 2.2.6. Let f be a fuzzy subset of X. The support of f is defined by
supp(f) ={z e X | f(x) # 0},
Definition 2.2.7. Let f be a fuzzy subset of X and ¢ € [0,1]. The set
fi=Aze X | f(z) =t}

is called the level subset of f.



Definition 2.2.8. Let f and g be two fuzzy subsets of S and =z € S. The
multiplication of f and g, denoted by f o g, is defined by

sup min{ f(a),g(b)} if = =ab for some a,b € S,
(fog)(x) = qz=ab

0 otherwise,

and the addition of f and g, denoted by f + g, is defined by

sup min{f(a),g(b)} if z=a+b for some a,b e S,
(F +g)(a) = { +=et
0 otherwise.

Forn e N let f* = fo---0o f.
—_—

n copies

Theorem 2.2.9. Let f,g,h and k be fuzzy subsets of S. Then the following
properties hold.

(1) (feg)oh=fo(goh)and (f+g)+h=f+(g9+h).
(2) If fCgand h Ck,then f+hCg+kand fohCgok.

Definition 2.2.10. Let f be a fuzzy subset of S. Define the fuzzy subset (f] of
S by

(f](x) =sup f(y) forall x € S.

<y

Theorem 2.2.11. Let f,g,h and k be fuzzy subsets of S. Then the following

statements hold.
(1) fS(f]
(2) If f C g, then (f] C (g].

(3) If fCgand h Ck, then (f+h]C(9g+k]and (foh]C (gok].



Definition 2.2.12. Let f be a fuzzy subset of S.

1.

2.

f is called a fuzzy subsemiring of S'if f + f C fand fo f C f.

f is called a fuzzy left ideal (vesp. fuzzy right ideal) of S if f+ f C f,
Cso f C f (resp. foCsC f)and (f] = f.

f is called a fuzzy ideal of S if f is both a fuzzy left ideal and a fuzzy right
ideal of S.

fis called a fuzzy quasi-ideal of Sif f+ f C f, (Cso f)N(foCs) C f and
(f1=1r

f is called a fuzzy bi-ideal of S if f is a fuzzy subsemiring of S, foCgo f C f
and (f] = f.

f is called a fuzzy interior-ideal of S if f is a fuzzy subsemiring of .S,

CsofoCsC fand (f] = f.

Theorem 2.2.13. Let A and B be two nonempty subsets of S. Then the following

statements hold.

(1) AC Bifand only if Cy C Cp.

(2) Cyp+Cg = CA+B and C40Cp = Cyup.

(3) (Ca] = Cray.

Theorem 2.2.14. Let f and g be fuzzy subsets of S. Then the following state-

ments hold.

(1) f # 0 if and only if supp(f) # 0.

(2) If f C g, then supp(f) C supp(g).

(3) supp(fUg) = supp(f) U supp(g) and supp(f Ng) = supp(f) N supp(g).

(4) If f # 0 and g # 0, then

supp(f + g) = supp(f) + supp(g) and supp(f o g) = supp(f)supp(g).

(5) If f # 0, then supp(f] = (supp(f)].



Proof. (1) For any x € S, we have f(z) # 0 if and only if x € supp(f). This
implies that f # 0 if and only if supp(f) # 0.
(2) Assume that f C g. Let € supp(f). Then g(x) > f(x) # 0. It follows

that x € supp(g). Hence, supp(f) C supp(g).
(3) Let x € S. Then

z € supp(fUg) <= (fUg)(z) #0
> f(z) #0 or g(x) #0
<=z € supp(f) U supp(g).

Then supp(f U g) = supp(f) U supp(g). Similarly, we can show that
supp(f N g) = supp(f) N supp(g).

(4) Assume that f # 0 and g # 0. Let 2 € S. Then

x € supp(f+9) <= (f+g)(x) #0
<= r =a+0b for some a € supp(f),b € supp(g)

<z € supp(f) + supp(g).
Then supp(f + g) = supp(f) + supp(g). Similarly, we can show that
supp(f o g) = supp(f)supp(g).

(5) Assume that f # 0. Let € S. Then

z € supp(f] <= (f](x) #0
<=z <y for some y € supp(f)

1€ (supp(f)].

Hence, supp(f] = (supp(f)}. O]



Theorem 2.2.15. Let f1, fo, ..., f, be nonzero fuzzy subsets of S and g be a fuzzy
subset of S. Then

(1) (firofaoo---0o f,]Ng # 0 if and only if (supp(fl)supp(fg) . -~supp(fn)] N
supp(g) # 0.

(2) (fitfot- -+ falNg # 0if and only if (supp(f1)+supp(fa)+- -+ supp(f)]N
supp(g) # 0.

Proof. We only prove (1). The proof of (2) is similar to (1).
(1) By Theorem 2.2.14, we have

(fiofoo-- o fu]lNg#0< supp((fiofoo---ofu]Ng)#0
> supp(fio fao---o fu] Nsupp(g) # 0
> (supp(fro fao---o f)] Nsupp(g) # 0
= (supp(fr)supp(fa) - - - supp(fn)] O supp(g) # 0.

This completes the proof. Il

Theorem 2.2.16. Let f be a nonzero fuzzy subset of S. Then the following

statements hold.

(1) If f is a fuzzy subsemiring of S, then supp(f) is a subsemiring of S.
(2) If f is a fuzzy ideal of S, then supp(f) is an ideal of S.

(3) If f is a fuzzy quasi-ideal of S, then supp(f) is a quasi-ideal of S.

(4) If f is a fuzzy bi-ideal of S, then supp(f) is a bi-ideal of S.

(5) If f is a fuzzy interior-ideal of S, then supp(f) is an interior-ideal of S.

Proof. We only prove (2) and (3). The proof of (1), (4) and (5) are similar to (2).

(2) Assume that f is a fuzzy ideal of S. Since f 4+ f C f, by Theorem
2.2.14, supp(f) + supp(f) = supp(f + f) C supp(f). Since Cso f C f, we get
S(supp(f)) = supp(Cs)supp(f) = supp(Cs o f) S supp(f). Similarly, we can
show that (supp(f))S C supp(f). Since (f] = f, by Theorem 2.2.14, we get
(supp(f)] = supp(f] = supp(f). Hence, supp(f) is an ideal of S.
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(3) Assume that f is a fuzzy quasi-ideal of S. Since f+ f C f, by Theorem

2.2.14, we have supp(f) + supp(f) C supp(f). Since (f o Cs) N (Cso f) C f, by
Theorem 2.2.14, we have

(supp(f))S NS (supp(f)) = (supp(f)supp(Cs)) N (supp(Cs)supp(f))
= supp(f o Cs) N supp(Cs o f)
= supp((f o Cs) N (Cs o [))
< supp(f).

Since (f] = f, by Theorem 2.2.14, we get (supp(f)} = supp(f] = supp(f). Hence,
supp(f) is a quasi-ideal of S. ]



Chapter 3

Almost ordered subsemirings and

their fuzzifications

In this chapter, we introduce the concepts of almost ordered subsemirings
and fuzzy almost ordered subsemirings in ordered semirings. Some relationships
between almost ordered subsemirings and fuzzy almost ordered subsemirings in

ordered semirings are provided.

3.1 Almost ordered subsemirings of ordered semirings

Definition 3.1.1. Let A be a nonempty subset of S. A is called an almost ordered
subsemiring of S if (A+ A]N A # () and (A%2]N A # (.

Theorem 3.1.2. Every subsemiring of .S is an almost ordered subsemiring of .S.

Proof. Let A be a subsemiring of S. Then A+ A C A and A*> C A. This implies
that A+ A= (A+A)NAC(A+AJNAand A2 = A2N A C (A?]N A. Thus
(A+AJNA+#Qand (A2]N A # (). Hence, A is an almost ordered subsemiring of
S. O

The converse of Theorem 3.1.2 is not generally true as shown in the following

example.

Example 3.1.3. Let 57 = {a,b,c,d}. Define binary operations + and - on S)
given by the following tables

+la b ¢ d a b ¢ d
ala b ¢ d ala a a a
b|b b b b bla b b b.
clec b ¢ d cla ¢ ¢ c
d b d d dla b b b

Define a relation < on S; by

<= { (ava)7 (bv b)> (C, C)’ (d’ d)7 (b’ d) }
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Then (Si,+,-,<) is an ordered semiring. Let A = {a,d}. We have a < a + q,
a<a’anda€ A, soa€ (A+AlNAandae (A2 ]NA, thatis (A+A]NA#(
and (A%2]NA # (. Thus A is an almost ordered subsemiring but not a subsemiring
of S; because A? = {a,b} Z A.

Proposition 3.1.4. Let a be any element of S. Then A = {a,a + a,a*} is an

almost ordered subsemiring of S.

Proof. Since a+a€ (A+A)NAC(A+A]NA, we have (A+ A]N A # (). Since
a®> € A2NAC (A2]N A, we get (A2] N A # (. Hence, A is an almost ordered

subsemiring of S. O

Theorem 3.1.5. Let A and B be any two nonempty subsets of S. If A C B
and A is an almost ordered subsemiring of S, then B is also an almost ordered

subsemiring of S.

Proof. Assume that A is an almost subsemiring of S such that A C B. Then
(A+A]JNA # () and (A2]NA # (. Since A C B, we have (A+A]NA C (B+B]NB
and (A*]N A C (B?] N B. This implies that (B+ B]N B # () and (B?*]N B # (.

Hence, B is an almost ordered subsemiring of S. ]

Corollary 3.1.6. The union of almost subsemirings of S is also an almost ordered

subsemiring of S.

3.2 Fuzzy almost ordered subsemirings of ordered
semirings

Definition 3.2.1. Let f be a fuzzy subset of S. We call f a fuzzy almost ordered
subsemiring of S if (f+ f]Nf#0and (fof]Nf#0.

Theorem 3.2.2. Let f be a fuzzy subset of S. Then f is a fuzzy almost ordered

subsemiring of S if and only if supp(f) is an almost ordered subsemiring of S.

Proof. By Theorem 2.2.15, we have

(fof]Nf+#0 if and only if (supp(f)*] N supp(f) # 0 and
(f+ f]Nf#0 if and only if (supp(f) + supp(f)] N supp(f) # 0.

This completes the proof. Il
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Corollary 3.2.3. Let A be a nonempty subset of S. Then C4 is a fuzzy almost

ordered subsemiring of S if and only if A is an almost ordered subsemiring of S.
Proof. Since A = supp(Cl4), the results follow from Theorem 3.2.2. ]

Theorem 3.2.4. Every nonzero fuzzy subsemiring of S is a fuzzy almost ordered

subsemiring of S.

Proof. Let f be a nonzero fuzzy subsemiring of S. By Theorem 2.2.16 (1), supp(f)
is a subsemiring of S. By Theorem 3.1.2, supp(f) is an almost ordered subsemiring

of S and by Theorem 3.2.2, f is a fuzzy almost ordered subsemiring of S. O]

The converse of Theorem 3.2.4 does not hold in general. We consider the

following example.

Example 3.2.5. From Example 3.1.3, we have A = {a,d} is an almost ordered

subsemiring of S; but is not a subsemiring of S;. Define a fuzzy subset f of S by

0.5 if z€ A,
flz) =

0 otherwise.

We have supp(f) = A. By Theorem 3.2.2, f is a fuzzy almost ordered subsemiring
of S;. Since supp(f) is not a subsemiring of S, by Theorem 2.2.14 (1), f is not a

fuzzy subsemiring of S.

Theorem 3.2.6. Let f be a fuzzy almost ordered subsemiring of S and ¢ be
a fuzzy subset of S such that f C g. Then g is also a fuzzy almost ordered

subsemiring of S.

Proof. By Theorem 3.2.2, supp(f) is an almost ordered subsemiring of S. Since
f C g, it follows that supp(f) C supp(g). By Theorem 3.1.5, supp(g) is an almost
ordered subsemiring of S. Again by Theorem 3.2.2, g is a fuzzy almost ordered

subsemiring of S. L

Corollary 3.2.7. The union of fuzzy almost ordered subsemirings of S is also a

fuzzy almost ordered subsemiring of S.



Chapter 4

Almost ordered ideals and their fuzzi-

fications

In this chapter, we define almost ordered ideals and fuzzy almost ordered

ideals in ordered semirings and we give the relationship between them.

4.1 Almost ordered ideals of ordered semirings

Definition 4.1.1. A nonempty subset I of S is called an almost ordered ideal of
Sit(I+IINT#0, (sI]NI#0and (Is]jNI#0 forall seS.

Theorem 4.1.2. Every ideal of S is an almost ordered ideal of S.

Proof. Let I be an ideal of S. Since I +1 C (I + 1] and I + 1 C I, we have
(I4+1]NT#0. Let s € S. We have sI C (sI]and sI C ST C I,s0 (sI|NI#0.
Similarly, we have (Is] NI # (). Hence, I is an almost ordered ideal of S. O

The converse of Theorem 4.1.2 does not hold in general. We consider the

following example

Example 4.1.3. Let Sy = {a,b,c,d,e}. Define the binary operations + and - on
S5 show in the table

+la b ¢ d e a b ¢ d e
ala a a a a ala a a d d
b|b b b b b bla b b d e
clc ¢ ¢ ¢ c cla ¢ ¢ d e
d|d d d d d did d d a a
ele e e e e eld d d a a

Define a relation < on Sy by

<={(a,a),(b,b),(c,c),(d,d),(e,e), (b,c) }.
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Then (Ss,+,-, <) is an ordered semiring. Let I = {c¢,d,e}. Since ¢ < ¢+ ¢ and
cel,wegetce (I+I]NI. Thus (I+1]NI#0. We see that

(Ia]NI={a,d} n{c,d,e} #0, (al]NI={a,d} Nn{c,d e} #0,
(Ib]N 1 ={b,c.d} N{c,d,el #0, (bI]N1 = {b,d,e}N{c,d e} #0,
(Ie]NI ={b,c,d}N{c,d,e} #0, (cI|NI={b,c,d,e} N{c,d e} #0,
(Id]n 1 ={a,d} n{c,d,e} #0, (dI]NI={a,d}N{c,d e} #0,
(Ie]nI={a,e} Nn{c,d,e} #0, (eI]NI={a,d} N{c,d,e} #0.

Then I is an almost ordered ideal of S;. We have a = ca € 1.5, but a € I, so
IS ¢ I. Therefore, I is not an ideal of Ss.

Theorem 4.1.4. Every almost ordered ideal of an ordered semiring .S is an almost

ordered subsemiring of S.

Proof. Let I be an almost ordered ideal of S. Then (sI]N1 # () for all s € S. Let
a€I. Then § # (al]N1T C (I*|N 1. This implies that (I?] N1 # (. Hence, I is

an almost ordered subsemiring of S. ]

Theorem 4.1.5. Let A be an almost ordered ideal of S. If B is a subset of S

containing A, then B is also an almost ordered ideal of S.

Proof. Let B be a subset of S containing A. Then ) # (A+AJNA C (B+B]NB,
0#(sAINAC (sBlNBand § # (As]NAC (Bs]NB forall s € S. Hence, B

is an almost ordered ideal of S. [
The following corollary is a direct consequence of Theorem 4.1.5.

Corollary 4.1.6. The union of almost ordered ideals of an ordered semiring S' is

also an almost ordered ideal of S.

4.2 Fuzzy almost ordered ideals of ordered semirings

Definition 4.2.1. A fuzzy subset f of S is called a fuzzy almost ordered ideal of
St (f+f]INf#0, (saof]NfF#0and (fos,]Nf #0forall s €S and
a € (0,1].
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Theorem 4.2.2. Let f be a fuzzy subset of S. Then f is a fuzzy almost ordered
ideal of S if and only if supp(f) is an almost ordered ideal of S.

Proof. By Theorem 2.2.15 we have

(f+ f]Nf#0 if and only if (supp(f) + supp(f)] N supp(f) # 0,
(sa o f]N f#0 if and only if <s(supp(f))] N supp(f) # 0, and
(fosa]Nf+#0 if and only if ((supp(f))s] N supp(f) # 0.

This completes the proof. ]

Corollary 4.2.3. Let A be a nonempty subset of S. Then Cj is a fuzzy almost
ordered ideal of S if and only if A is an almost ordered ideal of S.

Theorem 4.2.4. Let f be a nonzero fuzzy ideal of S. Then f is a fuzzy almost
ordered ideal of S.

Proof. Since f # 0, by Theorem 2.2.16 (2), supp(f) is an ideal of S. By Theorem
4.1.2, supp(f) is an almost ordered ideal of S. By Theorem 4.2.2, f is a fuzzy
almost ordered ideal of S. O]

The converse of Theorem 4.2.4 is not generally true as shown in the follow-

ing example.

Example 4.2.5. From Example 4.1.3, we have I = {¢,d, e} is an almost ordered
ideal of S5 but is not an ideal of S5. Define a fuzzy subset f of Sy by

05 if z€l,
flz) =

0 otherwise.

We have supp(f) = I. By Theorem 4.2.2, f is a fuzzy almost ordered ideal of S5.

Since supp(f) is not an ideal of Sy, by Theorem 2.2.16 (2), f is not a fuzzy ideal
of SQ.

Theorem 4.2.6. Every fuzzy almost ordered ideal of S is a fuzzy almost ordered

subsemiring of S.

Proof. Let f be a fuzzy almost ordered ideal of S. By Theorem 4.2.2, supp(f)
is an almost ordered ideal of S. By Theorem 4.1.4, supp(f) is an almost ordered

subsemiring of S, so f is a fuzzy almost ordered subsemiring of S by Theorem
3.2.2. O
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Theorem 4.2.7. Let f and g be fuzzy subsets of S such that f C g. If f is a

fuzzy almost ordered ideal of S, then ¢ is also a fuzzy almost ordered ideal of S.

Proof. Assume that f is a fuzzy almost ordered ideal of S such that f C g. Then
supp(f) is an almost ordered ideal of S. Since f C g, we have supp(f) C supp(g).
By Theorem 4.1.5, supp(g) is an almost ordered ideal of S. Hence, g is a fuzzy
almost ordered ideal of S. L

Corollary 4.2.8. The union of fuzzy almost ordered ideals of S is also a fuzzy

almost ordered ideal of S.

Definition 4.2.9. A fuzzy almost ordered ideal f of S is called minimal if for all
fuzzy almost ordered ideal g of S such that g C f, we have supp(g) = supp(f).

Theorem 4.2.10. Let f be a fuzzy subset of S. Then f is a minimal fuzzy almost

ordered ideal of S if and only if supp(f) is a minimal almost ordered ideal of S.

Proof. Suppose that f is a minimal fuzzy almost ordered ideal of S. Then supp(f)
is an almost ordered ideal of S. Let I be an almost ordered ideal of S such that

I C supp(f). Define a fuzzy subset g of S by

flz)

g(z) =14 2
0 otherwise.

if vel,

Since I C supp(f), we have f(z) # 0 for all z € I, so g(x) # 0 for all x € I. This
implies that supp(g) = I. Then g is a fuzzy almost ordered ideal of S and g C f.
Since f is minimal, we have I = supp(g) = supp(f). So supp(f) is minimal.
Conversely, suppose that supp(f) is a minimal almost ordered ideal of S.
Then f is a fuzzy almost ordered ideal of S. Let g be a fuzzy almost ordered ideal
of S with g C f, so supp(g) C supp(f). We have supp(g) is an almost ordered
ideal of S. Since supp(f) is minimal, supp(g) = supp(f). Hence, f is minimal. [

Corollary 4.2.11. Let ) # A € S. Then C}y is a minimal fuzzy almost ordered

ideal of S if and only if A is a minimal almost ordered ideal of S.



Chapter 5

Almost ordered quasi-ideals and their

fuzzifications

In this chapter, we define almost ordered quasi-ideals and fuzzy almost
ordered quasi-ideals in ordered semirings. Moreover, we give some relationships

between almost ordered quasi-ideals and their fuzzification.

5.1 Almost ordered quasi-ideals of ordered semirings

Definition 5.1.1. A nonempty subset ) of S is called an almost ordered quasi-
ideal of S (Q+Q]NQ #Dand (sQ]N(Qs]NQ #0D. forall s €S.

Theorem 5.1.2. Let Q be a quasi-ideal of S such that sQN Qs # 0 for all s € S.

Then ( is an almost ordered quasi-ideal of S.

Proof. Since Q +Q C (Q+ Q] and Q + Q C Q, we have (Q + Q] NQ # (. Let
s € 5. We have sQQ NQs C SQN QS C Q. Thus

D#sQNQs=sQNQsNQ C (sQ]N(Qs]N Q.

Hence, @) is an almost ordered quasi-ideal of S. ]

The converse of Theorem 5.1.2 is not generally true as shown in the follow-

ing example

Example 5.1.3. Let S5 = {0,a,b, c}. Define binary operations + and - on S3 as

follows:
+10 a b c 0 a b c
010 a b ¢ 0[O0 0 0 O
ala a b c al0 a a a.
b|b b b c b0 a b b
clc ¢ ¢ c c|l0 a b c

Define a relation < on S5 by

<= {(a,a),(b,0),(c,¢),(0,0),(0,a),(0,b),(0,c), (a,b), (a,c), (b, ) }.
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Then (S, +, -, <) is an ordered semiring. Let @ = {0, a,c}. Then (Q + Q] = S,
0 (Q+QINQ=5NQ=Q #0. We have 0 < 0s and 0 < s0 for all s € S3, so
0€ (sQ]N(Qs]NQ for all s € S3. Thus @ is an almost ordered quasi-ideal of Ss.
We see that b = bc = cb € S3Q N QS3 but b ¢ Q. Thus S3Q NQS; € (. Hence,

@ is not a quasi-ideal of Ss.

Theorem 5.1.4. Every almost ordered quasi-ideal of S is an almost ordered ideal

of S.

Proof. Let ) be an almost ordered quasi-ideal of S. Let s € S. Then

0#(QIN(Qs]NQ C (sQINQ and 0 # (sQ]N(Qs]NQ C (Qs]NQ.
Therefore, () is an almost ordered ideal of S. ]

The following result is a direct consequence of Theorem 5.1.4 and Theorem

4.1.4.

Corollary 5.1.5. Every almost ordered quasi-ideal of S is an almost ordered

subsemiring of S.

The converse of Theorem 5.1.4 is not generally true as shown in the following

example.

Example 5.1.6. Consider the ordered semiring S5 in Example 4.1.3. We have
I = {c,d,e} is an almost ordered ideal of Sy. We see that (Ie]N(el]N 1 = (.

Then [ is not an almost ordered quasi-ideal of S5.

Theorem 5.1.7. Let A and B be any two nonempty subsets of S. If A C B
and A is an almost ordered quasi-ideal of S, then B is also an almost ordered

quasi-ideal of S.

Proof. Assume that A is an almost ordered quasi-ideal of S with A C B. Then
0#£(A+AINAC(B+B]NBand 0 # (sA]N(As]NAC (sB]N(Bs]N B for
all s € S. Hence, B is an almost ordered quasi-ideal of .S. O]

The following corollary is a direct consequence of Theorem 5.1.7.

Corollary 5.1.8. The union of almost ordered quasi-ideals of S is also an almost

ordered quasi-ideal of S.



20

5.2 Fuzzy almost ordered quasi-ideals of ordered
semirings

Definition 5.2.1. A fuzzy subset f of S is called a fuzzy almost ordered quasi-ideal
of SIf (f+f]Nf#0and (sa0 f]N(fosa|Nf#0forallse S, and a € (0,1].

Theorem 5.2.2. Let f be a fuzzy subset of an ordered semiring S. Then f is a
fuzzy almost ordered quasi-ideal of S if and only if supp(f) is an almost ordered

quasi-ideal of S.

Proof. By Theorem 2.2.15, we have

(f+ fInf+#0 if and only if (supp(f) + supp(f)} N supp(f) # 0.

Let s € S and a € (0, 1]. By Theorem 2.2.14, we get

(SaOf]ﬂ(fOSa]ﬂf%0<:>8upp((saof]ﬂ(fosa]ﬂf) # 0
<= supp(sq o f] N supp(f o 54| N supp(f) # 0
— (S(SUPp(f))} N ((swp(f))S] N supp(f) # 0,

which completes the proof of the theorem. O

Corollary 5.2.3. Let A be a nonempty subset of S. Then Cj is a fuzzy almost

ordered quasi-ideal of S if and only if A is an almost ordered quasi-ideal of S.

Theorem 5.2.4. Let f # 0 be a fuzzy quasi-ideal of S such that for all s € S,
s(supp(f)) N (supp(f))s # 0. Then f is a fuzzy almost ordered quasi-ideal of S.

Proof. Since f # 0, by Theorem 2.2.16, supp(f) is a quasi-ideal of S. Since
s(supp(f)) N (supp(f))s # 0, by Theorem 5.1.2; supp(f) is an almost ordered
quasi-ideal of S. O]

Corollary 5.2.5. If S has a zero element 0, then every nonzero fuzzy quasi-ideal

of S is a fuzzy almost ordered quasi-ideal of S.

Proof. Assume that S has a zero element 0. Let f # 0 be a fuzzy quasi-ideal of
S. Then supp(f) is a quasi-ideal of S. Let a € supp(f). Since 0 = 0a = a0, we
have 0 € S(supp(f)) N (supp(f))S C supp(f). Since 0 = s0 = 0s for all s € S, we
get 0 € S(supp(f)) N (supp(f))s for all s € S. Hence, f is a fuzzy almost ordered
quasi-ideal of S' by Theorem 5.2.4. [
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The converse of Theorem 5.2.4 is not always true as shown in the following

example.

Example 5.2.6. From Example 5.1.3, we have Q = {0, a,c} is an almost quasi-

ideal of S3 but is not a quasi-ideal of S3 . Define fuzzy subset f of S3 by

0.5 if z€Q,
f(x) =
0 otherwise.

We have supp(f) = Q. By Theorem 5.2.2, f is a fuzzy almost ordered quasi-ideal
of S3. Since supp(f) is not a quasi-ideal of S5, by Theorem 2.2.16 (3), f is not a

fuzzy quasi-ideal of Ss.

Theorem 5.2.7. Every fuzzy almost ordered quasi-ideal of S is a fuzzy almost
ordered ideal of S.

Proof. Let f be a fuzzy almost ordered quasi-ideal of S. Then supp(f) is an
almost ordered quasi-ideal of S. By Theorem 5.1.4, supp(f) is an almost ordered
ideal of S. Therefore, f is a fuzzy almost ordered ideal of S. O]

From Theorem 5.2.7 and Theorem 4.2.6, we have the following corollary.

Corollary 5.2.8. Every fuzzy almost ordered quasi-ideal of S is a fuzzy almost

ordered subsemiring of S.

The converse of Theorem 5.2.7 is not always true as shown in the following

example.

Example 5.2.9. Frorm Example 5.1.6, we have I = {¢, d, e} is an almost ordered
ideal of Sy but it is not an almost ordered quasi-ideal of S5. By Corollary 4.2.3 C}
is a fuzzy almost ordered ideal of Sy. Since I is not an almost ordered quasi-ideal

of Sy, by Corollary 5.2.3, Cy is not a fuzzy almost ordered quasi-ideal of Ss.

Theorem 5.2.10. Let f and g be fuzzy subsets of S such that f C g. If f is
a fuzzy almost ordered quasi-ideal of S, then ¢ is also a fuzzy almost ordered

quasi-ideal of S.

Proof. Assume that f is a fuzzy almost orderd quasi-ideal of S. Then supp(f)
is an almost ordered quasi-ideal of S with supp(f) C supp(g), so supp(g) is an
almost ordered quasi-ideal of S. Hence, ¢ is a fuzzy almost ordered quasi-ideal
of S. ]
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Corollary 5.2.11. The union of fuzzy almost ordered quasi-ideals of S is also a

fuzzy almost ordered quasi-ideal of S.

Definition 5.2.12. A fuzzy almost ordered quasi-ideal f of S is called minimal if
for all fuzzy almost ordered quasi-ideal g of S such that g C f, we have supp(g) =

supp(f).
Theorem 5.2.13. Let f be a fuzzy subset of S. Then f is a minimal fuzzy

almost ordered quasi-ideal of S if and only if supp(f) is a minimal almost ordered

quasi-ideal of S.

Proof. The proof is similar to Theorem 4.2.10. L

Corollary 5.2.14. Let A be a nonempty subset of S. Then C4 is a minimal
fuzzy almost ordered quasi-ideal of S if and only if A is a minimal almost ordered

quasi-ideal of S.



Chapter 6

Almost ordered bi-ideals and their

fuzzifications

In this chapter, we define almost ordered bi-ideals and fuzzy almost ordered
bi-ideals in ordered semirings. Some relationships between almost ordered bi-ideals

and fuzzy almost ordered bi-ideals of ordered semirings are provided.

6.1 Almost ordered bi-ideals of ordered semirings
Definition 6.1.1. A nonempty subset B of S is called an almost ordered bi-ideal
of S if B is an almost ordered subsemiring of S and (BsB|N B # () for all s € S.

Theorem 6.1.2. Every bi-ideal of S is an almost ordered bi-ideal of S.

Proof. Let B be a bi-ideal of S. Since B is a subsemiring of S, by Theorem 3.1.2,

B is an almost ordered subsemiring of S. Let s € S. Then
(BsB|C (BSB] C (B]|=B.
It follows that () # (BsB] = (BsB] N B. Hence, B is an almost ordered bi-ideal

of S. OJ

The converse of Theorem 6.1.2 is not generally true as shown in the follow-

ing example.

Example 6.1.3. Let S, = {a,b,c,d}. Define binary operations 4+ and - on Sy
given by the following tables:

+la b ¢ d a b c d
ala a a a ala a a a
b|b b b b blb b b b.
clc ¢ ¢ c clec ¢ ¢ ¢
d|d d d d did d d d

Define a relation < on S, by

<= {(a7a)’ (b7 b)’ (C’ C)v (d’ d)’ (Ca a) }
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Then (Sy, +, -, <) is an ordered semiring. Let B = {a,b}. Thena € (B+ B|N B
and a € (B?] N B, so B is an almost ordered subsemiring of S;. For all z € Sy,

we have

(BzB]N B ={a,b,c} N{a,b} #0.

Hence, B is an almost ordered bi-ideal of Sy. We see that (B] = {a,b,c} # B.
Then B is not a bi-ideal of S;.

Theorem 6.1.4. Every almost ordered ideal of S is an almost ordered bi-ideal of

S.

Proof. Let I be an almost ordered ideal of S. Let s € S and a € I. Then
) # (asI|N I C (IsI|N1I. Hence, I is an almost ordered bi-ideal of S. O

The following corollary is a direct consequence of Theorem 5.1.4 and Theorem
6.1.4.

Corollary 6.1.5. Every almost ordered quasi-ideal of S is an almost ordered
bi-ideal of S.

The converse of Theorem 6.1.4 is not generally true as shown in the following

example.

Example 6.1.6. Consider the ordered semiring S; in Example 6.1.3, we have
B = {a, b} is an almost ordered bi-ideal of S;. We see that

(dB]N B = ({d}] N {a,b} = {d} N {a, b} = 0.

Hence, B is not an almost ordered ideal of Sj.

Theorem 6.1.7. Let A be an almost ordered bi-ideal of S. If B is a subset of S
such that A C B, then B is also an almost ordered bi-ideal of S.

Proof. Let B be a subset of S such that A C B. Since A is an almost ordered
subsemiring of S, it follows from Theorem 3.1.5 that B is also an almost ordered
subsemiring of S. For all s € S, we have ) # (AsA]N A C (BsB]N B. Therefore,
B is an almost ordered bi-ideal of S. ]

Corollary 6.1.8. The union of almost ordered bi-ideals of S is also an almost
ordered bi-ideal of S.



25

6.2 Fuzzy almost ordered bi-ideals of ordered semirings

Definition 6.2.1. A fuzzy subset f of S is called a fuzzy almost ordered bi-ideal
of S if f is a fuzzy almost ordered subsemiring of S and (f o s, o f]N f # 0 for
all s € S and a € (0,1].

Theorem 6.2.2. Let f be a fuzzy subset of S. Then f is a fuzzy almost ordered
bi-ideal of S if and only if supp(f) is an almost ordered bi-ideal of S.

Proof. By Theorem 3.2.2, we have f is a fuzzy almost ordered subsemiring of S
if and only if supp(f) is an almost ordered subsemiring of S. Let s € S and
a € (0,1]. By Theorem 2.2.15, we have

(fosaof]lNf+#0 if and only if ((SUPp(f))S(SUPp(f))] N supp(f) # 0.

This completes the proof. ]

Corollary 6.2.3. Let A be a nonempty subset of S. Then C}, is a fuzzy almost
ordered bi-ideal of S if and only if A is an almost ordered bi-ideal of S.

Theorem 6.2.4. If f is a nonzero fuzzy bi-ideal of S, then f is a fuzzy almost
ordered bi-ideal of S.

Proof. Assume that f is a nonzero fuzzy bi-ideal of S. Then supp(f) is a fuzzy
bi-ideal of S, so supp(f) is an almost ordered bi-ideal of S. Hence, f is a fuzzy
almost ordered bi-ideal of S. ]

The converse of Theorem 6.2.4 is not generally true as shown in the follow-

ing example.

Example 6.2.5. From Example 6.1.3, we have B = {a, b} is an almost bi-ideal
but it is not a bi-ideal of Ss. By Corollary 6.2.3, Cp is a fuzzy almost ordered
bi-ideal of Sy. Since B is not a bi-ideal of Sy, by Theorem 2.2.14 (4), Cp is not a
fuzzy bi-ideal of Sj.

Theorem 6.2.6. Every fuzzy almost ordered ideal of S is a fuzzy almost ordered
bi-ideal of S.

Proof. Let f be a fuzzy almost ordered ideal of S. Then supp(f) is an almost
ordered ideal of S, by Theorem 6.1.4, supp(f) is an almost ordered bi-ideal of S.
Hence, f is a fuzzy almost ordered bi-ideal of S. ]
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The following corollary is a direct consequence of Theorem 5.2.7 and The-

orem 6.2.6.

Corollary 6.2.7. Every fuzzy almost ordered quasi-ideal of S is a fuzzy almost
ordered bi-ideal of S.

The converse of Theorem 6.2.6 is not generally true as shown in the follow-

ing example.

Example 6.2.8. Consider the ordered semiring S; in Example 6.1.6, we have B is
an almost ordered bi-ideal of S, but it is not an almost ordered ideal of S;. Then

Cp is a fuzzy almost ordered bi-ideal of Sy but it is not a fuzzy almost ordered

ideal of S;.

Theorem 6.2.9. Let f and g be fuzzy subsets of S such that f C g. If f is a
fuzzy almost ordered bi-ideal of S, then g is also a fuzzy almost ordered bi-ideal
of S.

Proof. Suppose that f is a fuzzy almost ordered bi-ideal of S with f C g. Then
supp(f) is an almost ordered bi-ideal of S such that supp(f) C supp(g). It follows

that supp(g) is an almost ordered bi-ideal of S. Then ¢ is a fuzzy almost ordered
bi-ideal of S. 0

Corollary 6.2.10. The union of fuzzy almost ordered bi-ideals of S'is also a fuzzy

almost ordered bi-ideal of S.

Definition 6.2.11. A fuzzy almost ordered bi-ideal f of S is called minimal if for
all fuzzy almost ordered bi-ideal g of S with g C f, we have supp(g) = supp(f).

Theorem 6.2.12. Let f be a fuzzy subset of S. Then f is a minimal fuzzy almost
ordered bi-ideal of S if and only if supp(f) is a minimal almost ordered bi-ideal
of S.

Proof. The proof is similar to Theorem 4.2.10. O]

Corollary 6.2.13. Let A be a nonempty subset of S. Then C}y is a minimal fuzzy
almost ordered bi-ideal of S if and only if A is a minimal almost ordered bi-ideal

of S.



Chapter 7

Almost ordered interior-ideals and

their fuzzifications

In this chapter, we define almost ordered interior-ideals and fuzzy almost
ordered interior-ideals in ordered semirings and we give some relationships between
them.

7.1 Almost ordered interior-ideals of ordered semirings

Definition 7.1.1. A nonempty subset I of S is called an almost ordered interior-
ideal of S if I is an almost ordered subsemiring of S and (sIt] N1 # O for all
s,t e S.

Theorem 7.1.2. Every interior-ideal of S is an almost ordered interior-ideal of S.

Proof. Let I be an interior-ideal of S. Since [ is a subsemiring of S, by Theorem
3.1.2, I is an almost ordered subsemiring of S. Let s,z € S. Then

(sIt] C (SIS]C (I]=1I.

It follows that () # (sit] = (sit] N I. Therefore, I is an almost ordered interior-
ideal of S. [

The converse of Theorem 7.1.2 is not always true as shown in the following

example.

Example 7.1.3. Let S5 = {a,b,c,d,e}. Define binary operations + and - on S

as shown in the following table:

+la b ¢ d e a b ¢ d e
ala b ¢ d e ala a a a a
b|b b d d d bla a a a a
clc d d d d cla a b b b

d d d d a a b b b
ele d d d e ela a b b b
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Define a relation < on S5 by

<= { (a,a),(b,b),(c,c),(d,d), (e, e),(a,b), (a,c),(a,d), (a,e), (b d),(c,d), (ed) }

Then (Ss,+,+, <) is an ordered semiring. Let I = {a,d}. We have a < a + a,
a<a*anda €I Thena € (I+I]NTanda € (I*]N1I, so I is an almost
ordered subsemiring of S5. Since a = sat for all s,t € S5 and a € I, it follows that
a € (sIt]NI for all s,t € S5. Then [ is an almost ordered interior-ideal of S5 but
is not an interior-ideal of S5 because b = dd € I*> but b ¢ I, that is, I Z I.

Theorem 7.1.4. Let A be an almost ordered interior-ideal of S. If B is a subset

of S containing A, then B is also an almost ordered interior-ideal of S.

Proof. Let B be a subset of S containing A. By Theorem 3.1.5, B is an almost
ordered subsemiring of S. We also have () # (sAt|NA C (sBt]NB forall s,t € S.

Hence, B is an almost ordered interior-ideal of S. O

Corollary 7.1.5. The union of almost ordered interior-ideals of S is also an almost

ordered interior-ideal of S.

7.2 Fuzzy almost ordered interior-ideals of ordered
semirings

Definition 7.2.1. A fuzzy subset f of S is called a fuzzy almost ordered interior-
ideal of S if f is a fuzzy almost ordered subsemiring of S and (s, 0 fotg]Nf#0
for all s,t € S and o, 8 € (0, 1].

Theorem 7.2.2. Let f be a fuzzy subset of S. Then f is a fuzzy almost ordered

interior-ideal of S if and only if supp(f) is an almost ordered interior-ideal of S.

Proof. By Theorem 3.2.2, f is a fuzzy almost ordered subsemiring of S if and only
if supp(f) is an almost ordered subsemiring of S. Let s,t € S and «, 5 € (0, 1].
By Theorem 2.2.15, we have

(sa 0 fotg]Nf#0 if and only if <s(supp(f))t} N supp(f) # 0,

which completes the proof of the theorem. ]

Corollary 7.2.3. Let A be a nonempty subset of S. Then Cj, is a fuzzy almost

ordered interior-ideal of S if and only if A is an almost ordered interior-ideal of S.
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Theorem 7.2.4. If f is a nonzero fuzzy interior-ideal of S, then f is a fuzzy

almost ordered interior-ideal of S.

Proof. Assume that f is a nonzero fuzzy interior-ideal of S. By Theorem 2.2.16
(5), supp(f) is an interior-ideal of S, so supp(f) is an almost ordered interior-ideal

of S. Hence, f is a fuzzy almost ordered interior-ideal of .S. O]

The converse of Theorem 7.2.4 is not generally true as shown in the follow-

ing example.

Example 7.2.5. From Example 7.1.3, we have I = {a,d} is an almost ordered
interior-ideal of S5 but it is not an interior-ideal of Ss. Therefore, C is a fuzzy

almost ordered inteior-ideal of S5 but it is not a fuzzy inteior-ideal of Ss.

Theorem 7.2.6. Let f be a fuzzy almost ordered interior-ideal of S and g be
a fuzzy subsets of S such that f C g. Then g is also a fuzzy almost ordered

interior-ideal of S.

Proof. Since f is a fuzzy almost ordered interior-ideal of S, we get supp(f) is an
almost ordered interior-ideal of S. Since supp(f) C supp(g), we have supp(g) is an
almost ordered interior-ideal of S. Hence, g is a fuzzy almost ordered interior-ideal
of S. ]

Corollary 7.2.7. The union of fuzzy almost ordered interior-ideals of S is also a

fuzzy almost ordered interior-ideal of S.

Definition 7.2.8. A fuzzy almost ordered interior-ideal f of S is called minimal

if for all fuzzy almost ordered interior-ideal g of S such that ¢ C f, we have

supp(g) = supp(f).

Theorem 7.2.9. Let f be a fuzzy subset of S. Then f is a minimal fuzzy almost
ordered interior-ideal of S if and only if supp(f) is a minimal almost ordered

interior-ideal of S.
Proof. The proof is similar to Theorem 4.2.10. [

Corollary 7.2.10. Let A be a nonempty subset of S. Then C}y is a minimal fuzzy
almost ordered interior-ideal of S if and only if A is a minimal almost ordered

interior-ideal of S.



Chapter 8

Tri-quasi ideals of ordered semirings

In this chapter, we introduce the notion of tri-quasi ideals and fuzzy tri-
quasi ideals of ordered semirings. Moreover, we define almost ordered tri-quasi
ideals and fuzzy almost ordered tri-quasi ideals of ordered semirings and we give

some relationships between them.

8.1 Tri-quasi ideals of ordered semirings

Definition 8.1.1. A nonempty subset () of S is said to be a tri-quasi ideal of S
if @ is a subsemiring of S, Q*SQ? C Q and (Q] = Q.

Example 8.1.2. Consider the ordered semiring S; in Example 3.1.3, and let
@ = {a,b}. Then we have

Q+Q:{aub}+{a’b}:{aab} C @ and QQZ{aab}QZ{avb}gQ-

Then @ is a subsemiring of S;. We see that

Q*$1Q° = {a,b}*S1{a,0}* = {a,b} € Q and (Q] = ({a,b}] = {a,b} = Q.
Hence, @ is a tri-quasi ideal of Sy.

The following theorem shows some relationships between tri-quasi-ideals

and other ideals of ordered semirings.

Theorem 8.1.3. Let S be an ordered semiring. Then
(1) Every left (right) ideal of S is a tri-quasi ideal of S.
(2) Every ideal of S is a tri-quasi ideal of S.

(3) Every quasi-ideal of S is a tri-quasi ideal of S.

(4) Every bi-ideal of S is a tri-quasi ideal of S.

(5) Every interior-ideal of S is a tri-quasi ideal of S.

30
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Proof. We will prove (4) and (5). Part (1), (2) and (3) follows directly from (4).
(4) Let B be a bi-ideal of S. Then B*SB? = B(BSB)B C BSB C B.
Hence, B is a tri-quasi ideal of S.
(5) Let I be an interior-ideal of S. Then

IPSI* = (IIS)I* C (SIS)I?C I’ C SISC I

Therefore, [ is a tri-quasi ideal of S. O]

Definition 8.1.4. For nonempty subsets A of S, define the subset XA of S by
ZA:{ZCL,' | a,-EAandnGN}.
i=1

Theorem 8.1.5. Let A and B be nonempty subsets of S. Then the following
properties hold.

(1) ACYXAand YA = Aifand only if A+ A C A.

(2) YA+ XA C XA

(3) X(XA) =XA.

(4) (XA)B C ¥AB and B(XA) C ¥BA.

(5) (XA)(XB) C ¥AB.

(6) X(A] < (2A].

Theorem 8.1.6. Let S be an ordered semiring. Then

(1) The intersection of a right ideal and a left ideal of S is a tri-quasi ideal of S.
(2) The intersection of an interior ideal and a bi-ideal of S is a tri-quasi ideal of S.

(3) If B is a bi-ideal of S and A is a nonempty subset of S, then (¥AB] and
(XBA] are tri-quasi ideals of S.

Proof. (1) Let R be a right ideal and L be a left ideal of S. Since RL C RN L,
we have RN L # (). Since R and L are subsemirings of S, we get RN L is a

subsemiring of S. Since

(RNL)?S(RNL)
(RNL)?S(RNL)

R(RNL)S(RNL)*C RS C R and

2 C
>C(RNL*S(RNL)LC SLCL,
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it follows that (RNL)2S(RNL)* C RNL. We also have (RNL| C (R]N(L] = RNL.
Hence, RN L is a tri-quasi ideal of S.

(2) Let B be a bi-ideal of S and I be an interior ideal of S. Since
BIB C BNI, we have BN # (. Since B and [ are subsemirings of S, we
get BN I is a subsemiring of S. Since

(BNI)>’S(BNI)>C BBSBB C BBB C BSB C B and
(BNI)’S(BNI)> CIISII C SISIS C SIS C 1,

it follows that (BNI)2S(BNI)*> C BNI. We also have (BNI] C (B]N(I] = BNI.
Hence, BN [ is a tri-quasi ideal of S.

(3) Let A be a nonempty subset of S and B be a bi-ideal of S. Then
(XAB|+ (XAB] C (XAB+ XAB] C (XAB] and we have

(XAB](XAB] C ((XAB)(XAB)] C (YABAB]| C (YABSB] C (ZAB].
Thus (YAB] is a subsemiring of S. We have

(SABJ2S(SABJ C ((RAB)*S(SAB)?]

c

((CABAB)S(SABAB)]
((EABABS)(SABAB))
(
(
(

N 1N

N

SABABSABAB]
S ABSB]
SAB].

N

N

Since ((YAB]] = (ZAB], we get (SAB] is a tri-quasi ideal of S. Similarly, we
can show that (X BA] is a tri-quasi ideal of S. O

Theorem 8.1.7. Let A be a nonempty subset of S. Then (X A%2SA?] is a tri-quasi
ideal of S.

Proof. Since

(LA2SA?] + (BA%S A% C (BA%SA% + L A2SA?] C (RA%SA?] and
(TAPSA®]? C ((SAPSA%)?] C (BAPSA?APSA’] C (BA*SA?,
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we have (X A%2SA?] is a subsemiring of S. We also have

(SA2SA?PPS(ZA?SA?] C ((SA%SA?)S(SA2SA?)]
(SA’SA?A’SA?)S(ZA’SAPA’SA%)]
(SA’SA?A’SA%S)(ZA’SAPA’SA?)]
(SA?SA?A’SA’SA2SA? A*S A?)]
YAZSA?.

N 1N

N

(
(
(
(
(

N

Since ((BA25A?]] = (SA2SA?%], we get (8A?SA?] is a tri-quasi ideal of S. [

Theorem 8.1.8. Let {Q; }ics be a collection of tri-quasi ideals of S. If ﬂ Q: #0,
iel
then ﬂ QQ; is a tri-quasi ideal of S.

iel

Proof. Assume that ﬂ Q; # (. Then ﬂ Q; is a subsemiring of S. We have

el i€l

( e )2S< @ )2 C Q?SQ? CQ; forallie I and

i€l iel
(Ne]cN@l=Nes
iel iel iel
It follows that ( ﬂ Q; )25( ﬂ@i )2 C ﬂ ;. Hence, ﬂQi is a tri-quasi ideal
iel iel iel iel

Theorem 8.1.9. Let @) be a nonempty subset of S and Q = (Q?]. Then the

following statements are equivalent :

(1) @ is a tri-quasi ideal of S.

(2) There exist a right ideal R and a left ideal L of S such that RL C Q C RN L.
(3) @ is a left ideal of some right ideal of S.

(4) @ is a right ideal of some left ideal of S.

Proof. (1) = (2) : Assume that @ is a tri-quasi ideal of S. Let R = (XQS] and
= (XSQ]. It is easy to see that R and L are a right ideal and a left ideal of S,

respectively. Then we have

RL C (2QSSQ] = (2(Q%]SS(Q%]] € (X(Q*SQ*]] € (2Q*SQ*] € (2Q] = Q and
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Q=(Q*1C(QS]N(SQ] C (5QS]N (25Q] = RN L.

(2) = (3) : Assume that there exist a right ideal R and a left ideal L of S such that
RL CQ C RN L. We have (XQS] is a right ideal of S and Q = (Q?%] C (2QS].
We see that

(2QS]1Q C (E(RNL)S](RNL)C (SRS]LC (R]L=RLCQ.

Since (Q] = ((Q?*]] = (Q*] = @, we obtain that Q is a left ideal of a right ideal
(XQS] of S.

(3) = (4) : Assume that @ is a left ideal of some right ideal R of S. Then RQ C @
and RS C R. Thus

Q= (Q*] € (25Q] and Q(ESQ] € R(2SQ] C (ERSQ] € (BRQ] € (Q] = Q.

Therefore, ) is a right ideal of a left ideal (5@ | of S.

(4) = (1) : Assume that @ is a right ideal of some left ideal L of S. Then QL C @
and SL C L. Thus Q*SQ? C Q*SQL C QSL C QL C Q. Hence, Q is a tri-quasi
ideal of S. L

Definition 8.1.10. An ordered semiring with multiplicative identity is called a

division ordered semiring if for each non-zero element has multiplicative inverse.

Theorem 8.1.11. If S is a division ordered semiring, then the only tri-quasi ideals
of S are {0} and S.

Proof. Assume that S is a division ordered semiring. Let @) be a tri-quasi ideal of
S such that @ # {0}. Let a € @ with a # 0. Then there exists b € S such that
ab=1=ba. Let x € S. Then x = xba € SQ and x = abxr € )S. This implies
that QS = S = SQ. Thus

S=5Q=05Q =0Q(5Q)Q =Q(QSARQ C Q.
Therefore, S = Q. ]

Definition 8.1.12. An element a € S is said to be regular if a < axa for some

x €S, and S is called a regular ordered semiring if every element of S is regular.
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Theorem 8.1.13. If S has a multiplicative identity, then S is regular if and only
if QNINLC(QIL] for any tri-quasi ideal @, ideal I and left ideal L of S.

Proof. Assume that S is regular. Let ), I and L be a tri-quasi ideal, an ideal and
a left ideal of S, respectively. Let a € QNI N L. Since S is regular, a € (aSa], so
a € (aSa] C ((aSa]S(aSal]] C (aSaSaSa] C (QIL]. Hence, QNINL C (QIL].

Conversely, suppose that QN INL C (QIL] for any tri-quasi ideal @, ideal
I and left ideal L of S. Let a € S. Then

a€ (aS]NSN(Sa] C ((aS]S(Sal] C ((aSSSal] C (aSal.

Hence, S is regular. O

Theorem 8.1.14. If S is regular and commutative, then the following statements
hold:

(1) Q = (Q*SQ?] for all tri-quasi ideal @ of S.
(2) Every tri-quasi ideal of S is an ideal of S.

Proof. (1) Let Q be a tri-quasi ideal of S. Then (Q*SQ?] C (Q] = Q. Let a € Q.

Since S is regular, we have a < axa for some x € S. Then
a < aza < (aza)r(azva) = aa(zrr)aa € Q*SQ*.

So a € (Q*SQ?]. This shows that Q C (Q?SQ?]. It follows that Q = (Q*SQ?].
(2) Let Q be a tri-quasi ideal of S. By (1), Q = (Q*SQ?*]. Thus
QS = (Q*SQ*]S C (Q*SSQ*] C (Q*°SQ*] C (Q] = Q.
Since S is commutative, SQ = Q.S C (). Therefore, () is an ideal of S. ]

Theorem 8.1.15. If S has a multiplicative identity and S is commutative, then
S is regular if and only if Q = (Q?SQ?] for every tri-quasi ideal Q of S.

Proof. Assume that S is regular. Let @) be a tri-quasi ideal of S. By Theorem

8.1.14(1), Q = (Q*SQ*].
Conversely, suppose that Q = (Q*SQ?] for all tri-quasi ideal @ of S. Let
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a € S. By Theorem 8.1.3(1), we get (aS]| N (Sa] is a tri-quasi ideal of S. Thus

a € (aS]N(Sa] = (((aS] M (Sa])S((aS] N (SQ])ﬂ
((aST?S(Sa ]

(((a5)25(50)?)]

(aSal.

C
C

N

Hence, S is regular. ]

Theorem 8.1.16. Let 7" be a nonempty subset of S. If S is idempotent, then T
is a tri-quasi ideal of S if and only if there exist a right ideal R and a left ideal L
of S such that T'= (XRL].

Proof. Suppose that T"is a tri-quasi ideal of S. Let R = (X7'S|, L = (3ST']. Then
(SRL] = (E(XTS)(EST]] C (X(ZTSST]] C ((XTSST]] C (XT?ST?]C T

and T C TTTT C TSST C (STS](XST] C (S(XTS](EST]] = (ERL]. Hence,
T = (XRL]. Conversely, assume that 7' = (X¥RL] where R is a right ideal and L
is a left ideal of S. Since R is a bi-ideal of S, by Theorem 8.1.3(3), we get T"is a
tri-quasi ideal of S. O

Definition 8.1.17. S is called a tri-quasi-simple ordered semiring if S has no

tri-quasi ideals other than S itself.

Theorem 8.1.18. If S is a left and a right simple, then S is a tri-quasi simple

ordered semiring.

Proof. Let @ be a tri-quasi ideal of S. Then (3SQ ] is a left ideal of S and (XQS']
is a right ideal of S. So S = (£5Q] and S = (£QS]. Thus

S =(25Q] = (2(2Q51Q] C (S(5Q5Q)] € (2Q5Q] € (SQ*SQ) € (SQ*SQ?* C Q.

Hence, S is tri-quasi simple. ]



37

Theorem 8.1.19. Let S be an ordered semiring. Then the following statements

are equivalent:
(1) S is tri-quasi simple.

(2) Q(a) = Sforalla € S, where Q(a) is the smallest tri-quasi ideal of S generated
by a.

(3) (a*Sa*] =S foralla € S.

Proof. (1) = (2): Assume that S is tri-quasi simple. Then S = Q(a) for alla € S.
(2) = (1): Assume that S = Q(a) for all @ € S. Let A be a tri-quasi ideal of S
and a € A. Thus S = Q(a) C A, so S = A. Hence, S is tri-quasi simple.

(1) = (3): Suppose that S is tri-quasi simple. Let a € S. By Theorem 8.1.7,
(a®Sa?] is a tri-quasi ideal of S. Then (a?Sa?| = S.

(3) = (1): Suppose that (a®Sa*] = S for all a € S. Let @ be a tri-quasi ideal of
S and ¢ € Q. Thus S = (¢*S¢*] C (Q*SQ?] C (Q] = Q. Hence, S is a tri-quasi

simple ordered semiring. O

Definition 8.1.20. A tri-quasi ideal @) of S is said to be a minimal tri-quasi ideal

of S if () does not contain any other tri-quasi ideal of S.

Theorem 8.1.21. Let () be a tri-quasi ideal of S. If @) is a tri-quasi simple

subsemiring of S, then @) is a minimal tri-quasi ideal of S.

Proof. Assume that @) is a tri-quasi simple subsemiring of S. Let C' be a tri-quasi
ideal of S with C C @. Then C is a subsemiring of Q, C?QC? C C*SC? C C
and (C'] = C. Thus C is a tri-quasi ideal of (). Since @ is tri-quasi simple, we get
C = (@. Hence @ is a minimal tri-quasi ideal of S. O

Theorem 8.1.22. Let R and L be nonempty subsets of S. If R is a minimal right
ideal of S and L is a minimal left ideal of S, then (X RL] is a minimal tri-quasi
ideal of S.

Proof. Let R be a minimal right ideal of S and L be a minimal left ideal of S.
Since R is a bi-ideal of S, by Theorem 8.1.3 (3), we get (XRL | is a tri-quasi ideal
of S. Let A be a tri-quasi ideal of S with A C (XRL]. Let a € A. Then

(Sa®] C (S(SRL)?] € (S(SRLRL]] € ((ESRLRL]| C ((ZL]] € ((L]] € L and
(a*S] C ((ZRL]*S] € ((ERLRL]S] C ((SRLRLS]] C ((ZR]] € ((R]] € R.



38
By the minimality of L and R, we get L = (Sa*] and R = (a*S]. Thus
(SRL] - (S(S(50] € (S5 ]] € (S(254°]] € (5(4]] € ((8A]] € A

Hence, (XRL| = A. Therefore, (X RL] is a minimal tri-quasi ideal of S. O

For any a € S, let L(a) be the smallest left ideal of S generated by a and
R(a) be the smallest right ideal of S generated by a.

Theorem 8.1.23. Let ) be a tri-quasi ideal of S. If S is regular and commutative,

then the following statements are equivalent:
(1) @ is a minimal tri-quasi ideal of S.

(2) R(xz) = R(y) for all z,y € Q.

(3) L(x) = L(y) for all z,y € Q.

Proof. (1) = (2): Assume that @ is a minimal tri-quasi ideal of S. Let z,y € Q.
By Theorem 8.1.3(1) and Theorem 8.1.8, R(z) N Q is a tri-quasi ideal of S. Since
R(z)NQ C @, by the minimality of @, we get R(z) NQ = @, so Q@ C R(zx). Then
y € R(z). Thus R(y) C R(x). Similarly, we can show that R(z) C R(y). Hence,
R(z) = R(y).

(2) = (3): Let z,y € Q. Since S is commutative, L(z) = R(x) = R(y) = L(y).
(3) = (1): Suppose that L(z) = L(y) for all z,y € Q. Let A be a tri-quasi ideal
of S with A C Q. Let z € Q and a € A. By Theorem 8.1.14(2), A is a left ideal
of S. Thus x € L(x) = L(a) C A. Hence, @) is minimal. O

8.2 Fuzzy tri-quasi ideals of ordered semirings

Definition 8.2.1. A fuzzy subset f of an ordered semiring S is called a fuzzy
tri-quasi-ideal of S if f is a fuzzy subsemiring of S, f>0Cgo f2 C fand (f] = f.

Example 8.2.2. Consider the ordered semiring S3 in Example 5.1.3. Define a
fuzzy subset f of S5 by

F0)=1, f(a) =08, f(b) = 0.6 and f(c) = 0.3.

Then f is a fuzzy tri-quasi ideal of Ss.
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Theorem 8.2.3. Let f be a fuzzy subset of S. Then f is a fuzzy tri-quasi ideal
of S if and only if f satisfies the following conditions.

(1) f(z+y) = min{f(z), f(y)} and f(zy) = min{f(z), f(y)} for all z,y € S.

(2) f(abscd) > min{f(a), f(b), f(c), f(d)} for all a,b,s,c,d € S.
(3) For all z,y € S, if x <y, then f(z) > f(y).

Proof. Assume that f is a fuzzy tri-quasi ideal of S. For the first condition, let
z,y € S. We have f(x +y) > (f + f)(x +y) > min{f(x), f(y)}. Similarly, we
get f(zy) > (f o f)(zy) > min{f(z),g(y)}. To prove the second condition, let
a,b,s,c,d € S. Then f(abscd) > (f?oCgof?)(abscd) > min{ f(a), f(b), f(c), f(d)}.
Finally, let 2,y € S such that 2 <y. Then f(x) = (f](z) = sup f(y) > f(y).

Conversely, suppose that the three conditions hold. Let::c i"yé S. Ifx & S+,
then (f + f)(x) =0 < f(z). Suppose that z € S+ 5. Then

(f +la) = sup min{f(a). S} < sup fla-+8) = f(a),
This shows that f + f C f. Similarly, we can show that fo f C f. Then f is a
fuzzy subsemiring of S. Next, we will show that f20Cgo f2C f. Let x € S. If
x & S° then (f20Cso f3)(z) =0 < f(x). Assume that x € S°. Then

(f*oCso f*)(x) = sup min{f(a), f(b),Cs(s), f(c), f(d)}

r=abscd

= sup min{f(a), f(b), f(c), f(d)}

r=abscd

< sup f(abscd)

r=abscd

= f(z).

Thus f20Cgo f2 C f. Finally we will show that (f] = f. Let z € S. Then
f(z) > f(y) for all y € S with x < y. We have (f](x) = sup f(y) < f(x), so
<y

(f] = f. Hence, f is a fuzzy tri-quasi ideal of S. B O
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Theorem 8.2.4. The following statements hold.

(1) Every fuzzy left (right) ideal of S is a fuzzy tri-quasi ideal of S.
(2) Every fuzzy ideal of S is a fuzzy tri-quasi ideal of S.

(3) Every fuzzy quasi-ideal of S is a fuzzy tri-quasi ideal of S.

(4) Every fuzzy bi-ideal of S is a fuzzy tri-quasi ideal of S.

(5) Every fuzzy interior ideal of S is a fuzzy tri-quasi ideal of S.

Proof. We will prove (4) and (5). Part (1), (2) and (3) follows directly from (4).
(4) Let f be a fuzzy bi-ideal of S. Then f20Cgso f2 C foCgo f C f.
Hence, f is a fuzzy tri-quasi ideal of S.
(5) Let f be a fuzzy interior ideal of S. Then f20Cgo f2 C Cg0foCqs C f.
Hence, f is a fuzzy tri-quasi ideal of S. ]

Theorem 8.2.5. Let () be a nonempty subset of S. Then () is a tri-quasi ideal
of S if and only if Cy is a fuzzy tri-quasi ideal of S.

Proof. Assume that () is a tri-quasi ideal of S. Then Cg + Cy = Coiq C Cy,
CgoCq = Cg C Cy, ng o(Cgo C% = Cqes02 € Cg and (Cg| = Cg) = Cq.
Hence, Cy is a fuzzy tri-quasi ideal of S.

Conversely, assume that Cq is a fuzzy tri-quasi ideal of S. Since Cg1g =
Cqo + Cq C Cg, we have @ + @ C Q. Similarly, we can show that @* C Q. Since
Cesge = C3 0 Cs0C3 C Cq, we have Q*SQ* C Q. Since Cg) = (Cq| = Cg, it
follows that (Q] = Q. Therefore, @ is a tri-quasi ideal of S. ]

Theorem 8.2.6. Let f be a fuzzy subset of S. Then f is a fuzzy tri-quasi ideal
of S if and only if for any ¢t € [0,1], if f; # (), then f; is a tri-quasi ideal of S.

Proof. Assume that f is a fuzzy tri-quasi ideal of S and ¢ € [0, 1] such that f, # 0.
Let z,y € f;. Then we have

f(x+y) > min{f(x), f(y)} = min{t,¢} = ¢ and
Flay) = min{f(z), f(y)} > min{t, 6} =1,

so x4y, xy € fi. Thus f; is a subsemiring of S. Let = € f,2Sf,%>. Then & = abscd,
where a,b,c,d € f and s € S. Thus f(abscd) > min{f(a), f(b), f(c), f(d)} > t.
Thus = € f,. This shows that £,°Sf,> C f,. Let € S such that z < y for some
y € f;. Thus f(x) > f(y) > t, so x € f;. Hence, f; is a tri-quasi ideal of S.
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Conversely, assume that f; is a tri-quasi ideal of S for all ¢ € [0,1] with
fi #0. Let x,y € S and t = min{f(z), f(y)}. Then ¢t € [0,1] and z,y € f;. By
assumption, f; is a tri-quasi ideal of S. Then x + y € f; and xy € f;. Thus

f(z+y) >t=min{f(z), f(y)} and f(zy) >t=min{f(x), f(y)}.

Let a,b,s,c,d € S and t = min{f(a), f(b), f(c), f(d)}. Then a,b,d,c € f;, so
abscd € f;. It follows that f(abscd) > t = min{f(a), f(b), f(c), f(d)}. Let z € §
such that © < y. Let t = f(y). Then y € f;, so z € (f;] = f;. Thus f(x) > f(y).
Therefore, f is a fuzzy tri-quasi ideal of S. ]

Theorem 8.2.7. Let {f;}ic; be a collection of fuzzy tri-quasi ideals of S. Then
ﬂ fi is a fuzzy tri-quasi ideal of S.
iel

Proof. We have

(ﬂfz>+<ﬂf2>§fl+ﬁ§f1 and (ﬂfi>2gff for all 1 € 1.

i€l iel i€l
It follows that (ﬂfi> + (ﬂfi> c N and (ﬂﬁ)2 C (/i Then
iel iel iel iel iel
ﬂ fi is a fuzzy subsemiring of S. We see that
iel
<ﬂfz )20050 ( ﬂfz >2 Q]‘?OCSOfZ-2 C f; forall i€ l.
iel iel
Then (ﬂfi)20050<ﬂf,~>2 Qﬂfz We have (ﬂfz] C (fi] = fi for all
iel iel iel iel
1€1,s0 ( ﬂfi ] C ﬂfi. Hence, m fi is a fuzzy tri-quasi ideal of S. L
iel iel iel

Theorem 8.2.8. If S is regular and commutative, then every fuzzy tri-quasi ideal

of S is a fuzzy ideal of S.

Proof. Let f be a fuzzy tri-quasi ideal of S and a,b € S. Then a < axa for some
x € S and b < byb for some y € S. Thus

ba < bazra < b(azra)z(ara) = aabrrraa and ba < byba < (byb)y(byb)a = bbyyyabb.
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Then we have

f(ba) = flaabrrraa) > min{f(a), f(a), f(a), f(a)} = f(a) and
f(ba) = f(bbyyyabb) = min{f(b), f(b), f(b), f(b)} = f(b).

Hence, f is a fuzzy ideal of S. O

Definition 8.2.9. S is called fuzzy tri-quasi simple if every fuzzy tri-quasi ideal

of S is a constant function.
Theorem 8.2.10. S is tri-quasi simple if and only if S is fuzzy tri-quasi simple.

Proof. Assume that S is a tri-quasi simple ordered semiring. Let f be a fuzzy

tri-quasi ideal of S and z,y € S. By Theorem 8.1.19, z < y?s;9* and y < x2sy2?

for some s, s, € S. Then

flz) > f(Ps197)
> min{f(y), f(v), f(¥), f(y)}
= fly) > f(2®s00%)
> min{f(z), f(z), f(z), f(z)}
= f().

Thus f is a constant function. Hence, S is fuzzy tri-quasi simple.

Conversely, suppose that S is fuzzy tri-quasi simple. Let ) be a tri-quasi
ideal of S. By Theorem 8.2.5, Cg is a fuzzy tri-quasi ideal of S. Let z € S and
q € Q. Since Cg is a constant function, we get Co(z) = Co(q) = 1, so z € Q.
Thus S = (). Hence, S is tri-quasi simple. O

Theorem 8.2.11. If S is a fuzzy tri-quasi simple ordered semiring, then S is a

simple ordered semiring.

Proof. Assume that S is a fuzzy tri-quasi simple ordered semiring. By Theorem
8.2.10, S is tri-quasi simple. Let I be an ideal of S. By Theorem 8.1.3(2), I is a
tri-quasi ideal of S. Thus I = S. Hence, S is simple. ]

Definition 8.2.12. A fuzzy tri-quasi ideal f is called minimal if for each nonzero

fuzzy tri-quasi ideal g of S such that g C f, we have supp(g) = supp(f).
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Theorem 8.2.13. If f is a nonzero fuzzy tri-quasi ideal of S, then supp(f) is a
tri-quasi ideal of S.

Proof. Assume that f is a nonzero fuzzy tri-quasi ideal of S. By Theorem 2.2.16,
supp(f) is a subsemiring of S. Since f2 0 Cgo f2 C f, we get

(supp(f))2S (supp(f))* = supp(f* o Cs o f2) C supp(f).

Since (f] = f, we have (supp(f)} = supp(f] = supp(f). Hence, supp(f) is a
tri-quasi ideal of S. O

The converse of Theorem 8.2.13 is not generally true as shown in the

following example.

Example 8.2.14. Let X = {a,b}. Then (P(X), U,n, C ) is an ordered semiring.
Define a fuzzy subset f of P(X) by

f@) =1, f({a}) =08, f({b}) = 0.3 and f(X)=0.6.
Then supp(f) = P(X) is a tri-quasi ideal of P(X). We see that
FXNXn{pnXnX)=rf({b}) =0.3<0.6=min{f(X), f(X), [(X), f(X)}.

Hence, f is not a fuzzy tri-quasi ideal of S.

Theorem 8.2.15. Let ) be a tri-quasi ideal of S. Then @ is a minimal tri-quasi

ideal of S if and only if Cg is a minimal fuzzy tri-quasi ideal of S.

Proof. Assume that () is a minimal tri-quasi ideal of S. By Theorem 8.2.5, Cq
is a fuzzy tri-quasi ideal of S. Let g be a nonzero fuzzy tri-quasi ideal of S such
that ¢ C Cg. Then supp(g) C supp(Cq) = Q. By Theorem 8.2.13, supp(g) is a
tri-quasi ideal of S. By the minimality of @), we have supp(g) = @ = supp(Cyp).
Hence, Cg is a minimal fuzzy tri-quasi ideal of S.

Conversely, suppose that Cg is a minimal fuzzy tri-quasi ideal of S. Let A
be a tri-quasi ideal of S such that A C Q. Then Cj, is a fuzzy tri-quasi ideal of
S such that Cy C Cg. Since Cy is minimal, we get supp(Ca) = supp(Cq). Thus
A = supp(Ca) = supp(Cgy) = Q. Hence, @) is minimal. O
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8.3 Almost ordered tri-quasi ideals of ordered
semirings

Definition 8.3.1. A nonempty subset @) of S is called an almost ordered tri-quasi
ideal of S if Q is an almost ordered subsemiring of S and (Q?sQ?| N Q # ( for all
seS.

Theorem 8.3.2. Every tri-quasi ideal of S is an almost ordered tri-quasi ideal
of S.

Proof. Let Q be a tri-quasi ideal of S. Since () is a subsemiring of .S, by Theorem
3.1.2, @ is an almost ordered subsemiring of S. Let s € S. We have

(Q*sQ*] € (Q°SQ*] C (Q] = Q.
Then () # (Q%*sQ*] = (Q*sQ?*] N Q. Hence, Q is an almost ordered tri-quasi ideal

The converse of Theorem 8.3.2 does not hold in general. We consider the

following example.

Example 8.3.3. Let Sg = {a, b, c,d,e}. Define the binary operations + and - on
S shown in the table

+la b ¢ d e a b ¢ d e
ala a a a a ala b ¢ d e
b|b b b b b blb ¢ d e a
clc ¢ ¢ ¢ c cle d e a b
d|d d d d d d|d e a b c
ele e e e e ele a b c

Define a relation < on Sg by

<= { (a7a)7 (b’ b)v <C7 0)7 (d7 d)? (6,6) }

Then (S, +,+, <) is an ordered semiring. Let @) = {a,b}. We have a < a + q,
a <a*anda € Q. Thena € (Q+Q]NQ and a € (Q*] NQ, so Q is an
almost ordered subsemiring of Sg. We see that (Q*sQ*]NQ = SeNQ =Q # 0
for all s € Sg. Then (@ is an almost ordered tri-quasi ideal of Sg. We see that
e = b2ab® € Q*SsQ* but e € Q, so Q*SsQ?* € Q. Therefore, () is not a tri-quasi
ideal of Sg.
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Theorem 8.3.4. Let S be an ordered semiring. Then

(1) Every almost ordered ideal of S is an almost ordered tri-quasi ideal of S.

(2) Every almost ordered quasi-ideal of S is an almost ordered tri-quasi ideal of S.
(3) Every almost ordered bi-ideal of S is an almost ordered tri-quasi ideal of S.
(4) Every almost ordered interior-ideal of S is an almost ordered tri-quasi ideal of S.

Proof. We will prove (3) and (4). Part (1) and (2) follows directly from (3).

(3) Let B be an almost ordered bi-ideal of S and b € B. Let s € S. Then
0 # (BbsbB]N B C (B*sB*] N B. Hence, B is an almost ordered tri-quasi ideal
of S.

(4) Let I be an almost ordered interior-ideal of S and a € I. Let s € S
Then ) # (alsa*] N1 C (I?sI*] N 1. Therefore, I is an almost ordered tri-quasi
ideal of S. O

The converse of Theorem 8.3.4 does not hold in general. We consider the

following example.

Example 8.3.5. Consider the ordered semiring Sg in Example 8.3.3, we have
Q = {a,b} is an almost ordered tri-quasi ideal of Sg. We see that (QcQ|NQ = 0.
Then @ is not an almost ordered bi-ideal of Sg. We also have (cQa] N Q = 0.

Thus @ is not an almost ordered interior-ideal of Sg.

Theorem 8.3.6. Let A and B be any two nonempty subsets of S. If A C B
and A is an almost ordered tri-quasi-ideal of S, then B is also an almost ordered

tri-quasi-ideal of S.

Proof. Suppose that A is an almost ordered tri-quasi ideal of S with A C B. By
Theorem 3.1.5, B is an almost ordered subsemiring of S. Let s € S. We have
(A?sA?]N A C (B*sB?*] N B. This implies that (B?sB*] N B # (. Therefore, B

is an almost ordered tri-quasi ideal of S. O

Corollary 8.3.7. The union of almost ordered tri-quasi ideals of S is also an

almost ordered tri-quasi ideal of S.
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8.4 Fuzzy almost ordered tri-quasi ideals of ordered
semirings

Definition 8.4.1. A fuzzy subset f of S is called a fuzzy almost ordered tri-quasi
ideal of S if f is a fuzzy almost ordered subsemiring of S and (f?os,0 f2|Nf #0
for all s € S and a € (0, 1].

Theorem 8.4.2. Let f be a fuzzy subset of S. Then f is a fuzzy almost ordered
tri-quasi ideal of S if and only if supp(f) is an almost ordered tri-quasi ideal of S.

Proof. By Theorem 3.2.2, we have f is fuzzy almost ordered subsemiring of S
if and only if supp(f) is an almost ordered subsemiring of S. Let s € S and
a € (0,1]. By Theorem 2.2.15, we have

(fPosqo0 f2]Nf#0 if and only if ((supp(f))zs(supp(f))ﬂ N supp(f) # 0.

This completes the proof. ]

Corollary 8.4.3. Let ) # A C S. Then Cj is a fuzzy almost ordered tri-quasi

ideal of S if and only if A is an almost ordered tri-quasi ideal of .S.

Theorem 8.4.4. Every nonzero fuzzy tri-quasi ideal of .S is a fuzzy almost ordered

tri-quasi ideal of S.

Proof. Let f be a nonzero fuzzy tri-quasi ideal of S. Then supp(f) is a tri-quasi
ideal of S, so supp(f) is an almost ordered tri-quasi ideal of S. Hence, f is a fuzzy

almost ordered tri-quasi ideal of S. 0

The converse of Theorem 8.4.4 is not generally true as shown in the following

example.

Example 8.4.5. From Example 8.3.3, we have @ = {a, b} is an almost ordered
tri-quasi ideal of Sg but it is not a tri-quasi ideal of Sg. Then Cj is a fuzzy almost

ordered tri-quasi ideal of Sg but it is not a fuzzy tri-quasi ideal of Sg.
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Theorem 8.4.6. Let S be an ordered semiring. Then

(1) Every fuzzy almost ordered ideal of S is a fuzzy almost ordered tri-quasi ideal
of S.

(2) Every fuzzy almost ordered quasi-ideal of S is a fuzzy almost ordered tri-quasi
ideal of S.

(3) Every fuzzy almost ordered bi-ideal of S is a fuzzy almost ordered tri-quasi
ideal of S.

(4) Every fuzzy almost ordered interior-ideal of S is a fuzzy almost ordered tri-

quasi ideal of S.

Proof. We will prove (3) and (4). Part (1) and (2) follows directly from (3).

(3) Let f be a fuzzy almost ordered bi-ideal of S. Then supp(f) is an
almost ordered bi-ideal of S. By Theorem 8.3.4 (3), supp(f) is an almost ordered
tri-quasi ideal of S. Thus f is a fuzzy almost ordered tri-quasi ideal of S.

(4) Let f be a fuzzy almost ordered interior-ideal of S. Then supp(f) is
an almost ordered interior-ideal of S. By Theorem 8.3.4 (4), we have supp(f) is
an almost ordered tri-quasi ideal of S. It follows that f is a fuzzy almost ordered

tri-quasi ideal of S. O]

The converse of Theorem 8.4.6 does not hold in general. We consider the

following example.

Example 8.4.7. From Example 8.3.5, we have @) = {a, b} is an almost tri-quasi
ideal of Sg but it is not an almost ordered bi-ideal (resp. interior-ideal) of Sg.
Hence, Cg is a fuzzy almost ordered tri-quasi ideal of Sg but it is not a fuzzy

almost ordered bi-ideal (resp. interior-ideal) of S.

Theorem 8.4.8. Let f and g be fuzzy subsets of S such that f C g. If f is a
fuzzy almost ordered tri-quasi ideal of S, then g is also a fuzzy almost ordered

tri-quasi ideal of S.

Proof. Suppose that f is a fuzzy almost ordered tri-quasi ideal of S with f C g.
Then supp(f) is an almost ordered tri-quasi ideal of S with supp(f) C supp(g),
so supp(g) is an almost ordered tri-quasi ideal of S. Hence, g is a fuzzy almost

ordered tri-quasi ideal of S. ]

Corollary 8.4.9. The union of fuzzy almost ordered tri-quasi ideals of S is also

a fuzzy almost ordered tri-quasi ideal of S.
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Definition 8.4.10. A fuzzy almost ordered tri-quasi ideal f of an ordered semiring

S is called minimal if for all fuzzy almost ordered tri-quasi ideal g of S such that

g C f, we have supp(g) = supp(f).

Theorem 8.4.11. Let f be a fuzzy subset of S. Then f is a minimal fuzzy
almost ordered tri-quasi ideal of S if and only if supp(f) is a minimal almost

ordered tri-quasi ideal of S.
Proof. The proof is similar to Theorem 4.2.10. O]

Corollary 8.4.12. Let A be a nonempty subset of S. Then C}y is a minimal fuzzy
almost ordered tri-quasi ideal of S if and only if A is a minimal almost ordered

tri-quasi ideal of S.
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Conclusion

An ordered semiring is an interesting algebraic structure. It is a semiring
under partial order, two most simple algebraic structures on the same set. Many
authors investigated interesting results in this algebraic system. Also, the concept
of fuzzy subsets is interesting to play with it.

In Chapter 3, we define almost ordered subsemirings and fuzzy almost
ordered subsemirings in ordered semirings. The union of two almost ordered sub-
semirings [fuzzy almost ordered subsemirings] is also an almost ordered subsemir-
ing [fuzzy almost ordered subsemiring]. Moreover, we investigate some relation-
ships between almost ordered subsemirings and fuzzy almost ordered subsemirings
of ordered semirings.

In Chapter 4, we define almost ordered ideals and fuzzy almost ordered
ideals in ordered semirings. Every almost ordered ideal [fuzzy almost ordered
ideal] is an almost ordered subsemiring [fuzzy almost ordered subsemiring] but
the converse is not true in general. The union of two almost ordered ideals [fuzzy
almost ordered ideals] is also an almost ordered ideal [fuzzy almost ordered ideal].
Moreover, some relationships between almost ordered ideals and fuzzy almost or-
dered ideals of ordered semirings are provided.

In Chapter 5, we define almost ordered quasi-ideals and fuzzy almost or-
dered quasi-ideals in ordered semirings. Every almost ordered quasi-ideal [fuzzy
almost ordered quasi-ideal| is an almost ordered ideal [fuzzy almost ordered ideal]
but the converse is not true in general. The union of two almost ordered quasi-
ideals [fuzzy almost ordered quasi-ideals| is also an almost ordered quasi-ideal
[fuzzy almost ordered quasi-ideal]. We also give some relationships between almost
ordered quasi-ideals and fuzzy almost ordered quasi-ideals of ordered semirings.

In Chapter 6, we introduce the notion of almost ordered bi-ideals and fuzzy
almost ordered bi-ideals of ordered semirings. Every almost ordered quasi-ideal
[fuzzy almost ordered quasi-ideal] is an almost ordered bi-ideal [fuzzy almost or-
dered bi-ideal] but the converse is not true in general. The union of two almost
ordered bi-ideals [fuzzy almost ordered bi-ideals] is also an almost ordered bi-ideal
[fuzzy almost ordered bi-ideal]. We also give some relationships between almost

ordered bi-ideals and fuzzy almost ordered bi-ideals of ordered semirings.
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In Chapter 7, we define almost ordered interior-ideals and fuzzy almost
ordered interior-ideals of ordered semirings. The union of two almost ordered
interior-ideals [fuzzy almost ordered interior-ideals] is also an almost ordered interior-
ideal [fuzzy almost ordered interior-ideal]. Moreover, we investigate some relation-
ships between almost ordered interior-ideals and fuzzy almost ordered interior-
ideals of ordered semirings.

In Chapter 8, we introduce the notion of tri-quasi ideals of ordered semir-
ings. This generalizes the concepts of ideals, quasi-ideals, bi-ideals and interior-
ideals. We also give the characterization of regular ordered semirings by the prop-
erties of their tri-quasi ideals. Moreover, we define fuzzy tri-quasi ideals of ordered
semirings and give some relationships between tri-quasi ideals and fuzzy tri-quasi
ideals of ordered semirings. In addition, we define almost ordered tri-quasi ideals
and fuzzy almost ordered tri-quasi ideals of ordered semirings. The union of two
almost ordered tri-quasi ideals [fuzzy almost ordered tri-quasi ideals] is also an
almost tri-quasi ideal [fuzzy almost ordered tri-quasi ideal]. Finally, we give some
relationships between almost ordered tri-quasi-ideals and fuzzy almost ordered

tri-quasi ideals of ordered semirings.
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