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ABSTRACT

A Domination game on a graph G is a game of two players, called
Dominator and Staller, on a graph. The players take turns to perform a move by
choosing a vertex in the graph. Vertices in the closed neighborhood of a chosen
vertex are said to be dominated. A move u is legal if it creates at least one
new dominated vertex. The game is ended when all vertices in the graph are
dominated. Dominator tries to end the game as soon as possible, while Staller
tries to prolong the game. In the domination game, if Dominator starts the game,
this game is said to be Game 1. Otherwise, it is said to be Game 2. If both players
play optimally in a domination game on a graph G, the number of moves when
the game is ended is called the game domination numbers.

In this research, we introduce an extended version of a domination
game on a graph, called a biased domination game, in which Dominator and Staller
play more than one move in each turn. Similarly, we define the biased game
domination number as the number of moves in an ended biased domination game
which both players play with optimal strategies. We study relations of biased game
domination numbers between various games. In addition, we study two special
types of moves, called minimal moves and maximal moves. Some properties of the
biased game domination numbers on a graph where the special moves are always
available is studied. Lastly, the biased game domination numbers of powers of
a cycle are explicitly computed, together with optimal strategies using a special

move.



VII

Acknowledgements

I would like to express my deepest and sincere gratitude to my
advisor, Asst. Prof. Dr. Panupong Vichitkunakorn, for suggestions, guidance, and
criticism which are very useful for this research and help me to achieve this success.

I would like to thank the examining committee including
Assoc. Prof. Dr. Boonrod Yuttanan, Asst.Prof. Dr. Sompong Chuysurichay and
Asst. Prof. Dr. Chalermpong Worawannotai for their constructive comments and
suggestions.

I also would like to thank all of my teachers who educated me in all
previous lectures.

I extend my thanks to my seniors, my classmates, and my friends
for their helps and suggestions.

Finally, I am very grateful to Faculty of Science Research Fund,
Prince of Songkla University and Development and Promotion of Science and
Technology Talents Project (DPST) for a financial support throughout academic

years.

Tharit Sereekiatdilok



VIII

Contents

Abstract in Thai \%
Abstract in English VI
Acknowledgements VII
Contents VIII
1 Introduction 1

2 Preliminaries
2.1 Domination Games . . . . . . . . ... 4

2.2 Domination Games on Some Graphs . . . . ... .. ... .. ..

3 Biased Domination Games 9
3.1 Special Moves . . . . . ... 9
3.2 Biased Domination Games . . . . . . . . ... ... .. .. .... 14

3.2.1 Biased Games and Minimal Moves . . . . . ... ... .. 17
3.2.2 Biased Games and Maximal Moves . . . . . ... ... .. 21

4 Examples of Special Moves 25

4.1 Examples of Minimal Moves . . . . . . . .. ... ... .. .... 25
4.1.1 Edgeless Graph and Complete Bipartite Graph . . . . . . 25
4.1.2  Powers of a Cycle and Powers of a Path . . . . . . .. .. 26

4.2 Examples of Maximal Moves . . . . . . . ... ... ... ..... 26
4.2.1 Edgeless Graph and Complete Bipartite Graph . . . . . . 26
4.2.2  Powers of a Cycle and Powers of a Path . . . . . . . . .. 27
4.2.3 'Treesand Forests . . . . . . . .. .. ... ... ...... 27
4.2.4 Sunlet Graphs . . . .. .. ... L 27

4.3 Biased Domination Numbers on Powers of Cycles . . . . . .. .. 28



5 Conclusions
Bibliography

VITAE

IX

36

37

39



Chapter 1
Introduction

Domination games were introduced in [1] as a game of two players,
called Dominator and Staller, on a graph. The two players take turns to choose
a vertex (pick a move) in a graph. A move is legal if its closed neighborhood
is not contained in the closed neighborhood of vertices which have been chosen
before. That is, for a sequence of previuosly picked moves wuq, usg, us, ..., Uy 1,
the player can pick a move w, if and only if Nu,] ¢ U/~ N[u]. Vertices in a
closed neighborhood of chosen vertices are then called dominated. Note that every
vertex v in N[u| is dominated by choosing a vertex u. The game is ended when all
vertices in a graph are dominated. In the domination game, if Dominator starts
the game, this game is said to be a Game 1. Otherwise, it is said to be a Game 2.
If both players play optimally in a domination game on a graph G, the number of
moves when the game is ended is called a domination number, denoted by v,(G)
and 7, (G) in a Game 1 and Game 2, respectively.

Many aspects of domination games have been studied. Game dom-
ination numbers on various graphs, such as trees [2], forests [3], paths and cycles
[4], powers of cycles [5], disjoint union of paths and cycles [6], have been computed.
Possible values of domination numbers of unions of graphs are studied [7]. Bound
on domination numbers have been studied, see [8, 9, 10, 11, 12, 13] for examples.

Some variations of the game have also been studied. The total
domination game has been introduced in [14], in which a move u will dominate its
open neighborhood N (u) instead of its closed neighborhood N[u]. So a move is
legal if and only if its open neighborhood is not contained in the open neighborhood
of all vertices chosen before. Similarly, bound on total domination numbers have
been studied in [15, 16, 17, 18], and total domination numbers themselves were
computed for some families of graphs, such as cycles and paths [19] and a family of

cyclic bipartite graphs [20]. Recently, some other variations based on the definition



of legal moves have been proposed in [21].

Since players pick only one move per turn in the standard domina-
tion game, we study the term of biased positional games for domination games
that each player takes a different number of moves. In this thesis, we introduce a
variation of a domination game called a biased domination game or simply called
a biased game where Dominator and Staller can pick more than one move for each
turn. Similar to the definition of the game domination number, we define the
biased game domination number. For D,S C N, if in each turn Dominator and
Staller can pick m € D and n € S and play m and n legal moves, respectively,
then the game is called (D, S)-biased domination game or (D, S)-game. The biased
domination numbers are denoted by v(p,s)(G) for Game 1 and 7, ¢)(G) for Game
2. We called (D, S) as the biased ordered pair. In the case of (D, S) = ({6}, {0}),
the game is called (9, 0)-biased domination game or (6,0)-game. The biased dom-
ination numbers are denoted by 7(s0)(G) for Game 1 and 7(;,,(G) for Game 2.
Note that in a (D, S)-game, a player does not need to play the same number of
moves in every turn. For example, if D = {3,5}, Dominator can play 3 moves in

the first turn and play 5 moves in the second turn.
Remark 1.1. The (1, 1)-game is the original domination game.

Example 1.2. Consider G = C5 U Cs. We will show that 19,41 (G) = 3.

We first notice that G has 8 vertices. Since each move can dominate at most 3
vertices, at least 3 moves are required to end the game. Hence, the biased game
domination number is at least 3.

Next, we can show that Dominator can force the game to end in 3 moves.
So we can conclude that vy(1,93,41})(G) = 3. In the first turn, Dominator starts
the game by picking 1 or 2 moves. If Dominator decides to pick 1 move in Cj,
as shown in the picture below, Staller then picks any move on C5 and Dominator

finishes the game in 3 moves.




Note that if Dominator were to pick only one move on a graph C5 as the
first turn, Staller can pick a move on C5 that dominates exactly one new vertex
and forces the game to end in at least 4 moves. Hence this is not a move in
Dominator’s optimal strategy.

Similarly, Dominator can also decide to pick 2 move in his first turn. If
two moves are picked as in the following picture, Dominator can force the game
to end in 3 moves as well. (In the next turn, any move of Staller must ends the

game.) This is also another optimal strategy for Dominator.

The main goal of this thesis is to study the relation between biased
domination games having different biased ordered pairs. In Chapter 2, we review
some definitions and results related to domination games. We define two special
moves in Chapter 3 and show some properties of the biased game domination
numbers when such special moves are available. In Chapter 4, examples of graphs
with special moves are presented. We also explicitly compute the biased game
domination number of the power of a cycle, and give optimal strategies for both

players using the special moves.



Chapter 2
Preliminaries

In this chapter, we collect the definitions and theorems which will

be used later throughout the thesis.

2.1 Domination Games

In 2010, B. Bresar, S. Klavzar and D.F. Rall introduced the dom-
ination game. Moreover, they consider Game 1 in a domination game such that
Dominator (resp. Staller) is allowed, but not obligated, to skip exactly one move in
the game. That is, there is at most one turn such that Dominator (resp. Staller)
may decide to pass. After the game is ended, the number of moves in a game
where both players are playing optimally, is denoted by 737’ (G) (resp. ¥P(G)).

We call this game the Dominator-pass game (resp. Staller-pass game).
Lemma 2.1 ([1]). For any graph G,
1H(G) < 74(G) + 1,7,(G) < 7P(G) + 1 and 737 (G) = 7,(G) — 1.

This Lemma is applied to prove a relation of game domination num-

bers between Game 1 and Game 2.

Theorem 2.2 ([1]). For any graph G,
Y9(G) =1 <7 (G) <~(G) + 2.

Definition 2.3 ([1]). Let k and [ be positive integers. We say the pair (k,[) is
realizable if there is a graph G such that v,(G) = k and ~,(G) = [.



In 2013, W.B. Kinnersley. D.B. West and R. Zamani defined the

partially dominated graph for simplifying the proof of a domination game.

Definition 2.4 ([8]). Let G be a graph and S be a subset of V(G). A partially
dominated graph G|S is a graph G in which all vertices in .S are already dominated.
Consider a partially dominated graph G|S, a vertex v is called saturated if all of
its closed neighborhood is dominated. If we delete all saturated vertex and all
edges which both of their endpoints are dominated in a partially dominated graph
G|S, we called this graph a residual graph |G|S].

Remark 2.5. A domination game on a partially dominated graph G|S is consid-

ered as same as a residual graph [G|S].

Theorem 2.6 (Continuation Principle, [8]). Let G be a graph and A, B C V(G).
IFAC B, then 7,(G1A) 2 7,(G|B) and 7)(G]4) = +,(G|B).

Theorem 2.7 ([8]). For any graph G, we have |v,(G) — 7,(G)| < 1.

We say that a graph G is a no-minus graph when 7, (G|S) < 7,(G|S5)
for every subset S of V(G).

Theorem 2.8 ([8]). Forests are no-minus graphs.

In 2015, P. Dorbec, G. Kosmrlj and G. Renault found bounds of

game domination numbers on unions of graphs.

Theorem 2.9 ([7]). Let G1|S1 and G1|Ss be partially dominated no-minus graphs.
If G1|Sy realizes (k,k) and Go|Ss realizes (I,m) where m € {l,l + 1}, then the
disjoint union (G1 U Gy)|(Sy U Sy) realizes (k+ 1,k +m).

Theorem 2.10 ([7]). Let G1|S1 and G1|Ss be partially dominated no-minus graphs
that realizes (k,k + 1) and (1,1 + 1), respectively. Then

k1< 7,((GLUGY)|(S1USy)) <k+1+1
k+1+1 <~ ((GiUG)|(S1USy)) <k+1+2.



2.2 Domination Games on Some Graphs

In 2017, G. Kosmrlj studied the game domination number on paths
and cycles by considering some partially dominated graphs of paths and cycles

and classifying some families of a graph.

Definition 2.11 ([4]). We classify a graph G that realizes a pair (k,1) as follows:
1. a graph G is a plus graph if [ = k + 1;
2. a graph G is a equal graph if [ = k;
3. a graph G is a minus graph if | =k — 1.
To compute game domination numbers on paths and cycles, KoSmrlj

defined some special partially dominated graph of paths.

Definition 2.12 ([4]). A partially dominated graph P is a graph P, » that both
leaves are already dominated. A partially dominated graph P! is a graph P, ;

that exactly one leaf is already dominated.

Figure 2.1 Partially dominated paths P/ (top) and P/, (bottom).

Theorem 2.13 ([4]). For any nonnegative integer n, we have

(

, g —1, n=3 mod4,
fyg(Pn) = < ] .
5| otherwise,
( oy =
o g +1, n=2 mod 4,
,)/g(Pn) = 1 .
=1, otherwise.
(12

In addition, letting i, = (i mod 4) and j. = (j mod 4) for any i + j =n. Then

WQ(PZ'H) + Vg(‘P]”) + 17 (i'I‘Jj'I‘) € {27 3} X {27 3}7
VQ(Pz‘H) + VQ(PJ{,)a otherwise,

Yo (B) + 7 (Ff) (i, Jr) € 0,1} x {0,1},
VoW F) = (P + (P +2, (irdr) €{(2,3),(3,2),(3,3)},

J

’Yg(Pz'” U Pg”) =

Yo(P/) +v4(P!) + 1, otherwise.



Theorem 2.14 ([4]). For any nonnegative integer n, we have

_g—‘ —1, n=3 mod 4,
WQ(CTL) = rn
——‘ , otherwise,
L2
([n—1
n2 -‘ —1, n=2 mod4,
5 —‘ , otherwise.

Theorem 2.15 ([4]). For any nonnegative integer m and n, we have
Vo( P U BY) = (P, U By) = (P, U )

and
Vo (P U BY) = 7 (P U By) = 7, (P, U By).
Moreover, we have v,(Py) = 74(Py,) and v, (Py,) = v,(F,)-

Theorem 2.16 ([4]). For any nonnegative integer n, we have

;

{g—‘ —1, n=3 mod 4,
’79(P7l) = n
{——‘ , otherwise,
L2
rn

In 2020, N. Chantarachada and C. Worawannotai computed the for-
mula of game domination numbers on powers of cycles and found optimal strate-

gies of both players.

Definition 2.17. For positive integers p and n, the p-th power C? of an n-cycle

C,, has the following vertex set and edge set,

v(cr) ={0,1,2,...,n— 1},
ECH) ={{i,i+1},{i,i+2},... . {i,iLp}:i e V(CE)}

where the operations 4+ and — are considered under modulo n.

Theorem 2.18 ([5]). Let G = C?. If n = (2p+ 2)q + r where ¢,7 € NU{0} and
0<r<2p+2, then

1. 74(G) =2q+ [r # 0],

2. v(G) =2q+[r =2p+1]



=1
w

5

Figure 2.2 The graph C%

where [x] = 1 if the statement x is true and [x] = 0 if x is false.

Moreover, an optimal strategy for Staller is when (s)he always makes a move that
dominates exactly one new vertex, while an optimal strategy for Dominator is when
(s)he always makes a move that dominates as many new vertices as possible without

creating a new dominated component (except the move that starts the game).

In 2015, C. Bujtas established the upper bounds of game domination
numbers on isolate-free forests, i.e., forests without isolated vertices by considering

the conjecture in [8].

Conjecture 2.19 ([8]). If G is an isolate-free forest of order n, then

3 3 2
7,(G) < ?n and v, (G) < n;— )

Theorem 2.20 ([3]). If G is an isolate-free forest of order n in which no two

leaves have distance 4, then
3 3 1
79(G) < ?n and 75(G) < n; :

Theorem 2.21 ([3]). If G is an isolate-free forest of order n, then

on , on + 2




Chapter 3
Biased Domination Games

In this chapter, we show some relations between biased game dom-
ination numbers having different biased ordered pairs, under the condition that
some certain moves are always available. Those moves will be called minimal and

maximal moves.

3.1 Special Moves

In [4] and [5], we observed that some special moves are used in
optimal strategies in the domination games on paths and powers of cycles. So we

define a modification of these special moves in biased domination games.

Definition 3.1. For any biased domination games on G|C, we define as following.
1. Moves u and v’ are the same move with respect to C if their newly dominated

vertices set are the same set, i.e.,
N\ C = N[«]\ C.

2. If a move u dominates only one new vertex v, then it is a minimal move
with respect to C. In this case, a vertex v is minimally dominated by u and
denoted by m¢lu|. It is easy to see that minimal moves u and u’ are same
if and only if m¢c[u] = me[u].

3. A move u is a maximal move with respect to C' if there is a newly dominated
vertex v such that for any move dominating v, its set of newly dominated
vertices must be contained in the set of newly dominated vertices of a move
u. That is, a maximal move u with respect to C' has a vertex v € N[u| \ C
such that for all ' which v € N[u/] \ C, we have

N[\ C C Nu]\ C. (3.1)
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If we define Ngc[u] = Ng[u]\C, a move u is a mazimal move in G|C'if there
is a newly dominated vertex v such that for any other move «' dominating
v in G|C, we have

Ngjclu'] € Ngjolu].

In other words, there is v € Ngc[u] such that
ifve Ng|C[ul], then NG‘C[’LL/] - Ng|c[u].

In this case, we say that vertex v is mazimally dominated by a maximal
move u, and a set of all maximally dominated vertices by a maximal move

u is denoted by Mc[u].

Remark 3.2. If a maximal move v maximally dominates a vertex v, there is no

valid move dominating v after picking a move u.

Example 3.3. The following are examples of minimal and maximal moves in
partially dominated graphs. Minimal moves and maximal moves are indicated by
blue dashed lines and red dotted lines, respectively.

1. The following partially dominated graph has both minimal move and max-

imal move.

2. The following partially dominated graph has a minimal move but no maxi-

mal move.

3. The following partially dominated graph has a maximal move but no mini-

mal move.
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4. The following partially dominated graph has neither maximal move nor min-

imal move.

In this thesis, the condition “the player can always make a minimal
(resp. maximal) move” means the player can make such move at every of his turn
after the game has already started. This means we do not apply the condition to

the first move of the game.

Proposition 3.4. In a biased domination game on a graph G, if both players can
always make a minimal move, then G is connected or G is an edgeless graph (a

union of isolated vertices).

Proof. Assume that G is not connected and has at least one edge. Then there
is a component C' that is not an isolated vertex. Thus for all vertices in this
component, their closed neighborhood has size at least 2, that is, if a vertex u is in
this component, then |N[u]| > 2. Consider the game that the first move happened
at another component. So no players can make a minimal move at the component

C. ]

Proposition 3.5. Let G be a connected graph and D be a set of vertices in G.
In a biased domination game on a residual graph |G|D], a vertez u is a minimal
move if and only if u is a dominated leaf or all vertices v € N(u) are already

dominated.

Proof. Assume that u is a a minimal move and there is a vertex v € N(u) not
dominated on |G|D]. Note that no two dominated vertices are adjacent in |G|D].
Since v is not dominated, u is already dominated. Since v dominates exactly one
new vertex, v minimally dominates a vertex v. So w must be a leaf on |G|D].
Hence u is a dominated leaf.

Conversely, it is easy to see that if a vertex u is a dominated leaf or all

vertices v € N(u) are already dominated in |G|D], then u is a minimal move. [
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Proposition 3.6. If a player can always make a minimal (resp. maximal) move
on a graph G, then a player can always make a minimal (resp. mazximal) move
on a graph H where V(H) = V(G) U{uy,ug,...,u,} and E(H) = E(G) U {uv |
i €[nl,veV(G)}.

Proof. Suppose that a player can always make a minimal move on a graph G and
the game on a graph H has been started. If there is a move u; picked in a game,
then all vertices in V(@) are already dominated. So an undominated vertex v
must be in the set {uy, us, ..., u,}. Since Ny(v) = V(G) and all vertices in V(G)
are already dominated, a move v is a minimal move. If there is no move u; picked
in a game, then all picked moves are in V(G). This implies that uy,us,. .., u,
are already dominated. Thus there is no newly dominated vertex from the set
{uy,...,u,}. Since the player can always make a minimal move v in a graph G
and Ny[v] = Ng[v] U {uy,us,...,u,}, a move v is also a minimal on a graph H.
Similarly, this proof can be applied for a maximal move. If there is a move
u; picked in a game, any vertex in GG is a maximal move in H. If there is no move
u; picked in a game, a maximal move in G is also a maximal move in H. Hence,

a maximal move in H always exists. ]

Lemma 3.7. Let v and «' be maximal moves with respect to C. The following
are equivalent.

1. Moves u and u’ are the same moves with respect to C.

2. M¢lu] = Mc[u].

3. Mc[u] N Mc[u'] # 0.

Proof. Let u and v’ be maximal moves with respect to C.

First, assume that the moves u and ' are the same moves, i.e., N[u]\ C =
N[u'J\C. Let v € M¢[u]. Since u is a maximal move, for any move w dominating
U?

N[w]\ € € N[u]\ C = N[u']\ C.

Then v € Mc[u']. So M¢g[u] € Mc[uw']. Similarly, Mc[u] 2 Me[w']. Hence
Mc[u] = Mc[u/].



13

Next, it is clear that Mc[u] = Mc[u'] implies M¢[u] N Mc[u'] # 0 as u and
v’ are maximal moves.

Finally, suppose that Mc[u] N Mc[u'] # 0. We then let v € Mc[u]NMo[u].
Then v is maximally dominated by v and «’. By the definition of maximal moves

u and u/, then we have

N[u]\C C N[\ C,
N[u]\ C 2 N[u]\ C.

So N[u] \ C = N[u'] \ C. This means that moves u and «’ are the same moves
with respect to C. ]

Remark 3.8. We can say that maximal moves v and v’ are the same moves with
respect to C' if and only if Mc[u] = Mc[u']. Moreover, for any distinct maximal

moves u and u', Mc[u] N Mc[u'] = 0.

Lemma 3.9. For any distinct maximal moves u and «/ maximally dominating a

vertex v and v’, respectively, there is no move such that dominating v and v’.

Proof. Consider the game with the dominated vertex set C' and maximal moves u
and u' maximally dominating a vertex v and v’, respectively. Assume that there is
a move w which is not v nor v’ and dominating v and v". Then v € N{w]\C. Since
u maximally dominates v, we have N[w|\ C C N[u] \ C. But w also dominates

v/, so v € N[w]\ C. Hence v € Nfu] \ C. Since v/ maximally dominates v/,

Nlu)\ C C N[u']\ C. Similarly, we have N[u'|\ C' C NJu] \ C. This implies that

maximal moves u and ' are the same moves, a contradiction. [l

Proposition 3.10. In a biased domination game on a graph G, if a move u is a
mazximal move that mazimally dominates a vertez v, then all vertices in N(v)\ N[u]

are already dominated.

Proof. Let C'is the set of previous moves and w € N(v)\ N[u]. Since v maximally

dominates a vertex v,
{w} \ N[C] € N[w] \ N[C] € N[u] \ N|C].
Since w ¢ N|u],

{w} \ N[CT = ({w} \ N[u]) \ N[C]
C (Nw]\ Nu]) \ N[C]
S (Nu] \ N{ul) \ N[C] = 0.

Then {w} C N[C], i.e., w € N[C]. This means that w is already dominated. [J
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Definition 3.11 ([1]). Let G and H be graphs. A corona G with base G is the
graph obtained from adding a leaf as a neighbor to each vertex of G. We say H
is a generalized corona with base G if H is constructed from G by adding at least

one leaf as neighbor to each vertex of G.

Proposition 3.12. Let G be a graph. If a graph H is a generalized corona with

base G, then players can always make a maxrimal move on H.

Proof. Consider a game on a graph H that has been started but has not ended.
Let V =V(H) \ V(G), i.e., the set of leaves that are added to G to construct H.
Note that if all vertices in V' are dominated, then the game has already ended.
Since a game on a graph H is not ended, there is an undominated leaf v € V. Then
its unique neighbor « is a maximal move on a graph H since u newly dominates

v and the only moves that can dominate v are v and v. ]

3.2 Biased Domination Games

From Theorem 2.6, we can extend it to biased domination games,
using similar proof which is based on the imagination strategy [1]. The following

result follows from the observation in [1].

Lemma 3.13. Let G be a graph and D,S C N. Consider a Dominator-start
(resp. Staller-start) (D, S)-biased game.
1. If Dominator has a strategy to make the game end within k£ moves when
Staller plays optimally, then v(p.5)(G) < k (resp. v(p 5(G) < k).
2. If Staller has a strategy to make the game end in at least & moves when

Dominator plays optimally, then y(p ¢)(G) > k (resp. VED,S)(G) > k).

Proof. The result follows from the definition of biased game domination numbers.
O

Theorem 3.14. For any graph G,

YG) <vp,9)(G).

Proof. Since v(G) is the number of the smallest dominating set, we know that
7(G) is the smallest number of moves that can end the biased domination game
on a graph G. (If the number of moves is less than «(G), the game still does not
end.) So v(G) < v,5)(G). O
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Theorem 3.15 (Continuation Principle of the Biased Domination Game). Let
G be a graph and A, B C V(G). If A C B, then v50)(GlA) > Y60 (G|B) and
Vs0)(GIA) 2 V(5.0 (GIB).

Proof. Assume that A C B C V(G). We will show that s (G|A) > v5,0)(G|B)
and 7{570)(G|A) > 7{570)(G|B)-

To show v(5.0)(G|A) > V5,00 (G| B), we let the real game be a biased domina-
tion game on G| A where Dominator plays optimally, and let the imagined game be
a biased domination game on G| B imagined and optimally played by Staller. The
number of moves in the real game and the imagined game when the games ended
are denoted by R and I, respectively. Then 5, (G|A) > R and I > v, (G|B).
Thus it is enough to show that R > I.

In each turn, when Dominator plays moves in the real game, Staller copies
such moves to the imagined game. Staller then responds optimally in the imagined
game and copies the moves back to the real game. Note that every Staller’'s move
in the imagined game is always legal in the real game, but a Dominator’s move in
the real game is not necessary legal in the imagined game as A C B.

If all Dominator’s moves in the real game are legal in the imagined game,
then both games may be ended at the same time or there is some undominated
vertices left in the real game. So R > [.

If there exists a move of Dominator in the real game that cannot be copied
to the imagined game. This means that all vertices in the closed neighborhood
of such move are already dominated in the imagined game. Staller then imagined
that Dominator picks a random legal move in the imagined game and continues
the game. The game continues until the imagined game ends or there is another
move of Dominator in the real game which is not legal in the imagined game. In
the later case, Staller then imagines another random legal move for Dominator in
the imagined game.

We notice that at every turn in the game, the dominated vertices in the real
game are also dominated in the imagined game. This means the real game cannot
ends before the imagined game. Hence R > I. Thus, v(5,0)(G|A) > vs,0)(G|B).

The proof above always works whether it is Dominator or Staller who plays

the first move. Thus the same proof can be directly applied to Game 2. 0

Using the same proof, we also obtain the continuation principle for

(D, S)-biased domination games.

Theorem 3.16. The continuation principle also holds for a version of (D, S)-

biased domination game.
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To prove the theorems in this section, we define a version of
Dominator-pass games and Staller-pass games for biased domination games as

follows.

Definition 3.17. In a (0,0)-game on a graph G, if Staller is allowed to pass
some moves in each turn (except the first move of each turn) in total of at most
n moves per game, then we define such game as an n-Staller-pass-(9, 0)-game
or sp(n)-(6,0)-game. The number of moves in an sp(n)-(d,0)-game when both
players play optimally are denoted by vspm),5,0)(G) in game 1 and fy;p(n)’( 570)(G) in

game 2. Similar notation, dp(n), is used for n-Dominator-pass games.

Remark 3.18. We note that a turn in a (0, 0)-game is comprised of & moves for
Dominator and o moves for Staller. For pass games, since the order of moves in a
turn by the same player does not matter, we can assume that the player plays a
certain number of consecutive moves and then skip the rest. In order to prevent

an empty turn, we forbid skipping the first move as shown in Definition 3.17.

Note that Lemma 3.13 also holds for Staller-pass biased game and

Dominator-pass biased game.

Theorem 3.19. For any graph G and i > 0,

Yop(i),(6,0) (G) < Vsp(it1),6.0)(G)-

Proof. We can consider Ysp(),5,0)(G) as the number of moves that Dominator plays
optimally and Staller skips at most ¢ moves on an sp(i+1)-(, o)-biased domination

game. By Lemma 313, ’}/Sp(i%((;,g)(G) S ’}/Sp(i+1)7(570)(G). L]

Theorem 3.20. For any graph G and i > 0,

Yap(i+1),6.0) (G) < Vap(i),5,0) (G)-

Proof. We consider the biased game domination number v4,(;) (5.0 (G) as the num-
ber of moves that Staller plays optimally and Dominator skips at most ¢ moves
on an dp(i+ 1)-(9, 0)-biased domination game. By Lemma 3.13, Vap(i+1),5.0)(G) <
YVap(i) (0.0) (G)- O
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3.2.1 Biased Games and Minimal Moves

Theorem 3.21. For any graph G, if Staller can always make a minimal move,

then
Yp(1),5.0)(G) = V6,00 (G).

Proof. First,we will show that v.,1),50)(G) < Vs,0)(G) by using the imagination
strategy in [1], we consider a situation where Staller is playing Game 1 of an
sp(1)-(d, o)-biased domination game (Real Game: RG) with an optimal strategy
while Dominator imagines and plays Game 1 of a (4, 0)-biased domination game
(Imagined Game: IG) optimally. Let the real game and the imagined game end in
R and I moves, respectively. By Lemma 3.13, R > Yop(1),(5,0)(G) and I < 5.0 (G).
So it is enough to prove that R < [I. In the real game, Staller has to play o
moves at each turn, except possibly at one turn where either o — 1 moves (a pass
of the last move) or o moves is allowed. Whenever Staller plays ¢ moves at a turn,
Dominator copies each move of Staller to the imagined game, responds optimally
in the imagined game, and copies the moves back to the real game. If Staller does
not skip a move until the game ends, the sequences of moves are formed as the
following, where d/ and s? denote the j-th move in the -th turn of Dominator and

Staller, respectively.

g2 5 o1 2 o gl 5 .1 o
RG: dy,dy,...,d],s1,57,-..,87,d5...,d5, Sq,...,89,. ..

) 5 1.2 o 5 1 o
IG: dy,di, ..., d],s7,87,...,87,dy...,d5, S5, ...,59,...

This means that both games are played with the same sequence of moves. Thus
R=1

If Staller decides to play only 0 — 1 moves at turn k£, Dominator copies each
move of Staller up to such move to the imagined game. Then Dominator imagined
that Staller makes the o-th move s; that dominates exactly one new vertex vj.
This is a minimal move, which is always available by the assumption. Now the

sequences of moves are formed as the following.

Lol 2 5 12 o 1 o—1
RG: dy,dy, ..., dy, 81,87, ..,87, .., 8k, ---,57 X
Lol 2 512 o 1 o—1 _*
IG: dy,dy, ..., dy, 81,87, 8], Spyvy Sy, 5

Dominator then responses optimally in the imagined game and copies the moves
back to the real game.

The game continues with Staller playing exactly ¢ moves at each turn.
Note that all moves by Dominator in the imagined game are always legal in the

real game. On the other hand, a move by Staller in the real game may not be
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legal in the imagined game.
If there is an illegal move at turn m > k in the imagined game, says s, for
some 1 < 0 < o. First, we consider when the move is s}n. We have the following

sequences of moves.

ol o 1 5 1
RG: d}, ..., dS, st .. 89, sk X, dd sh
.ol 6 1 o 1 * 0
IG: dy,...,d],87, .87, o Skyevey Sy vy dy,

Since s!. is not legal in the imagined game, we have
0 # N(s,] \ N[C] € N[s;] \ N[C] = {vi}

where C is the set of all vertices played before s! in the real game, i.e.,

m—1

c={U (Ut U ) ol bren.

j=1 \i=1 i=1

Hence N[s.]\ N[C] = {vx}. That is s} dominates only one new vertex vy. This
means both games now have the same set of dominated vertices.

When Staller picks the rest of the moves in the turn, Dominator skips s},

and copies these moves to the imagined game, and also imagines that Staller picks

another minimal move s, (newly dominating a vertex v,,) as the last move. Thus

the sequences of moves in the both games are as follows.

gl o 1 d 1 2 3 o—1 o
RG: dy, ... dl,sl,...,sl,...,sk,..., ey Oy Sy S S Sy S
gl 6 1 o 1 * § 2 3 4 o *
IG:dy, ... d], 87, o STy Shy vy Spyenesy 8o S0 Spyeeey Soy Sey

Note that s2,,s3 sk ... s7 are all legal in the imagined game since

N[s,,] \ N[C] = Nsi] \ N[C] = {vx}-

The same computation is applied when it is the move s? for § > 1 which is
not legal in the imagined game. The vertex vy is the only new vertex dominated
by s and the set of all dominated vertices in both games are now the same.

Dominator then imagines a minimal move s},. So we get the following sequences

of moves.
gl 6 1 o 1 o 6—-1 0 0+1 o—1 _o
RG:dy, ... d],87, 8],y Shyeeey Xy oo Sy S S ey 8o S
gl 6 1 o 1 * 9 0—1 0 0+2 o *
IG:dy, ... d), 81, 8T Shy ey Sty do o 80 SO GOH2 e s

We can always repeat the same procedure if there is a move in the real

game that is not legal in the imagined game. At the end, both games end at the
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same move or the imagined game ends before the real game. In the first case, we

have R = I — 1. In the second case, since v,, is the only vertex left undominated

by not playing s, it is this unique vertex left undominated in the real game when
the imagined game has ended. So R = I.

From both cases, we have R < I. Since v401),50)(G) < Rand I < 756 (G),

we then have v4,1),5.0)(G) < V(5,0)(G). By Theorem 3.19, Yep(1),5,0)(G) = V5,0 (G).

[

Theorem 3.22. For any graph G and v > 0, if Staller can always make a minimal

move, then

Yop(it1),5,0) (G) = Vsp(i),5,0) (G)-

Proof. Let the real game be the sp(i 4+ 1)-(d, 0)-game with an optimal strategy of
Staller and the imagined game be the sp(i)-(d, 0)-game imagined by Dominator
and played with his optimal strategy. Dominator copies all the moves of Staller
from the real game to the imagined game, up to the i-th time Staller skipped the
move. At the (i 4+ 1)-th skip, Dominator imagines a random minimal move as in

the proof of Theorem 3.21. The same analysis can then be directly applied. [

From Theorem 3.21 and Theorem 3.22, we immediately get the fol-

lowing corollary.

Corollary 3.23. For any graph G and i > 0, if Staller can always make a minimal

move, then

Vep(i),(5.0)(G) = V(5.0) ().

Using Corollary 3.23, we can now compare the biased game domi-

nation numbers with different o.

Theorem 3.24. For any graph G, if Staller can always make a minimal move,
then

Y6.)(G) < V6.0)(G)

foralll <j<o.

Proof. Let j < 0. We can consider a (4, j)-biased game as a situation in a Staller-
pass (0,0)-game where Staller passes ¢ — j moves in every of his turn until the
game ends. Let k be a number a lot larger than the possible total number of all
passed moves by Staller in this game. Then (s (G) is a number of moves in the
sp(k)-(0, o)-game where Dominator plays optimally and Staller passes o — j moves
for each turn until the game ends. This implies that v(s5;)(G) < Yepr),5.0)(G). By
Corollary 3.23, we have v(;,)(G) < 765,0)(G). O
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Theorem 3.25. Let G be a graph and D, S,S" C N. If Staller can always make

a minimal move and max(S) < max(S’), then

Y.,9)(G) < vp,sn(G).

Proof. We can prove this theorem in the same manner as Theorem 3.24. How-
ever, we present another proof of this theorem by using some properties of minimal
moves and the imagination strategy.

While Dominator is playing a (D, S)-game (real game) where Staller plays
optimally, Dominator imagines a (D, S’)-game (imagined game) where Staller al-
ways picks max(S’) moves until the game ends. Dominator copies Staller’s moves
in the real game to the imagined game, imagines some additional Staller’s moves,
responds with optimal moves and copies them to the real game. For each turn
of the real game, if Staller picks the number of moves less than max(S’) moves,
then Dominator imagines Staller picks extra minimal moves until the number of
moves is max(S’). Note that a Dominator’s move in the imagined game is always
legal in the real game but a Staller’s move in the real game may be illegal in the
imagined game. If there is an illegal move, then Dominator imagines Staller picks
a minimal move instead of copying.

Let R and I be numbers of moves when real game and imagined game end,
respectively. Since Staller plays optimally in the real game, then R > vyp ) (G).
Similarly, I < vy(p,s)(G) since Dominator plays optimally in the imagined game.
So we will show that R < I.

Let p be the total numbers of extra minimal moves in the imagined game
when Staller picks less than max(S’) moves in all turns of the real game, and
let ¢ be the number of minimal moves imagined instead of illegal copying to the
imagined game. We have 3 cases for consideration.

1. If p = 0, then Staller always picks max(S’) moves in the real game. This
means that the imagined game is played exactly the same real game. So
R=1.

2. If p> 0 and ¢ = 0, then there has been I — p moves in the real game when
the imagined game ends. Since the extra moves in the imagined game are
minimal moves, there are at most p undominated vertices in the real game.
When the imagined game ends, the real game will end within at most p
additional moves. This implies that R < (I —p) +p=1I.

3. If p> 0 and g > 0, then there has been I — p moves in the real game when
the imagined game ends. There are I — p — ¢ moves that are in both games,

p extra minimal moves in the imagined game, and ¢ minimal moves in the
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imagined game which are imagined instead of ¢ moves in the real game.
From only the I — p — g moves, there are at most p+ ¢ undominated vertices
in the real game. The ¢ moves dominate at least ¢ addtional vertices in
the real game, hence we are left with at most p vertices in the real game.
So when the imagined game ends, the real game will end within at most p
additional moves. This implies that R < (I —p)+p = 1.

Hence R < I. Therefore v(p.s)(G) < vp,s)(G). O

Corollary 3.26. Let G be a graph and D,S,S" C N. If Staller can always make

a minimal move and max(S) = max(S’), then

7(D7S)(G) = W(D,s')(G).

3.2.2 Biased Games and Maximal Moves

Similar to the previous section, we want to compare biased game
domination numbers on biased games with different 6. We first consider

Dominator-pass games.

Theorem 3.27. For any graph G, if Dominator can always make a mazximal move

(except possibly at the first move of the game), then

Yap(1),5.0)(G) = V5,00 (G).

Proof. Let the real game (RG) be a dp(1)-(§,0)-game with an optimal strategy
of Dominator and the (d, 0)-game be a game imagined by Staller (IG) and played
with an optimal strategy of Staller. The number of moves in the real game and
the imagined game when the games end are denoted by R and I, respectively.
Then Yap1),5,0)(G) > R and I > 755 (G). We claim that R > 1.

If Dominator decides not to pass a move in the real game, then Staller
copies all of Dominator’s moves from the real game to the imagined game, responds
optimally and copies the moves back to the real game. Since the two games are
identical, we have R = I.

If Dominator decides to pass a move at turn k in the real game, Staller
imagines that Dominator picks a maximal move dj in the imagined game. So it
dominates a vertex wy such that all legal moves dominating w;, in the real game
are illegal in the imagined game, see Equation (3.1). The sequences of moves are

formed as the following:

Ll g2 5 12 o 1 5—1
RG: dy,dy, ..., dY,s1,87,...,87, ..., dy, ..., dy ", X

Ll 5 12 o 1 5—1
IG: dy,dy,...,dY,s1,87,...,87,...,dy,...,dy ", d}
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The game continues by Staller playing optimally in the imagined game then
copying the moves back to the real game. Note that all moves by Staller in the
imagined game are always legal in the real game. However, a move by Dominator
in the real game may not be legal in the imagined game.

If there is no illegal move until one of the games ends, we know that the
vertex wy, still remains undominated in the real game. (All legal moves dominating
wy, in the real game are illegal in the imagined game.) So the imagined game ends,
while the real game has at least one vertex w; remaining. Thus the real game
needs at least one extra move, the vertex wy, itself, to finish the game. Including
the move dj imagined by Staller, we have R > I.

Whenever there is an illegal copying from the real game to the imagined
game, Staller imagines that Dominator picks a new maximal move instead of such
illegal move. Assume that in the last illegal copying, Staller imagined a maximal
move which dominates w such that all legal moves moves dominating w in the real
game are illegal in the imagined game.

We know when the imagined game ends, the real game must have at least
one undominated vertex w. Thus the real game needs at least an extra move, the
vertex w itself, to finish the game. Excluding the skip, we have R > I.

Hence R > I in every case. Since Yap(1),5,0)(G) > R and I > 75, (G), we
have Yap(1),5,0)(G) = Y(5,0)(G). By Theorem 3.20, Yap(1),5,0)(G) = V5,00 (G)- O

Theorem 3.28. For any graph G and i > 0, if Dominator can always make a

mazximal move (except the first move of a game), then

Vap(i+1),(6.0) (G) = Vap(i),(5.0) (G)-

Proof. Let the dp(i + 1)-(9,0)-game be the real game with an optimal strategy
of Dominator and the dp(i)-(d, o)-game be the imagined game by Staller with an
optimal strategy. Staller copies all the moves of Dominator from the real game to
the imagined game, up to the i-th time Dominator skipped the move. The rest of

the proof is similar to Theorem 3.28. O]

Corollary 3.29. For any graph G and i > 0, if Dominator can always make a

maximal move (except the first move of a game), then

Yap(i),5.0) (G) = V6,00 (G).
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Theorem 3.30. For any graph G, if Dominator can always make a maximal move

(except the first move of a game), then

V6.0)(G) 2 Y5.0) (G)
forall1 <j <6.

Proof. Let 7 < 0. We can consider a (j,0)-biased game as a situation in a
Dominator-pass game where Dominator passes 6 — j moves at every turn until
the game ends. Let k£ be a number a lot larger than the possible total num-
ber of all passed moves by Dominator in this game. Then v(;»)(G) is a num-
ber of moves in the dp(k)-(d,0)-game where Staller plays optimally and Domi-
nator passes ¢ — j moves for each turn until the game ends. This implies that
V65,0 (G) = Yap(i) (6,01 (G). By Corollary 3.29, we have v 5 (G) > Ys,0)(G). O

Theorem 3.31. Let G be a graph and D, D', S C N. If Dominator can always

make a mazximal move and max(D) < max(D'), then

V(0,5)(G) = V1,9 (G).

Proof. While Staller is playing a (D, S)-game (real game) where Dominator plays
optimally, Staller imagines a (D', S)-game (imagined game) where Dominator al-
ways picks max(D’) moves for each turn until the game ends. Staller copies
Dominator’s moves in the real game to the imagined game, imagines some addi-
tional Dominator’s moves, responds with optimal moves and copies them to the
real game. If for each turn of the real game, Dominator picks the number of moves
less than max(D’), then Staller imagines Dominator picks maximal moves until
the number of moves is max(D’). Note that a Staller’s move in the imagined game
is always legal in the real game but a Dominator’s move in the real game may be
illegal in the imagined game. If there is an illegal move for copying, then Staller
imagines Dominator picks a maximal move instead of copying.
Let R and I be numbers of moves when real game and imagined game end,
respectively. Then R < v(p.¢)(G) and I > vy 5)(G). So we will show that R > I.
Let p be the total number of extra maximal moves in the imagined game
when Dominator picks the number of moves less than max(D’) over all turns of
the real game and let ¢ be the number of maximal moves imagined instead of
illegal copying to the imagined game. We consider 3 cases as following.
1. If p = 0, then Dominator always picks max(D’) moves in the real game.

This means that the imagined game is played as same as the real game. So

R=1
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2. If p> 0 and g = 0, then there has been I — p moves in the real game when
the imagined game ends. Since there are p distinct maximal moves played
in the imagined game, then there are at least p undominated vertices (which
are maximally dominated by those maximal moves in the imagined game)
in the real game. By Lemma 3.7, these vertices are distinct, so we need at
least p moves for dominating these undominated vertices in the real game.
This means at least p moves are required for ending the real game after the
imagined game ends. This implies that R > (I —p) +p = I.

3. If p > 0 and ¢ > 0, then there has been I — p moves in the real game
when the imagined game ends. There are I — p — ¢ moves that are in both
games, p extra maximal moves in the imagined game, and ¢ maximal moves
in the imagined game which are imagined instead of ¢ moves in the real
game. From only the I — p — ¢ moves, there are at least p + ¢ distinct
undominated vertices (which are maximally dominated by those maximal
moves in the imagined game) in the real game since there are p + ¢ distinct
maximal moves played in the imagined game and by Lemma 3.7. From the
p + q distinct undominated vertices in the real game, the ¢ moves dominate
at most ¢ additional vertices in the real game, and hence we are left with at
least p undominated vertices in the real game. So when the imagined game
ends, at least p moves are required for ending the real game. This implies
that there are at least p undominated vertices remaining in the real game.
This implies that R > (I —p) +p=1.

Hence R > I. Therefore v(p.s)(G) > vpr.5)(G). O
Corollary 3.32. Let G be a graph and D,D’,S,S" C N. If Dominator can pick a
maximal move for all turns (except the first move in Game 1), Staller can pick a

minimal move for all turns (except the first move in Game 2), max(D) < max(D’)
and max(S) < max(5’), then

10,9)(G) <109 (G) < p,s)(G) and Y(p,5)(G) < 10,59 (G) < YD) (G).
From sections 3.2 and 3.3, we have results as follows.
Corollary 3.33. Let G be a graph and D, D', S, S" C N. If Dominator can pick a
mazximal move for all turns (except the first move in Game 1), Staller can pick a
minimal move for all turns (except the first move in Game 2), max(D) = max(D’)
and max(S) = max(S’), then
Y0,9)(G) = Y0,9(G) = Y0,5)(G) = V0,51 (G) = Vmax(D) max(s)) (G)-

Remark 3.34. All theorems in this thesis hold for Game 2 of a biased domination

game.



Chapter 4
Examples of Special Moves

In this chapter, we give examples of graphs that a special move is
always available and explicitly compute the biased game domination numbers on

the powers of a cycle.

4.1 Examples of Minimal Moves

4.1.1 Edgeless Graph and Complete Bipartite Graph

It is obvious that the players can always make a minimal move on an

edgeless graph.
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If we have n isolated vertices that there is always a minimal move on the
graph and we add the m vertices and construct edges as in Proposition 3.6, then
we obtain a complete bipartite graph K,,,. Moreover, the players can always

make a minimal move on a complete bipartite graph K, .
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4.1.2 Powers of a Cycle and Powers of a Path

For positive integers p and n, the p-th power C? of a cycle C, has the

following vertex set and edge set,

V(cr) =1{0,1,2,....n— 1},
B(C?) = {{i,i+ 1}, {i,i£2},... . {i,i£p} i e V(CP)}

where the operations 4+ and — are considered under modulo n.

Figure 4.1 A power of a cycle C%,

We consider a moment during a game on a graph C? that is already started
but still not ended. WLOG, we can assume that there are dominated vertices
0,1,2,...,2p and undominated vertex 2p+ 1. Consider the move p+ 1. The move
p + 1 dominates vertices 1,2,3,...,2p + 1 but vertices 1,2,3,...,2p are already
dominated. Then the move p + 1 newly dominated only a vertex 2p + 1. So the
move p+ 1 is a minimal move. Hence the players can always make a minimal move
on a power of a cycle.

Similarly, we can apply this proof that a player can always make a minimal

move on cycles, paths and powers of a path.

4.2 Examples of Maximal Moves

4.2.1 Edgeless Graph and Complete Bipartite Graph

It is obvious that the players can always make a maximal move (the move
that maximally dominates itself) on an edgeless graph.
If we have n isolated vertices that there is always a maximal move on the

graph and we add the m vertices and construct edges as in Proposition 3.6, then
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we obtain a complete bipartite graph K,,,. Moreover, the players can always

make a maximal move on a complete bipartite graph K, ,,.

4.2.2 Powers of a Cycle and Powers of a Path

We consider the started but not ended game on a graph C?. WLOG, there
are dominated vertices 0,1,2,...,2p and undominated vertex 2p + 1. We will
show that the move 3p 4+ 1 is a maximal move that maximally dominates the
vertex 2p 4+ 1. Notice that there are only vertices p+ 1,p+2,...,3p+ 1 that can
newly dominate the vertex 2p+ 1 and fori =p+1,p+2,...,3p + 1, the move ¢
newly dominates 2p + 1,...,7 + p. Then the set of newly dominated vertices by
the move ¢ # 3p + 1 is a proper subset of the set of newly dominated vertices by
the move 3p+ 1. So the move 3p+ 1 is a maximal move maximally that dominates
the vertex 2p+ 1. Hence the players can always make a maximal move on a power
of a cycle.

Similarly, we can apply this proof that a player can always make a maximal

move on cycles, paths and powers of a path.

4.2.3 Trees and Forests

We consider the started but not ended game on a tree. We consider a
domination game on a partially dominated tree. Conside two cases as follows.

1. If there is an undominated leaf on a tree, its unique neighbor is a maximal
move maximally dominating this leaf since the other move that dominates
the leaf itself.

2. If there is no undominated leaf, we repeatedly delete all dominated leaves
until there exists an undominated leaf whose unique neighbor is a maximal
move as described in Case 1. Notice that a tree that all leaves are deleted
is also a tree.

Hence there always is a maximal move on a tree. Similarly, we can apply

this proof to show that a player can always make a maximal moves on forests.

4.2.4 Sunlet Graphs

The n-sunlet graph is a corona with a cycle C), as the base. By Proposi-

tion 3.12, the players can always make a maximal move on the n-sunlet graph.
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Figure 4.2 A 10-sunlet obtained by a cycle Cyq

4.3 Biased Domination Numbers on Powers of

Cycles

We will explicitly compute the biased game domination number of
powers of cycles and give optimal strategies of both players on powers of cycles.

The results are based on [5].

Theorem 4.1. Let p,n,0,0 € N and G =CP?. Ifn=(2p+1)d + 0)q + r where
¢,m € NU{0} and 0 <7 < (2p+1)d + o, then

0(G) = 0+ Iy < 20+ 10| | 41> ot DG+ = @ 100

where [x] = 1 if the statement x is true and [x] = 0 if x is false.

Moreover, an optimal strategy for Staller is when (s)he always makes a move that
dominates exactly one new vertex, while an optimal strategy for Dominator is when
(s)he always makes a move that dominates as many new vertices as possible without

creating a new dominated component (except the move that starts the game).

Proof. For the lower bound of 75, (G), we consider the situation when Staller
always picks a move that dominates exactly one new vertex. The lower bound
of (5.0)(G) will be obtained from Lemma 3.13. We know that on a graph C?, a
single move dominates at most 2p+ 1 new vertices. Since a move by Staller always
dominates exactly one new vertex, Dominator picks 6 moves and Staller picks o
moves per round, we see that both players can dominate at most (2p+1)d+ o new
vertices per round. Thus the first (6 + 0)g moves (the first ¢ rounds) dominate at
most ((2p + 1) + o)q vertices.

If r =0, then n = ((2p+1)0 4 0)g. Thus it requires at least (6 4+ o)g moves

to end the game.
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If 0 < r < (2p+ 1)d, there are at least » undominated vertices after ¢

rounds. We need at least [ additional moves. By Lemma 3.13, we have

2p+1

Y6,0)(G) = (6 +0)g+ [r < (2p + 1)0] LP n 1—‘

If r > (2p + 1)9, then the first (§ + o)g + 0 moves (the first ¢ rounds and
the (¢ + 1)-th turn of Dominator) dominate at most ((2p + 1)d + o)g + (2p + 1)¢
vertices. Thus there exist at least r — (2p + 1)0 undominated vertices at the
beginning of the (¢ + 1)-th turn of Staller. Since Staller plays with the proposed
strategy, it requires at least » — (2p + 1)¢ additional moves. So we need at least

(0+0)g+d+7r—(2p+ 1)0 moves in total. By Lemma 3.13, we have
Y60 (G) 2 (0 +0)qg+ [r> (2p+1)0](6 + 7 — (2p + 1)d).

From three cases, we get

6 (G) > (G 0)g+ I < (2p+1)8 [ ] > 2o+ 136 +r— 2+ 1)0).

,
2p+1
For the upper bound, we consider the situation when Dominator always

dominates as many new vertices as possible without creating a new dominated

component (except the first move). Let M be the number of moves when the

game is ended and let k£ = { J . We consider the following sequence of moves

d+o
from the begining to the end of the game.

) 5 o1 2 o 1 of gl o—1
dy,dy,...,dy,s7,87,...,87, . dyy o STy, S000) (4.1)

where d/ and s/ are the j-th move at the i-th round of Dominator and Staller,
respectively. The moves in parenthesis indicate that the game may end at either
the move s (full k& rounds), or di \,d3,\,...,d0 1, Sti1s---sSpeisSper (In the
(k4 1)-th round). Let f(v) denote the number of new dominated vertices when a

player choose a vertex v. By the current Dominator’s strategy, it is clear that

fldy) = f(d}) == f(d)) =2p+ 1.

Now we consider three cases depending on the last move.

Case 1: The last move is s{. Consider new dominated vertices from start
to end (the move d} to the move s in (4.1)). Since the game ends in full &
rounds, Dominator and Staller play exactly 6k and ok moves, respectively, during
the game. If Staller picks @ moves that create new dominated components, then

Staller can force Dominator to dominate less than 2p 4+ 1 new vertices for g < «
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times. Thus Staller dominates 2p + 1 new vertices for o moves and dominates at
least one new vertex for the other ok — o moves. Hence the number of vertices

dominated by Staller is

g

Z f(s5) > a2p+1) + (ck — a). (4.2)

7j=1 i=1

On the other hand, Dominator dominates at least one new vertex for S moves
and dominates 2p + 1 vertices for the other 0k — 5 moves. Hence the number of

vertices that newly dominated by Dominator is

k9

SN f(d) =B+ Ok - B)(2p+1). (4.3)

=1 i=1
From (4.2) and (4.3), we have

=3 (S )

>+ (0k—-B)2p+1)+a2p+1)+ (ck —a)
= 0k(2p+ 1) — B(2p) + ok + a(2p)

= 0k(2p+ 1) + ok + (o — 8)(2p)

> ((2p+1)0 + o)k.

n

This implies that £k < | ————
is implies tha _{(2]9—1-1)5—1-0

J as k is an integer. Thus

= (5 +0)k

<0+ el

< (6+0) {mJ +[r < (2p+1)d] [219: J
> 2p+ 136 +7 — (2p+1)d)

=0 +o)g+[r<(2p+1)0] ’72]):— J
+[r>2p+1)0](d +7r— (2p+1)J)

n
by the assumption n = (6 + o)qg +r where ¢ = | ————|.
y p ( )q q {(2p+1)+UJ
Case 2: The last move is di 41 Where 1 < 6 < 6. Consider new dominated
vertices from start to end (the move di to the move df,, in (4.1)). This means
Dominator makes a total number of §k + 6 moves while Staller makes a total num-

ber of ok moves. If Staller picks av moves that create new dominated components,
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then Staller can force Dominator to dominate less than 2p + 1 new vertices for
b < a+ 1 times. Thus Staller dominates 2p 4+ 1 new vertices for a moves and
dominates at least one new vertex for the other ok — o moves. Hence the number

of vertices that newly dominated by Staller is

ZZf ) > a2p+ 1)+ (ok — ). (4.4)

7j=1 i=1

Dominator dominates at least one new vertex for § moves and dominates 2p + 1
vertices for the other 0k + 6 — 8 moves. Hence the number of vertices that newly
dominated by Dominator is

0

k9
D2 )+ Y fdin) = B+ Ok 40— B)(2p +1). (4.5)

n:i (fjf(d%if ) +Zf k1)

> B4 (6k4+60—6)2p+1) +a2p+1) + (0k — a)
=0k(2p+1)+0(2p+ 1) — 5(2p) + ok + a(2p)
= 0k(2p+ 1) +60(2p + 1) + ok + (a — 5)(2p)
>(2p+1)d+o)k+602p+1)—2p
=(2p+1)d+o0)k+(0—-1)2p+1)+ 1.

This implies that

b < {n —((0-12p+1)+ 1)J
- 2p+1)0+o
since k is an integer. We then have

=(0+o)k+0
n—((0—-1)2p+1)+1)
< .
_((5—1-0){ G0 to +0
From the assumption, we have n = ((2p+1)d+0)g+r where ¢ = LmJ .

Also note that (0 —1)(2p+1)+1<(2p+1)0 + o as 6 < 6. Thus

V—((G_l)@ijl)Jrl)J: g—1 ifr<@-1)2p+1)+1
2p+1)d+o q if 7> —-1)2p+1)+1.
Hence,
0+o)g—1)+0 ifr<(@—-1)2p+1)+1
(0+0)g+40 ifr>@-1)2p+1)+1

M <
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When r < (0 —1)(2p + 1) + 1, we see that

M<(6+o0)(g—1)+0
=0+o)g—0—0+10
<(@0+o)g—90—0+0
< (d+o0)g

<(5+0)g+[r < (2p+1)0] [2]?:— J

+[r>2p+1)0](0 +7r— (2p+1)d).

The last inequality holds since [2 ! —‘ and 0 +r — (2p + 1)§ are nonnegative.

p+ 1
When r > (0 —1)(2p + 1) + 1, we have

>0-1
2p+1 2p+1

T 1
>60-1 =0—-1+1=06.
{2}9—1—1-‘ - * [2p+1—‘ *

Hence

M<(5+o)g+0

<(0+0)g+ [%HJ

< (Gl < o+ 03 3

+[r> 2p+1)0](6 +r — (2p+1)9).

The last inequality holds since for r > (2p + 1)d, we have
r r—(2p+1)o
= — | < — (2 1)o.
’72]94-1—‘ 5+’7 2+ 1 <d+r—2p+1)0

From two cases, we have

M<(640)g+[r < (2p+1)0] {prﬁ—‘ +r>2p+1)0](0+ (r—(2p+ 1)d).

Case 3: The last move is sg 41 where 1 < 0 < o — 1. Consider new
dominated vertices from start to end (the move d} to the move s{_; in (4.1)). If
Staller picks o moves that create new dominated components, then Staller can
force Dominator to dominate less than 2p + 1 new vertices for § < « times. Thus
Staller dominates 2p + 1 new vertices for a moves and dominates at least one new

vertex for ok + 6 — a moves. Hence the number of vertices that newly dominated

by Staller is
o 6

2.2 )+ flsiin) Z al2p+1) + (ok 40— a). (4.6)

=1 =1 =1
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Dominator dominates at least one new vertex for f moves and dominates 2p + 1
vertices for the other §(k+ 1) — 5 moves. Hence the number of vertices that newly

dominated by Dominator is
k+1 6

S fd) =B+ (0(k+1) = B)(2p+ 1) (4.7)

j=1 i=1
From (4.6) and (4.7), we have
K+l 5 ko

”—szdz +Jzzf Z k+1)

>B8+0k+1)—-B)2p+ 1) +a2p+1)+ (ck+ 6 — )
=0(k+1)(2p+1) — B(2p) + a(2p) + ok + 0

= ((2p+1)0+ )k +0(2p+1) + 60 + (o — B)(2p)

> (2p+1D)d+0o)k+ (2p+1)d + 6.

This implies that

b < V_ (2p+1)d +0)
- 2p+1)0+o
since k is an integer. We then have

=0+o)k+d5+06
n—((2p+1)0+0)
<
_((5—1—0){ 1o +0 +0+6
By the assumption, we have n = ((2p 4+ 1)0 + o) + r where ¢ = {—(2})_‘_711)5_‘_0]

Also note that (2p+1)0 +6 < (2p+1)0 + 0 as § < 0. Thus

{n_((2p+1)5+9)J CJa—1 ifr<(2p+1)5+6
(2p+1)6+o q if r > (2p+ 1)8 + 0.

Hence,
_JEHo)a=1)++0 ifr<(2p+1)0+0
|6+ 0)g+a+06 if r > (2p+1)0 +6.
When r < (2p + 1)d + 6, we see that

<(04o0)g+[r<(2p+1)d] [22:‘_ J

+[r>2p+1)0]( +7r— (2p+1)d).
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The last inequality holds since

5 1 and § + 7 — (2p + 1)d are nonnegative.
P
When r > (2p+1)6+6, we have r > (2p+1)d and 0 <r—(2p+1)das1 <6l < o.

Then

M<(6+o)g+0+06
<(@+o)g+d+r—(2p+1)d
=00+o)g+[r>2p+1)5](0+r—(2p+1)d)

< @< o 03 3

+[r>2p+1)8](0 +r— (2p+ 1)d).

From two cases, we have

M< (54+0)g+[r < (2p+1)d] [ —‘ +[r>2p+1)0](0 +r — (2p+ 1)9).

2p+1

By Lemma 3.13, we have v(;,)(G) < M and then

6 (G) < (G 0)g+ [ < (24 1)8 [ ] > 2+ 136 +r— 2+ 1)0).

-
2p+1

Since the lower bound and the upper bound match, we can conclude that

60 (G) = (6 0)g+ [r < (2p+1)3] [ ] Firs o DS+ — (204 1)9)

2p+1

as desired. ]

Remark 4.2. The optimal strategies for Dominator and Staller in Theorem 4.1
are indeed to always play a maximal move and a minimal move, respectively.
However, the property of the maximal move is not directly used in the proof. So
it is interesting to see whether we can interpret the proof in a new angle by using

the property of the maximal move.

Corollary 4.3. Forn € N,

7(570)(C£+6(2p+1)+1) = ’725,0)(C£+2p+1) + 0.

Moreover, optimal strategies are
1. Staller always make a move that dominates exactly one new vertex (except
the move that starts the game),
2. Dominator always make a move that dominates as many new vertices as
possible without creating a new dominated component (except the move that

starts the game).
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Proof. Let A = {d},d2,...,d} be a set of the first § Dominator’s moves and s}
be the first Staller’s move of Game 1 on a graph C? t(@pr1)+1 USING the optimal
strategies obtained from Theorem 4.1. On the other hand, we let u be any first
move of Game 2 on a graph C} ., ;. We see that both games are now equivalent.

Hence
7(57‘7)(C£+6(2p+1)+1) =0+ ’Y(a,a)(cﬁwpﬂ)-

It is also clear that the same set of optimal strategies can be applied to Game 2

p
on Cy o1 ]

Corollary 4.4. Forn € N,

Y60y (Chiopio) = V6.0)(Ch) + 0.

Proof. The proof is similar to Corollary 4.3 by comparing Game 2 on a graph
Ch 1op1o at the move right after the first turn of Staller following the first move of

Dominator (with optimal strategies of both players) and Game 1 on a graph C?

at the move right after any first move of Dominator. ]
Corollary 4.5. Let p,n € N, D,S C N, maxD =4, maxS =0 and G = C?. If
n=(2p+1)0 +o)qg+r where g,r e NU{0} and 0 <r < (2p+ 1) + o, then

10.9(6) = 0+ 0)a-+[r < 2+ 00] | 3" |+ > @0k DA+ - ot 1D

where [x] = 1 if the statement x is true and [x] = 0 if x is false.

Moreover, an optimal strategy for Staller is when he always makes o moves that
dominates exactly one new vertex for each turn, while an optimal strateqy for
Dominator is when he always makes 0 moves that dominates as many new vertices
as possible without creating a new dominated component (except the move that

starts the game) for each turn.



Chapter 5
Conclusions

In this thesis, we have introduced a biased version of domination
games. Under the condition that a minimal move (resp. a maximal move) is
always available, we can compare the biased game domination number of two
biased games with different number of moves for Staller (resp. Dominator) in each
turn. The property that a graph always has a minimal move or a maximal move
available is still rather strong. So it is interesting to know what other collections
of graphs have this property, or what other conditions give the same results as in
Theorem 3.24 and Theorem 3.30. We found the explicit formula of biased game
domination numbers of powers of a cycle.

Moreover, in the case of powers of a cycle, we found very simple
optimal strategies for both players using the special moves. It is interesting to see
whether such special moves can be also used in other graphs, or whether there are

other optimal strategies for the game on powers of a cycle.
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