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Chapter 1
Introduction and Preliminaries

A semigroup is a system (S, x) consisting of a nonempty set .S together
with the binary associative operation *, i.e., xxy belongs to S and (zxy)*z = xx(y*z)
for all elements x, y, z in S. For example, (N, +), (N, x), (R, +) and (R, x) are semi-
groups. Nevertheless, (N, —) is not a semigroup since 2 —3 = —1 ¢ N.

For convenience, we write S instead of (.S, %) and let xy stand for x * y for any
elements x,y in S. For a semigroup S, a subset 1" of a semigroup S is called a sub-
semigroup of S if T' is a semigroup under the operation of S. The intersection of any
set of subsemigroups of S is either an emptyset or a subsemigroup of S.

An element a of a semigroup S is called a left (right) magnifying element if
aM =S (Ma = S) for some proper subset M of S. If such a proper subset M
related to a left (right) magnifying element «a is a subsemigroup of S, then a is called
a strong left (right) magnifying element. The notion of magnifying elements in the
semigroup was originally proposed by Ljapin [9] in 1963. In 1969, Tolo [12] showed
that a regular semigroup S containing a left identity element is factorizable, i.e., it
can be written as the set product of proper subsemigroups A and B of S if a left
magnifying element exists in S. In 1992, the neccesary and sufficient conditions of
the existence of magnifying elements in any semigroups were established by Catino
and Migliorini [1]; moreover, they improved the results of Tolo [12] by showing the
existence of a left magnifying element in a regular semigroup with a left or right
identity.

Let 7'(X ') denote the set of all functions on a nonempty set X, i.e.,
T(X) = {a | ais a function from X to itself}.

The set 7'(X) is a semigroup under the composition of functions which is called the

full transformation semigroup on X. In 1996, the necessary and sufficient conditions



for elements in any subsemigroup of 7'(X) with identity to be left or right magni-
fying elements were established by K.D. Magill, Jr. [11]. Furthermore, he applied
the result in some specific transformation semigroups, e.g., the semigroup of all lin-
ear transformations of a vector space, the semigroup of all continuous selfmaps of
the topological space. Later, Gutan [5] constructed the semigroup .S containing both
left and strong left magnifying elements. This result answers the question that was
queried by K.D. Magill, Jr. in [11]. A year later, Gutan [6] showed that every semi-
group containing magnifying elements is factorizable. Besides, Gutan established the
definitions of good, very good, and bad magnifying elements by using the notion of
magnifying elements in a semigroup which has been introduced by Ljapin [9]. Gutan
provided the method for obtaining semigroups having good left magnifying elements
such that none of those is a very good magnifying element in [7]; moreover, Gutan
and Kisielewicz constructed a semigroup having both good and bad magnifying ele-
ments in [8]. Recently, the study of magnifying elements in transformation semigroup
have been developing by many authors. The necessary and sufficient conditions for
elements in the generalizations of 7'(X') to be magnifying elements are determined,
e.g., Chinram, Petchkaew and Buapradist [4] worked on 7'(X) which is determined
by a partition of the set X. Chinram and Buapradist focused on the set of all functions
in T'(X) such that the range of restricted function to Y, where Y is a fixed nonempty
subset of X, and the set of all functions in 7°(X') whose range is a nonempty subset
Y of X in [3] and [2], respectively.
Let P(X) denote the set of all functions from all subsets of X to X, i.e.,

P(X)={a:A— X | AC X and « is a function}.

The semigroup P(X) is a generalization of T'(X') which is called the partial trans-
formation semigroup on X. Recently, Luangchaisri, Changphas and Phanlert [10]
extended the Magill’s results [11] to P(X).

Let £ be an equivalence relation and P = {X; | ¢ € A} be a partition of a
nonempty set X. Next, we introduce a generalization of P(X) which is defined as
follows:

The full transformation semigroup on X preserving a partition P, denoted by
T(X,P), is defined as

T(X,P)={aeT(X)| X;a C X;foralli € A}.

Note that if P = {X}, then T(X,P) = T(X) and if P = {{z} | * € X}, then
T(X,P) is a singleton set containing the identity map on X.



In 2018, Chinram, Petchkaew, and Buapradist [4] investigated magnifying ele-
ments in T'(X, P).

Theorem 1.0.1. [4] Let P = {X; | i € A} be a partition of a set X. A semigroup
T(X,P) has left and right magnifying elements if and only if X; is infinite for some
e A

Theorem 1.0.2. [4] Let P = { X, | i € A} be a partition of a set X and X is infinite
for some i € A. A function « is a left magnifying element of T'(X, P) if and only if «

is one-to-one but not onto.

Theorem 1.0.3. [4] Let P = { X, | i € A} be a partition of a set X and X is infinite
for some i € A. A function « is a right magnifying element of T'( X, P) if and only if

« is onto but not one-to-one.

The partial transformations semigroup on X preserving a partition P, denoted

by P(X,P), is defined as
P(X,P)={ae€ P(X) | X;a C X, foralli € A}.

Note that if P = {X}, then P(X,P) = P(X) and if P = {{z} | € X}, then
T(X,P) is the set of all restrictions of the identity function on a set X to a subset A
of X.

The full transformation semigroup on X preserving an equivalence relation E,
denoted by T(X), is defined as

Tp(X)={aecT(X) | (z,y) € Eimplies (xa,ya) € E}.

The partial transformation semigroup on X preserving an equivalence relation
E, denoted by Pr(X), is defined as

Pp(X)={a € P(X) | (z,y) € FE implies (za, ya) € E}.

Clearly, Tr(X) and Pg(X) contain the identity map on X are subsemigroups of
T(X) and P(X), respectively. Furthermore, if the equivalence relation F is trivial,
ie., £ = X x X or E is the identity relation, then Tx(X) = T'(X) and Pg(X) =
P(X).

Many authors have extensively studied the transformation semigroups that pre-
serve an equivalence relation in many aspects, e.g., regularity, Green’s equivalences,

natural partial orders. However, no one has yet studied the magnifying elements



in this semigroup which is determined by a partition of a nonempty set X. Conse-
quently, we will study magnifying elements in 7°(X') and P(X) that preserves both
an equivalence relation and a partition on a nonempty set .X.

We denote the set of the full and partial transformations on X preserving both an
equivalence relation E and a partition P by Tg(X,P) and Pg(X,P), respectively.
Note that

Te(X,P)=Te(X)NT(X,P)
and
Pr(X,P)=Pp(X)NP(X,P).

Then Tg(X,P) and Pg(X,P) are semigroups under the composition of functions
since the identity map idx on X belongs to Tx(X)NT(X,P) and Pg(X)NP(X,P).

Note that if the equivalence relation F is trivial, i.e., £ = X x X or E is an
identity relation, then Tx(X,P) = T(X,P) and Pp(X,P) = P(X,P). If P =
{X}, then Tg(X,P) = Tg(X) and Pr(X,P) = Pr(X). Moreover, Tr(X,P) =
T(X)and Pg(X,P) = P(X) if the equivalence relation £ is trivial and the partition
P = {X}. If all elements in P are singleton sets, then 7'(X,P) is a singleton set
containing the identity map on X and Pg(X,P) is the set of all restrictions of the
identity function on a set X to a subset A of X.

The main purpose of this thesis is to provide the properties of magnifying ele-

ments in the following transformation semigroups:
1. Tp(X),
2. Pp(X),
3. Te(X,P),
4. Pg(X,P).

Futhermore, we justify the existence of magnifying elements in these semigroups.
In particular, the necessary and sufficient conditions for elements to be a left or right
magnifying element are established.

Throughout the rest of this chapter, we denote a partition on a nonempty set X
by P = {X; | i € A}, which is a collection of nonempty subsets of X satisfying

X = UX" with X; N X; = 0 for all 7,5 € A such thati # j. Let X = {z; |
icA
j € N} and E be an equivalence relation on a nonempty set X. The equivalence



class of z € X determined by E is denoted by [z]g = {y € X | (z,y) € E}. Let
X/E ={lz]g | x € X} and (X;,2;) = X; N [z;]p fori € Aand j € A’. For any
functions «, 5 and x € X, the notations z« and z«3 are used instead of «(z) and

(B o a)(x), respectively. The image of « is denoted by ran .



Chapter 2

Magnifying elements in 7'5(X ) and
Pp(X)

In this chapter, we provide the necessary and sufficient conditions for
elements in the full and partial transformation semigroups preserving an equivalence

relation to be a left or right magnifying element.

2.1 Magnifying elements in 7% (X)

Recall that Tp(X) = {a € T(X) | (x,y) € E implies (za, ya) € E},
where E is an equivalence relation on X, is a semigroup under the composition of
functions. A function o € Tg(X) is called a left (right) magnifying element if there
exists a proper subset M of Tx(X) such that a M = Tp(X) (Ma = Tg(X)).

2.1.1 Left magnifying elements in 75 (X)

In this subsection, we provide the necessary and sufficient conditions for elements
in Tg(X) to be a left magnifying element and also illustrate the ideas of the main

theorem and lemmas by giving the examples.
Lemma 2.1.1. If « is a left magnifying element in 7z(X ), then « is one-to-one.

Proof. Assume that « is a left magnifying element in Tx(X). By definition, there
exists a proper subset M of T(X) such that aM = Tg(X). Since the identity map
idx on X belongs to Tr(X), there exists § € M such that a5 = idx. This implies

that « is one-to-one. ]



However, the converse of Lemma 2.1.1 is not true since there exists no proper
subset M of Tx(X) such that idx M = Tg(X).

Lemma 2.1.2. Let « be a left magnifying element in 7T(X). For any z,y € X,
(z,y) € Eif and only if (za, ya) € E.

Proof. The necessity is obvious. Conversely, let o be a left magnifying element in
Tr(X). By definition, there exists a proper subset M of Tg(X) such that aM =
Tg(X). Since idy € Tg(X), there exists § € M such that aff = idx. Letz,y € X
be such that (z«, yo) € E. It follows that x = xidyx = xaf and y = yidx = yaf.
Therefore, (z,y) = (vaf,yapf) € E since § € Tr(X). O

Lemma 2.1.3. If « is a left magnifying element in Tx(X), then aM = oTx(X) for
some proper subset M of Tr(X).

Proof. Assume that « is a left magnifying element in 7%(X). By definition, there
exists a proper subset M of Tg(X) such that M = T (X). Clearly, aM C oTr(X)
and aTg(X) C Tr(X) = oM. This shows that aM = oTr(X). O

Lemma 2.1.4. If o € T(X) is bijective, then « is not a left magnifying element.

Proof. Assume that o € Tg(X) is bijective. So a~! is also bijective. Suppose to
the contrary that « is a left magnifying element. By definition, there exists a proper
subset M of Ti(X) such that oM = Tg(X). By Lemma 2.1.3, aM = aTg(X).
Hence M = a 'aM = a 'aTg(X) = Tg(X), which is a contradiction. Therefore,

« 1s not a left magnifying element. [

The next corollary follows by Lemma 2.1.1, Lemma 2.1.2 and Lemma 2.1.4.

Corollary 2.1.5. If « is a left magnifying element in Tg(X ), then « is one-to-one but
not onto and for any x,y € X, (xa,ya) € E implies (x,y) € E.

Lemma 2.1.6. If o € Tg(X) is one-to-one but not onto and for any z,y € X,
(xa,ya) € E implies (z,y) € F, then « is a left magnifying element.

Proof. Assume that « is one-to-one but not onto and for any z,y € X, if (za, ya) €
E, then (z,y) € E. For each x € ran «, there exists y, € X such that y,a = x.
Case 1: |[x]g| = 1 forallz € X.

Letzg € X and M = {§ € T(X) | 28 = x( for all x ¢ rana}. Clearly, M is a
proper subset of T(.X) since the constant map ' € T(X) (forall z € X, x5’ = '



where 2’ € X such that 2’ # x() does not belong to M. To show that aM = Tg(X),
lety € Tg(X) and define 5 € Tg(X) forall x € X by

Y.y ifx €rana,
xf =

ro ifz ¢rana.
Clearly, 8 € M. Since « is one-to-one and vy, = z«, Y., = = and hence for each
x € X, xafl = yzoy = x7y. This shows that af = v, which implies M = Tg(X).
Therefore, « is a left magnifying element in Tz (X).
Case 2: |[z]g| > 1 for some z € X.
For each z € X, choose a, € [z|g (if (z,y) € E, we must choose a, = a,). Let
I = {a, | © € X}. Clearly, I # X since |[x]g| > 1 for some x € X. Let
M ={p € Tg(X) | 28 € I for all ¢ rana}. Clearly, M is a proper subset of
Tg(X). To show that aM = Tg(X), let v € T(X) and define 8 € Tg(X) for all
r € X by

Y.y ifx €rana,
tf =1 ay, ifz¢ranaand 32’ € X such that (z,2'a) € E,

Qg otherwise.

To show that 5 € M, let (a,b) € E. Then a,b € [z]|g for some z € X.
CaseI: a,b € ran a.
Then there exist y,, v, € X such that y,a = a and y,a = b. By assumption, we have
(Ya, y») € E. Therefore, (af,b8) = (ya7, ypy) € E since v € Tp(X).
Case II: a,b ¢ ran «.
Case i: ran a N [z]g # 0.
Then we can choose ¢ € ran « N [z] g and hence there exists y. € X such
that y.ao = c. Since (a,b) € [z]g, we have (a, y.a), (b,y.) € E. Thus
(aB,bB) = (ay.y, ay.) € E.
Case ii: ran a N [z]g = 0.
Then there exists no ¢ € X such that (a, ca), (b, ca) € E. Therefore,
(aB,b8) = (as,a;) € E.
Next, we may assume that a € ran « and b ¢ ran a.
CaseIll: a € ran o, b ¢ ran a.
Consider b ¢ ran «, there exists y, € X such that (b, y,a) = (b,a) € E.
Therefore, (af3,b5) = (Y7, ay,v) € E because a,, € [ya7]e-



Since « is one-to-one and ¥, = za, Y, = x and hence for each x € X, we
have zaf = y,oy = 2. This shows that o5 = -, which implies aM = Tg(X).
Therefore, « is a left magnifying element in Tz (X). O

The following examples illustrate the ideas of the proof given in Lemma 2.1.6.
Example 2.1.7. Let X = N. Define a relation £ on X by
(xz,y) € Eifand only if x = y.

Clearly, E is an equivalence relation on X and X/FE = {{1},{2}, {3}, {4},...}. Let

a € Tr(X) be defined by zaw = 2x for all z € X. For convenience, we write « as

(12345 6 7 8 -
a_(24 6 8 10 12 14 16 ~>'
It is obvious that « is one-to-one but not onto and for any z,y € X, if (za, ya) € E,
then (z,y) € E. By Lemma 2.1.6, the function « is a left magnifying element. Let
M ={p € Tg(X)| (2x+1)8 = 2 for all x € N} and  be any function in Tx(X).
Then there exists § € M such that a5 = 7.

We will illustrate the ideas by considering the element v of T%(X), which is

defined by zvy = 4z for all x € X. For convenience, we write vy as

(123 4 5 6 7 8 -
"7 \a 8 12 16 20 24 28 32 ..)°
To get the required result, define a function 5 € Tg(X) for all x € X by

2z if z is even,
xfp =
2 if x is odd.

For convenience, we write 3 as
6_12345678---
2 428212 2 16 ---)
Clearly, 8 € M and we have
3 12345 6 7 8 ---\f1 2345 6 7 8 ---
(0% —
2 4 6 8 10 12 14 16 ---)J\2 4 2 8 2 12 2 16 ---

(12 3 4 5 6 7 8 -\
4 8 12 16 20 24 28 32 ---. v
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Example 2.1.8. Let X = N. Define a relation £ on X by
(x,y) € Fifandonly if x =y mod 2.

Clearly, F is an equivalence relation on X and X/F = {{1,3,5,...},{2,4,6,...}}.
Let o € Tr(X) be defined by xa = = + 2 for all z € N. For convenience, we write

1234567 8 ---
o= .
3456 78910 ---

It is obvious that « is one-to-one but not onto and for any x,y € X, if (xa, ya) € E,

. as

then (z,y) € E. By Lemma 2.1.6, the function « is a left magnifying element. Let
M ={p € Tr(X) | 15,28 € {1,2}} and  be any function in T (X ). Then there
exists § € M such that aff = 7.

We will illustrate the ideas by considering the element v of Tx(X), which is

defined by zv = = + 1 for all z € X. For convenience, we write 7y as

(12345678 -
""les34as56789 )
To get the required result, define a function § € Tr(X) by 156 = 2,25 = 1 and

xf = x — 1 for all positive integers x > 2. For convenience, we write 3 as
5= 12345678 - -
21234567 )
So 8 € M and we have
8§ -\ (1 23 456 78 -
0 ---/\212345¢67 -

5 1
afl =
3
8 -\
g ... T

Theorem 2.1.9. A function o € Tg(X) is a left magnifying element if and only if «

w N N
S Ot N Ot
~N O co O
oo O

4
6
4
b}

_ W Ot W

is one-to-one but not onto and for any x,y € X, (za,ya) € E implies (z,y) € E.
Proof. It follows by Corollary 2.1.5 and Lemma 2.1.6. ]
If E = X x X, then the following corollary holds.

Corollary 2.1.10. A function o € T'(X) is a left magnifying element if and only if «

is one-to-one but not onto.
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2.1.2 Right magnifying elements in 77 (X)

In this subsection, we provide the necessary and sufficient conditions for elements
in Tr(X) to be a right magnifying element and also illustrate the ideas of the main

theorem and lemmas by giving the examples.
Lemma 2.1.11. If « is a right magnifying element in 7z(X ), then « is onto.

Proof. Assume that « is a right magnifying element in Tz (X). By definition, there
exists a proper subset M of Tx(X) such that Mo = Tg(X). Since the identity map
idx on X belongs to Tr(X), there exists § € M such that fo = idx. This implies

that « 1s onto. ]

Lemma 2.1.12. Let « be a right magnifying element in 7% (X). For any (z,y) € E,
there exists (a,b) € F such that x = a« and y = bav.

Proof. Assume that « is a right magnifying element in 7z (X). By definition, there
exists a proper subset M of Tx(X) such that Mo = Tgr(X). Since idx € Tg(X),
there exists § € M such that Sa = idy. Let z,y € X be such that (x,y) € E.
It follows that xfa = zidy = x and yfa = yidx = y. Choose a = zf and
b = yp. Clearly, (a,b) = (zf5,y8) € E since € Tg(X). Therefore, the proof is
completed. U

Lemma 2.1.13. If « is a right magnifying element in Tx(X), then Ma = Tg(X)«
for some proper subset M of Tx(X).

Proof. Assume that « is a right magnifying element in 7Tz (X). By definition, there
exists a proper subset M of Tg(X) such that Mo = T (X). Clearly, Ma C Tg(X )«
and Tg(X)a C Tg(X) = M. This shows that Ma = Tg(X)a. O

Lemma 2.1.14. If o € Tx(X) is bijective, then « is not a right magnifying element.

Proof. Assume that o € Tg(X) is bijective. So a~! is also bijective. Suppose to
the contrary that « is a right magnifying element. By definition, there exists a proper
subset M of Tg(X) such that Ma = Tr(X). By Lemma 2.1.13, Ma = Tg(X)a.
Hence M = Maa™ = Tg(X)aa™! = Tx(X), which is a contradiction. Therefore,

« 1s not a right magnifying element. [
The next corollary follows by Lemma 2.1.11, Lemma 2.1.12 and Lemma 2.1.14.

Corollary 2.1.15. If a« € Tr(X) is a right magnifying element, then « is onto but
not one-to-one and for any (x,y) € E, there exists (a,b) € E such that x = ac and

y = ba.
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Lemma 2.1.16. If o € T(X) is onto but not one-to-one and for any (z,y) € E,
there exists (a,b) € E such that z = ac and y = bay, then « is a right magnifying

element.

Proof. Assume that o € Tx(X) is onto but not one-to-one and for any (z,y) € FE,
there is (a,b) € F withx = aavand y = ba.. Let M = {f € Tg(X) | 5 is not onto}.
Clearly, M is a proper subset of Tx(X) since the identity map idx on X does not
belong to M. Let 7 be any function in Tx(X). Since « is onto, for each z € X
there exists y, € X such that y,a = xy (if 17 = 727, we must choose y,, = Y,
and if (a7, by) € E, we must choose (y4,ys) € E). Define 8 € T'(X) by 28 = y,
for all z € X. To show that 5 € Tr(X), let a,b € X be such that (a,b) € E.
Since v € Tr(X), (ay,by) € E. By assumption, there exists (y,,yy) € F such that
Yo = a7y and ypr = by. Hence (af3,b05) = (ya, ys) € E. Since « is not one-to-one,
there are distinct elements x,y € X such that xra = ya. Then at least one of x and
y does not belong to ran S and hence ( is not onto. So 5 € M. Futhermore, for all
r € X, we see that xfa = y,a = x. This shows that Sa = ~ , which implies
Ma = Tg(X). Therefore, « is a right magnifying element. [

The following examples illustrate the ideas of the proof given in Lemma 2.1.16.

Example 2.1.17. Let X = N. Define a relation £ on X by

(z,y) € E if and only if ng - L%J.

Clearly, E is an equivalence relation on X and X/FE = {{1},{2,3},{4,5},...}. Let
a € Tg(X) be defined by law = 1,2 = 2,30 = 3 and zav = x — 2 for all positive

integers x > 3. For convenience, we write o as

(12345678 -
a_<12323456--~>'
It is obvious that « is onto but not one-to-one and for any (z,y) € FE, there exists
(a,b) € E such that z = ac and y = ba. By Lemma 2.1.16, the function « is a right
magnifying element. Let M = { € Tr(X) | fis notonto} and v € Tg(X) be any
function. Then there exists 5 € M such that Sa = 7.

We will illustrate the ideas by considering the element v of Tx(X), which is

2
defined by zv = L%J for all x € X. For convenience, we write v as

(12345678 -
7 1 2233445 ...)°
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To get the required result, define a function § € Tx(X) by 15 = 1 and forall z € X,

(2x)5 = (2z + 1) = x + 3. For convenience, we write /3 as

5_12345678---
1 4455667 -]

So 8 € M and we have

8 12345678 ---\(12345¢678 -
O[:
14455667 ---J\1232345€6 -
(12345678 -\
1 2233445 ... 7

Example 2.1.18. Let X = N. Define a relation £ on X by
(x,y) € Fifandonlyifx =y mod 2.

Clearly, E is an equivalence relation on X and X/E = {{2,4,6,...},{1,3,5,...}}.
Let o € Tr(X) be defined by la = 1,2a = 2 and za = x — 2 for all positive

integers © > 2. For convenience, we write o as

(1 2345678 -
a_<12123456--->'
It is obvious that « is onto but not one-to-one and for any (z,y) € FE, there exists
(a,b) € E such that x = ac and y = ba. By Lemma 2.1.16, the function « is a right
magnifying element. Let M = {§ € Tg(X) | 5 is not onto} and v € T(X) be any
function. Then there exists S € M such that fa = .

We will illustrate the ideas by considering the element v of T%(X), which is

defined by zv = = + 2 for all z € X. For convenience, we write 7y as

(1234567 8 -
TTas56789 10 )
To get the required result, define a function 8 € Tr(X) by 8 = x+4forall z € X.

For convenience, we write 3 as

5_123456 7 8 ...
56 7 89 10 11 12 ---/

So 8 € M and we have
3 12345 6 7 8 ---\(1 23456728 - -
o =
5 6 7 9 10 11 12 ---/J\1 2 1 2 3 4 5 6 ---

8
(12345678 -\
345678910 --- i



14

Theorem 2.1.19. A function o € Tg(X) is a right magnifying element if and only if
« is onto but not one-to-one and for any (x,y) € E, there exists (a,b) € E such that

xr = aa and y = ba.
Proof. This follows by Corollary 2.1.15 and Lemma 2.1.16. ]
If E = X x X, then the following corollary holds.

Corollary 2.1.20. A function o € T(X) is a right magnifying element if and only if

« s onto but not one-to-one.

2.2 Magnifying elements in Py(X)

Recall that P(X) = {a € P(X) | (z,y) € E implies (za,ya) € E},
where E is an equivalence relation on X, is a semigroup under the composition of
functions. A function o € Pg(X) is called a left (right) magnifying element if there
exists a proper subset M of Pg(X) such that aM = Pg(X) (Ma = Pg(X)).

2.2.1 Left magnifying elements in Py (X)

In this subsection, we provide the necessary and sufficient conditions for elements
in Pg(X) to be a left magnifying element and also illustrate the ideas of the main

theorem and lemmas by giving the examples.

Lemma 2.2.1. If « is a left magnifying element in Pg(.X), then « is one-to-one and
doma = X.

Proof. Assume that « is a left magnifying element in Pg(X). By definition, there is
a proper subset M of Pg(X) such that «M = Pg(X). Since the identity map idx on
X belongs to Pr(X), there exists 5 € M such that o5 = idx. This implies that « is

one-to-one and dom o = X. ]

However, the converse of Lemma 2.2.1 is not true in general since there is no
proper subset M of Pg(X) such that idx M = Pg(X).

Lemma 2.2.2. Let « be a left magnifying element in Pg(X). For any =,y € X,
(xz,y) € Eif and only if (za, ya) € E.

Proof. The necessity is obvious. Conversely, assume that « is a left magnifying

element in Pr(X). By definition, there exists a proper subset M of Pg(X) such that
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aM = Pg(X). Since idy € Pg(X), there exists 5 € M such that af = idx.
Let z,y € X be such that (za,ya) € E. It follows that z = zidy = zaf and
y = yidy = yaf. Thus (z,y) = (zaf,yaf) € E since 8 € Pr(X). O

Lemma 2.2.3. If « is a left magnifying element in Pg(X), then aM = aPg(X) for
some proper subset M of Pg(X).

Proof. Assume that « is a left magnifying element in Pg(X). By definition, there
exists a proper subset M of Pr(X) suchthat oM = Pg(X). Clearly, aM C aPg(X)
and aPp(X) C Pg(X) = aM. This shows that « M = aPg(X). O

Lemma 2.24. If o« € Pg(X) is bijective on X, then « is not a left magnifying

element.

Proof. Assume that o € Pg(X) is bijective on X. So o' is also bijective on X.
Suppose to the contrary that « is a left magnifying element. By definition, there
is a proper subset M of Pg(X) such that «M = Pg(X). By Lemma 2.2.3, we
have aM = aPg(X). Then M = a 'aM = a'aPg(X) = Pg(X), which is a

contradiction. Therefore, « is not a left magnifying element. ]
The next corollary follows by Lemma 2.2.1, Lemma 2.2.2 and Lemma 2.2.4.

Corollary 2.2.5. If « is a left magnifying element in Pg(X), then o is one-to-one but
not onto, dom o = X and for any x,y € X, (zxa,ya) € E, implies (v,y) € E.

Lemma 2.2.6. If & € Pg(X) is one-to-one but not onto, dom o = X and for any
z,y € X, (ra,ya) € E implies (z,y) € E, then « is a left magnifying element in
Pg(X).

Proof. Assume that o € Pg(X) is one-to-one but not onto, dom o = X and for any
z,y € X,if (za,ya) € E,then (z,y) € E. Let M = {8 € Pp(X) | dom 5 C ran a}.
Since « is not onto, ran &« # X and hence dom 5 # X forall 5 € M. So M is a
proper subset of Pr(X) since idy does not belong to M. To show that « M = Pg(X),
let v € Pg(X). For z € (dom7)a, there exists y, € dom ~y such that y, o« = x. De-
fine 5 € P(X) by 28 = y,v if z € (domy)a. Clearly, dom 8 C ran a.. To claim
that 5 € Pg(X), let a,b € (domy)a. Then there exist y,,y, € dom v such that
Yax = a and ypa = b. By assumption, (y,, ) € E. Then (af,05) = (yav, wpy) € E
since v € Pr(X). So 5 € M. Since « is one-to-one and vy, = xa, Yy = = and
hence for x € dom v, xafS = Y,y = x7. This shows that a8 = ~, which implies
Ma = Tg(X). Therefore, « is a left magnifying element. O
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The following examples illustrate the ideas of the proof given in Lemma 2.2.6.

Example 2.2.7. Let X = N. Define a relation £ on X by
. o L )
(xz,y) € E if and only if Laj = ng mod 2.

Clearly, E is an equivalence relation on X and X/E = {{2,3,6,...},{1,4,5,...}}.
Let @ € Pg(X) be defined by la = 2, za = x + 2 for all positive integers x > 1.

For convenience, we write « as

236 71011 ---1 45 8 9 12 13 ---
o= )
458912 13 --- 2 6 7 10 11 14 15

It is obvious that « is one-to-one but not onto, dom o = X and for any z,y € X, if
(xa,ya) € E, then (z,y) € E. By Lemma 2.2.6, the function « is a left magnifying
element. Let M = { € Pg(X) | dom § C N\ {1,3}} and let v € Pg(X) be any
function. Then there exists 5 € M such that a5 = 7.

We will illustrate the ideas by considering the element v of Pg(X), which is

defined by xy = = — 2 for all positive integers « > 3. For convenience, we write v as

(23671011 -~ 1 45891213 -
TPl 458 9 o - 2367 10 11 '

To get the required result, define a function 5 € Pgr(X) by 26 = = — 4 for all

possitive integers x > 5. For convenience, we write (3 as

5_<2 36710 11 --- 1 4 58912B-~)

- -23 6 7 -+ = = =45 8 9

So 8 € M and we have

3 236 7101 ---1 45 8 9 12 13 ---
(8% =
458912 13 --- 2 6 7 10 11 14 15
2 3 6 71011 --- 1 4 5 8 9 12 13 ---
- -23 6 7 -+ = = =458 9

(2 3671011 -~ 1 45891213 -\
\ - — 45 8 9 ... — 236710 11 -
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Example 2.2.8. Let X = Z x Z. Define a relation £ on X by
((a,b),(c,d)) € Eif and only if a = c.

It is clear that F is an equivalence relation on X. Let & € Pg(X) be defined by
(a,b)ar = (2a,2b) for all a,b € Z. Then « is one-to-one but not onto and for any
(a,b), (c,d) € X,if ((a,b)c, (¢,d)ar) € E, then ((a,b), (¢,d)) € E. By Lemma 2.2.6,
the function «v is a left magnifying element. Let M = {5 € Pg(X) | dom 5 C ran a}
and v € Pg(X) be any function. Then there exists § € M such that o = ~.

We will illustrate the ideas by considering the element v of Pg(X), which is
defined by (a,b)y = (a+1,b+2) forall a, b € Z. To get the required result, define a
function 8 € Pg(X) by (2k,20)5 = (k+ 1,0+ 2) forall k,l € Z. So § € M and we
have (a,b)af = ((a,b)a)8 = (2a,2b)8 = (a + 1,0+ 2) = (a,b)y forall a,b € Z,
which shows that a5 = 7.

Theorem 2.2.9. A function o € Pg(X) is a left magnifying element if and only if
is one-to-one but not onto, dom o = X and for any x,y € X, (va,ya) € E implies
(x,y) € E.

Proof. It follows from Corollary 2.2.5 and Lemma 2.2.6. ]
If £ = X x X, then the following corollary holds.

Corollary 2.2.10. A function o € P(X) is a left magnifying element if and only if «

is one-to-one but not onto on X.

2.2.2 Right magnifying elements in Py (X)

In this subsection, we provide the necessary and sufficient conditions for elements
in Pg(X) to be a right magnifying element and also illustrate the ideas of the main

theorem and lemmas by giving the examples.
Lemma 2.2.11. If « is a right magnifying element in Pg(X), then « is onto.

Proof. Assume that « is a right magnifying element in Pg(X). By definition, there
exists a proper subset M of Pg(X) with Ma = Pg(X). Since the identity map idx
on X belongs to Pr(X), there exists § € M such that So = idy. This implies that

a 1S onto. OJ

Lemma 2.2.12. Let « be a right magnifying element in Pg(X). For any (z,y) € E,
there exists (a,b) € E such that x = ac and y = ba.
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Proof. Assume that « is a right magnifying element in Pg(X). By definition, there
exists a proper subset M of Pg(X) such that Ma = Pgr(X). Since idxy € Pg(X),
there exists § € M such that fa = idy. Let z,y € X be such that (z,y) € E.
It follows that xfa = zidx = x and yBa = yidy = y. Choose a = x( and
b = yp. Clearly, (a,b) = (z8,yB3) € E since € Pg(X). Therefore, the proof is
completed. [

Lemma 2.2.13. If « is a right magnifying element, then M a = Pg(X )« for some
proper subset M of Pg(X).

Proof. Assume that « is a right magnifying element in Pr(X). By definition, there
exists a proper subset M of Pg(X) such that Ma = Pg(X). Clearly, Ma C Pg(X)«a
and Pr(X)a C Pp(X) = Ma. Therfore, Ma = Pg(X)a. O

Lemma 2.2.14. If o € Pg(X) is bijective on X, then « is not a right magnifying

element.

Proof. Assume that « € Pg(X) is bijective on X. So a~! is al so bijective on X.
Suppose to the contrary that « is a right magnifying element. By definition, there
is a proper subset M of Pg(X) such that Mo = Pg(X). By Lemma 2.2.13, we
have Ma = Pg(X)a. Then M = Maa™ = Pg(X)aa™' = Pg(X), which is a

contradiction. Therefore, « is not a right magnifying element. [
The next corollary follows by Lemma 2.2.11, Lemma 2.2.12 and Lemma 2.2.14.

Corollary 2.2.15. If « € Pg(X) is a right magnifying element and dom oo = X, then
« is onto but not one-to-one and for any (x,y) € E there exists (a,b) € E such that

r = ax and y = ba.

Lemma 2.2.16. If a € Pg(X) is onto but not one-to-one, dom «« = X and for any
(xz,y) € FE there exists (a,b) € E such that z = aa and y = ba, then « is a right

magnifying element.

Proof. Assume that & € Pg(X) is onto but not one-to-one, dom o = X and for
any (z,y) € E, there exists (a,b) € FE such that x = aa and y = ba. Let
M = {5 € Pg(X) | fisnotonto}. Clearly, M is a proper subset of Pr(X) since
the identity map idx on X does not belong to M. Let y be any function in Pg(X).
Since « is onto, for each x € dom -, there exists y, € dom « such that y,a = x7y
(if 217 = x97y, we must choose y,, = ., and if (a7y,by) € FE, we must choose
(Ya,yp) € E). Define 5 € P(X) by 8 = y, for all x € dom ~. To show that
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p € Pg(X),leta,b € X be such that (a,b) € E. Since v € Pg(X), (ay,by) € E.
By assumption, we can choose (y,, ) € FE such that y,o0 = a7y and yya = by.
Then (af3,b5) = (ya,y») € E. Since « is not one-to-one, there are distinct elements
x,y € X such that ra = ya. Thus at least one of x and y does not belong to ran 3. So
£ € M. For all x € dom ~, we see that z8a = y,a = x~. This shows that fa = v,
which implies that M« = Pg(X). Therefore, « is a right magnifying element. ]

The next example illustrates the ideas of the proof given in Lemma 2.2.16.

Example 2.2.17. Let X = N. Define a relation £ on X by
. o T (
(x,y) € E if and only if ng = ng

Clearly, E is an equivalence relation on X and X/E = {{1,2},{3,4,5},...}. Let
a € Pg(X) be defined by zae = « for all positive integers © < 5 and xa = z — 3 for

all positive integers « > 5. For convenience, we write « as

(12345678 -
&<12345345--->'
It is obvious that « is onto but not one-to-one, dom ov = X and for any (z,y) € E,
there exists (a,b) € E such that x = a« and y = ba. By Lemma 2.2.16, the function
« is a right magnifying element. Let M = {§ € Pg(X) | 5 is not onto} and ~y be
any function in Pg(X). Then there exists 5 € M such that Sa = 7.

We will illustrate the ideas by considering the element v of Pg(X), which is

defined by 1v = 1, 2v = 2 v = = — 3 for positive integer > 5. For convenience,

(123 4 5678 -
T2 - - — 345 )

To get the required result, define a function 5 € Pr(X) by z = x forall x € dom ~.

we write 7y as

For convenience, we write 3 as

5_12345678~~
12 - — —678 -]

So 8 € M and we have

p 123 4 5 678 1 2345678
a:
12 — — — 678 1 2345345
(123 45678 -\
12 — — — 345 ... t
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Lemma 2.2.18. If « € Pg(X) is onto, dom o # X and for any (z,y) € E, there

exists (a,b) € E such that x = aa and y = ba, then « is a right magnifying element.

Proof. Assume that o € Pg(X) is onto, dom o # X and for any (z,y) € FE, there
is (a,b) € E such that x = acv and y = ba. Let M = {8 € Pg(X) | 5 is not onto}.
Clearly, M is a proper subset of Pr(X) since the identity map idx on X does not
belong to M. Let « be any function in Pg(X). Since « is onto, for each € dom
v, there exists y, € dom « such that y,a = zv (if ;7 = x27, we must choose
Yz, = Yz, and if (ay,by) € E, we must choose (y,,y,) € F). Define a function
g € P(X)byxf =y, for all x € dom ~. To show that 5 € Pg(X), leta,b € X be
such that (a,b) € E. Since v € Pg(X), we have (a7, by) € E. By assumption, there
exists (ya, y») € E such that y,o0 = a7y and ypa = by. Then (af,b8) = (ya, yp) € E.
Since ran § C dom o # X, 3 is not onto. So § € M. For all x € dom 7, we see
that xfa = y,a = x7y. This shows that Sa = ~, which implies Ma = Pg(X).

Therefore, « is a right magnifying element. [
The next example illustrates the ideas of the proof given in Lemma 2.2.18.

Example 2.2.19. Let X = N. Define a relation £ on X by
. o L Yy
(x,y) € Eif and only if ng = ng
Clearly, E is an equivelence relation on X and X/E = {{1,2},{3,4,5},...}. Let
a € Pg(X) be defined by 3a = 1,4 = 2 and xav = x — 3 for all positive integers

x > 5. For convenience, we write « as

1 2 345 678 -

o= :

- - 12 -3 45 .-
Itis obvious that « is onto, dom « # X and for any (z,y) € E, there exists (a,b) € E
such that z = aa and y = ba. By Lemma 2.2.18, the function « is a right magnifying
element. Let M = {f € Pg(X) | is not onto} and vy be any function in Pg(X).
Then there exists 5 € M such that Sa = 7.

We will illustrate the ideas by considering the element v of Pg(X), which is

3
defined by v = L%J for all positive integers « > 2. For convenience, we write

(1 2345678 -
- - 222333 .--.]

v as
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z+9
3

| for all positive integers = > 6. For convenience, we write
5= 1 2 3456 728 ...
— — 444666 -]
So g € M and we have
1 2 34 5 6 7 8 ---
J\—- — 1 2 — 3 45 -..

et
o)

Theorem 2.2.20. A function o € Pg(X) is a right magnifying element if and only if

To get the required result, define a function § € Pg(X) by 28 = |
x4+ 12

|ifz =

3,4,5and 20 = |
[ as

N Ot s Ot
w o O O

7
6
7
3

w oo O o

« is onto, for any (x,y) € E, there exists (a,b) € E such that x = ac,y = ba and

either
1. dom o # X or
2. dom o = X and « is not one-to-one.

Proof. It follows by Corollary 2.2.15, Lemma 2.2.16 and Lemma 2.2.18. [l
If E = X x X, then the following corollary holds.

Corollary 2.2.21. A function o € P(X) is a right magnifying element if and only if

« is onto and either
1. dom o # X or

2. dom o = X and « is not one-to-one.
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Chapter 3

Magnifying elements in 7z (X, P) and
Pp(X,P)

In this chapter, we provide the necessary and sufficient conditions for
elements in the full and partial transformation semigroups preserving an equivalence

relation and a partition to be a left or right magnifying element.

3.1 Magnifying elements in 7% (X, P)

Recall that, for an equivalence relation £ on a nonempty set X,
[zl = {y € X | (z,y) € E} denotes the equivalence class of an element z € X
determined by F, and we set X/F = {[z]g | v € X}.Let P = {X; | i € A} bea
partition of X = {z; | j € A'}. Put (X;,z;) = X; N [z;]g fori € Aand j € A’. The
semigroup Tp(X,P) = Te(X)NT(X,P), ie.,

Tp(X,P)={a e Tr(X)| Xia C X;foralli € A},

which is a semigroup under the composition of functions. A function o € Tg(X, P)
is called a left (right) magnifying element if there exists a proper subset M of Tx (X, P)
such that oM = Tr(X,P) (Ma = Tg(X,P)).

3.1.1 Left magnifying elements in 7% (X, P)

In this subsection, we provide the necessary and sufficient conditions for elements in
TEe(X,P) to be a left magnifying element and also illustrate the ideas of the main

theorem and lemmas by giving the examples.

Lemma 3.1.1. If « is a left magnifying element in Tz(X, P), then « is one-to-one.
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Proof. Assume that « is a left magnifying element in 7% (X, P). By definition, there
exists a proper subset M of T(X, P) such that aM = Tg(X,P). Since the identity
map idy on X belongs to Tx(X,P), there exists § € M such that o = idx. This

implies that « is one-to-one. [

However, the converse of Lemma 3.1.1 is not true since there exists no proper
subset M of Tr(X,P) such that idx M = Tr(X,P).

Lemma 3.1.2. Let « be a left magnifying element in 7x(X, P). For any z,y € X,
(x,y) € Eif and only if (za, ya) € E.

Proof. The necessity is obvious. Conversely, assume that & € Tg(X,P) is a left
magnifying element. By definition, there exists a proper subset M of Tx (X, P) such
that oM = Tgr(X,P). Since idx € Tp(X,P), there exists 5 € M such that a5 =
idx. Let z,y € X be such that (zo, ya) € E. It follows that x = zidx = zaf and
y = yidx = yaf. Therefore, (z,y) = (zaf,yaf) € E since 5 € Tp(X,P). O

Lemma 3.1.3. If «vis a left magnifying element in 7z (X, P), then aM = oTg(X,P)
for some proper subset M of T (X, P).

Proof. Assume that « is a left magnifying element in 7% (X, P). By definition, there
exists a proper subset M of Tr(X,P) such that aM = Tg(X,P). It is clear that
aM C aTg(X,P)and aTg(X,P) C Te(X,P) = oM. This shows that aM =
aTp(X,P). 0

Lemma 3.1.4. If o € T(X, P) is bijective, then « is not a left magnifying element.

Proof. Let a € Tr(X,P) be bijective. So a~! is also bijective. Suppose that « is
a left magnifying element. By definition, there is a proper subset M of T (X, P)
such that oM = Tgr(X,P). By Lemma 3.1.3, we have aM = oTx(X,P). Then
M = a'aM = a 'aT(X,P) = Ts(X, P), which is a contradiction. Therefore,

« is not a left magnifying element. ]
The next corollary follows by Lemma 3.1.1, Lemma 3.1.2 and Lemma 3.1.4.

Corollary 3.1.5. If « is a left magnifying element in T (X, P), then « is one-to-one
but not onto and for any x,y € X, (xa, ya) € E implies (x,y) € E.

Lemma 3.1.6. Let P = {X; | i € A} be a partition on a set X. If X; € P is finite
for all ¢ € A, then there exists no left magnifying element in 7% (X, P).
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Proof. Suppose to contrary that there is a left magnifying element « in 7% (X, P).
By assumption and Lemma 3.1.1, we have aly, is bijective for all i € A. Since

Xa= (U X;)a= U X,a= | X; = X, ais onto which is a contradiction. [
ieA ieA ieA

It is noticeable in Lemma 3.1.6 that if a left magnifying element exists in T (X, P),
then X is infinite for some 7 € A. However, the converse of this statement is not true

in general. It is illustrated by the following counterexample.

Example 3.1.7. Let X = Zand P = {X; | : € NU{0}} where X, = {0, —1,—2,...}
and X; = {2i—1,2i} foralli € N, thatis, X; = {1,2}, Xy = {3,4}, X5 = {5,6},...

Define a relation £ on X by £ = |J(A4; x A;) where A; = {0,£1,£2} and
j=1
A; = {£(2j — 1), £24} for all positive integers j > 2, that is, Ay = {£3, 4},

Az = {£5,4+6}, Ay = {£7,£8},... Clearly, (X;,x) is finite for all i € N U {0}
and z € X. Moreover, A; = (X, z;)UX; where [z;]p = A; for all i € N. Note
that (Xo,z;) C A; where [z;]p = A; and X; C A; for all ¢ € N. Let o be
one-to-one in Tx(X,P). Then X, = X; C A, for all i € N. This forces that
(Xo,xz;)a = (Xo,x;) C A; where [x;]p = A; for all i € N. Then « is onto. This

implies that there exists no left magnifying element in 7 (X, P).
Corollary 3.1.8. If X is a finite set, then Tr (X, P) has no left magnifying element.

Lemma 3.1.9. Let P = {X, | i € A} be a partition on a nonempty set X such that
for any z € X, there is exactly one X; € P with [z]p C X,;. If a € Tg(X,P) is
one-to-one but not onto and for any z,y € X, (za, ya) € E implies (z,y) € E, then
a is a left magnifying element of Tg(X, P).

Proof. Assume that « € Tg(X,P) is one-to-one but not onto and for any z,y € X,
(rxa, ya) € E implies (x,y) € E. For each x € ran «, there exists y, € X such that
Yp = .
Case 1: |[z]g| = 1 forall z € X.
Let M = {5 € Tg(X,P) | xf = « for all x ¢ ran a}. Clearly, M is a proper subset
of Tr(X,P). For any function 7 in Tr(X,P), define a function § € Tx(X,P) for
all z € X by

Y,y ifx € ran «,

xfh =

T if x ¢ ran .

Clearly, 5 € M. For any z € X, xafl = y,.7. Since y,,a = r« and « is one-to-one,

Yza = . Therefore, za3 = xy. This shows that af = ~ which implies that
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aM = Tw(X,P).
Case 2: |[x]g| > 1 for some = € X.
Let X = {x;|j € A'}. Foranyi € Aand j € A’ with (X}, z;) Nran « # (), we can
choose z;; € (X;,x;) Nran . Then there exists y,,, € X; such that y,, o = x;;. If
(Xi, ;) Nran a = (), then we choose x; € X; Nran a.

Let M = { € Tg(X,P) | 5 is not one-to-one}. Clearly, M is a proper subset of
Tr(X, P) since the identity map idx on X does not belong to M. For any function ~y
in Tr(X,P), define a function § € T'(X) for all z € X by

Y.y ifx €rana,
T8 = Ya,,7 if 2 €ran vand z € (X;,z;) such that (X;, z;) Nran « # 0,
Y,y if x ¢ ranaand x € (X;, x;) such that (X;, z;) Nran a = .

To show that 5 € Tr(X,P), let (a,b) € E. Then a,b € [z, for some z; € X.
CaseI: a,b € ran «.
Then there exist y,, v, € X such that y,a = a and y,a = b. By assumption, we have
(Y, ) € E. Hence (aB,b3) = (ya7, yp7) € E.
CaseIl: a,b ¢ ran a.
Since there is exactly one X; € P such that [z]p C X, forall x € X, a and b must
belong to X; for some i € A. Soa,b € (X;,z;).
Case i: (X;,x;) Nran o # 0. Then (a3,08) = (Ya,;7: Y, V) € E.
Caseii: (X, z;) Nran o = 0. Then (a3, 08) = (Y27, Yz,7) € E.
Next, we may assume that @ € ran o and b ¢ ran «.
CaseIll: ¢ € ran v and b ¢ ran a.
Then (X;,z;)N ran « # () since a € (X;, z;)N ran o and hence choose z;; = a.
Therefore, (a8, b0) = (ya7, yay) € E.
Hence, ( preserves the equivalence relation . Moreover, it is easy to see that
[ preserves the partition P on X, as well. Since [z|g > 1 for some 2 € X and «
is one-to-one but not onto, there exists o ¢ ran «. Then zo8 € (X \ {z0})5 and
hence (3 is not one-to-one. Therefore, 5 € M. For any x € X, xafl = y.,7. Since
Yz = xa and « is one-to-one, y,, = x. Therefore, xaS = x7y. This shows that
af} = v which implies that M = Tg(X, P). O

The following examples illustrate the ideas of the proof given in Lemma 3.1.9.

Example 3.1.10. Let X = Q and P be a partition on X where P = {Q*,Q~ U {0}}.

Let A=Q \{—2n+1|n € N} and denote A,, = {f | z € Nand ged(x,n) = 1}
n

where n € N. Define a relation £ on X by
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E = Ej (AQZ X AQZ) U Ej (A%—l U {—22 + ]_} X Agi_l U {—22 + 1}) U (B X B)
=1 =1

where B = A U {0}. Thus F is an equivalence relation on X and Q* € P is
infinite. Clearly, B and A,, are infinite for all n € N. Then there exist bijections
wo 1 B — B, w2 1 Ay — Ay, o, 0 Ay — Ay forall n > 2 and
Yon—1 : Asp—1 — Ag(ny1)-1 for all n € N. Define a function a € Tg(X, P) by

xp;, ifxeA,ieN,
ra=4zx-2 ifrec{-2n+1|neN}

T otherwise.

Clearly, —1 ¢ ran «. Therefore, a is one-to-one but not onto and for any x,y € X,
if (v, ya) € E,| then (z,y) € E but « is not a left magnifying element of (X, P)
since there exists no function 5 € Tg(X, P) such that o = idx.

Example 3.1.11. Let X = Z and P be a partition on X such that P = {X, X»}
where X; = {0,—1,—-2,-3,...} and X, = {1,2,3,...}. Define a relation F' on X
by B = U(A; x A;) where Ay = Xy, Ay = {1}, Ay = {2,3}, A3 = {4,5,6}....
Itis obvgas that X; € P is infinite, F is an equivalence relation on X and X/E =
{{0,-1,-2,...},{1},{2,3},{4,5,6},{7,8,9,10}, .. .}. Define a function o on X
by

x if z € Ay,
ro =
x+1i ifxe A;i>0.

For convenience, we write « as

. 3 -2 -10123456 7 8 9 10 ---
o= _
-3 -2 -1 02 45 78 9 11 12 13 14

It is noticeable that « is one-to-one but not onto and for any z,y € X, if (za, ya) € E,
then (z,y) € E. By Lemma 3.1.9, the function « is a left magnifying element. Let
M = {p € Tg(X,P) | B is not one-to-one } and let y be an element of T(X, P).
Then there exists an element 3 € M such that af = .
We will illustrate the ideas by considering the element 7 of 7% (X, P), which is
defined by
x ifx e A1 <2,

xy =
r+1 ifxe A, 1> 2.
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For convenience, we write 7y as

(... -3 2 101234567 8 9 10 -
T 3 -2 -1 012378911 12 13 14 '

Note that for all j > 1, A; Nran o # A; and hence there is an element z; € A; and
x; ¢ ran «. To get the desired result, for any z; ¢ ran « such that (X;, z;)Nran o # 0,
we can choose y,, = min <(XZ-, x;) Nran a) = min A; for all j > 4 and define a
function S in T(X, P) by 3 = xforallx € AgU Ay,28 =38 =1,48 =60 =2,
58 = 3 and
r  ifx# maxA;,
xf =

Yo, ifx=maxA;

for all z € A, such that j > 4. For convenience, we write [ as

b=

.. -3 -2 -1 012345678910 ---
3 2 -1 0111232789 7 '

So 5 € M and we have

5 .. -3 -2 -1 0123456 7 8 9 10 ---
ap =
3 -2 -1 0245789 11 12 13 14
. -3 -2 -1 012345678910 ---
3 -2 -1 0111232789 7
(.. -3 -2 10123456 7 8 9 10 -\
B 3 -2 -1 0123748911 12 13 14 -

Note that max A; ¢ ran « for all A; such that ¢ > 1. The main ideas behind the
concept are as follows: We illustrate the idea by considering 1, 3,6, and 10 & ran a.
Since 1 € (X3, 1) and (X»,1) Nrana = 0,18 = 1. Consider 3 € (X5,3) and
(X2,3) Nranw = {2}. We can see that la = 2. Hence y» = 1 and yoy = 1.
Therefore, 33 = 1. Consider 6 € (X»,6) and (X5,6) Nrana = {4,5}. Then we
choose 4 € (X3,6) Nran a. We can see that 2 = 4. Hence y4 = 2 and y4y = 2.
Therefore, 65 = 2. Consider 10 € (X5, 10) and (X5, 10) Nran o = {7,8,9}. Then
we choose 7 € (X3, 10) Nran «. We can see that 4o = 7. Hence y; = 4 and y;y = 7.
Therefore, 105 = 7.

Theorem 3.1.12. Let P = {X; | i € A} be a partition and E be an equivalence

relation on a set X such that X; is infinite for some i € A and for each v € X,
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there is exactly one X; € P with [v|p C X;. A function a € Tg(X,P) is a left
magnifying element if and only if « is one-to-one but not onto and for any v,y € X,

if (za,ya) € E, then (x,y) € E.
Proof. It follows by Corollary 3.1.5 and Lemma 3.1.9. [

Theorem 3.1.13. Let P = {X, | i € A} be a partition and E be an equivalence
relation on a set X such that for each x € X, there is exactly one X; € P with
[z]p C X;. There exists a left magnifying element in Tg(X,P) if and only if at least

one element of P is infinite.

Proof. The necessity is obtained by Lemma 3.1.6. On the other hand, suppose that
there exists X; € P such that X; is infinite.

Case 1: There exists ¢ € X such that (X, t) is infinite. Then there is a proper subset
A of (X;,t) such that |A| = |(X;,t)| = |(X;, ) \ A|. So there is a bijection 7 from
(X, t) to A. Define a function « by

zy ifx € (X, t),
T =
T otherwise.

Clearly, « € Tgr(X,P), a is one-to-one. Hence ran v C X \ ((X;, 1)\ A) # X.
Then « is one-to-one but not onto. It is easy to see that for any z,y € X, if
(xa,ya) € E, then (z,y) € E. By Theorem 3.1.12, « is a left magnifying element.
Case 2: (X, 1) is finite for all £ € Xj.

Case 2.1: There exists n € N such that K = {(X;,?) | t € X; and |(X;,t)| =n}
is infinite. Then there exists a proper subset K’ of K such that |K’'| = |K| = |[K\ K|.
There is a bijection A from K to K'. So |A| = |A\| = n for all A € K. Hence for all

A € K, there exists a bijective function 14 from A to A\. Letn = U na. Then 7 is
AeK
a bijection from U Ato U A. Define a function a by
AeK AeK’

xn ifx € UA,

ro = AeK

T otherwise.

Clearly, @ € Tr(X,P) and «v is one-to-one. Since ran v = X\ ( U A\ U A) # X,

AEK  AeK'
ais not onto. Then « is one-to-one but not onto. It is easy to see that for any z,y € X,

if (xa, ya) € E, then (z,y) € E. By Theorem 3.1.12, « is a left magnifying element.
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Case 2.2: Forall n € N, the set K = {(X;,?) | t € X, and |(X;,t)| = n}is
finite. Then for each ¢ € X, there exists ¢’ € X; such that |(X;,t)| < [(X;,t')|. Let
A ={(X;,t) | [t|g € X;}. In this case, A is an infinite set. Let n; = (Xmi)nA (X, 1)

it)E€

1)

and Ky = {(X;, ) | |(X;,t)| = n1}. Choose (X;,t1) € K. Letng = (ng)igAl |( X5, 1)
where A; = A\ Kj and Ky = {(X;, 1) | |(X;,t)| = na}. Choose (X, t2) € Ks. Pro-
ceeding in this way, we obtain the sets (X, t1), (X, t2), ..., (X, tx), . . . and positive
integers ny, na, ..., Nk, ... such thatn, = (Xg;)igAk |(X;,t)| where A, = A\ U;:ll K,
and (X;,tx) € Ky, where K, = {(X;,t) | [(Xi,t)] = ng} for all k& > 2. Clearly,
ny<ng < ..<ng<..

Next, we let B = {(X;,t;) | [l > 1}. Then |(X;, t;)| < [(Xi, t;51)| forall [ > 1.

Hence there exists an injection 7y, : (X;,¢) — (X, t41). Lety = U%. Then ~ is
I>1

an injection from U C' to itself. Next, define a function a by
CceB

xy ifx e U C,
T = CceB

T otherwise.

Clearly, o € Tg(X,P) and « is one-to-one. Since ran v € X \ (X;,t1) # X, a is
not onto. Then « is one-to-one but not onto. It is easy to see that for any z,y € X, if

(xa,ya) € E, then (z,y) € E. By Theorem 3.1.12, « is a left magnifying element.
O

3.1.2 Right magnifying elements in 7% (X, P)

In this subsection, we provide the necessary and sufficient conditions for elements in
Tg(X,P) to be a right magnifying element and also illustrate the ideas of the main

theorem and lemmas by giving the examples.
Lemma 3.1.14. If « is a right magnifying element in T (X, P), then « is onto.

Proof. Assume that « is a right magnifying element in 7(X, P). By definition, there
exists a proper subset M of T(X,P) such that Mo = Tg(X,P). Since the identity
map idy on X belongs to Tx(X,P), there exists § € M such that Sa = idx. This

implies that « is onto. [

Lemma 3.1.15. Let « be a right magnifying element in T (X, P). For any z,y € X
if (z,y) € E, then there exists (a,b) € E such that = acv and y = ba.
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Proof. Assume that « is a right magnifying element in 7z(X, P). By definition, there
exists a proper subset M of Tg(X,P) such that Ma = Tg(X,P). Since idy €
Tg(X,P), there exists 5 € M such that fa = idx. Let z,y € X be such that
(x,y) € E. It follows that xfa = zidy = x and ySa = yidx = y. Choose a = =3
and b = yQ. Clearly, (a,b) = (x8,y8) € E since 5 € Tg(X,P). Therefore, the

proof is completed. O

Lemma 3.1.16. If « is a right magnifying element in 7% (X, P), then Mo = Tg(X, P)«a
for some proper subset M of Tr(X, P).

Proof. Assume that « is a right magnifying element in Tx(X,P). By definition,
there exists a proper subset M of Tx(X,P) such that Mo = Tg(X,P). It is clear
that Ma C Tg(X,P)a and Tr(X,P)a C Tg(X,P) = Ma. This shows that
Ma =Tg(X,P)a. O

Lemma 3.1.17. If o € Tx(X,P) is bijective, then « is not a right magnifying ele-

ment.

Proof. Assume that a € Tg(X,P) is bijective. So a~! is also bijective. Suppose
to the contrary that « is a right magnifying element. By definition, there is a proper
subset M of Tg(X,P) such that Mo = Tg(X,P). By Lemma 3.1.16, we have
Ma = Tg(X,P)a. Then M = Maa™ = Tg(X,P)aa™ = Tg(X,P), which is a

contradiction. Therefore, « is not a right magnifying element. ]
The next corollary follows by Lemma 3.1.14, Lemma 3.1.15 and Lemma 3.1.17.

Corollary 3.1.18. If « is a right magnifying element in T (X, P), then o is onto but
not one-to-one and for any (x,y) € E, there exists (a,b) € E such that x = aa and

y = ba.

Lemma 3.1.19. Let P = {X; | i € A} be a partition on a set X. If X, is finite for all
i € A, then there exists no right magnifying element in 7% (X, P).

Proof. Suppose to the contrary that there is a right magnifying element « € Tg(X, P).
By assumption and Lemma 3.1.14, we have a|y, is one-to-one for all i € A. Since

Xa= (U X;)a = U X,a, «is one-to-one, which is a contradiction. O
ieA ieA

It is noticeable in Lemma 3.1.19 that if a right magnifying element exists in
Tr(X,P), then X is infinite for some i € A. However, the converse of this statement

is not true in general. It is illustrated by the following counterexample.
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Example 3.1.20. Let X = Zand P = {X; | i € NU{0}} where X, = {0,—1,-2,...}
and X; = {2i—1,2i} foralli € N, thatis, X; = {1,2}, Xy = {3,4}, X3 = {5,6},...
Define a relation £ on X by E = [J(A; x A;) where A; = {0,£1,+2} and

=1
A; = {£(2j — 1),£25} for all possitive integer j > 2, that is, Ay = {£3, £4},

Az = {£5,4+6}, Ay = {£7,£8},... Clearly, (X;,x) is finite for all i € N U {0}
and r € X. Moreover, A; = (Xo, z;)UX; where [2;]g = A; for all i € N. Note that
(Xo, ;) € A; where [r;]p = A; and X; C A; foralli € N. Let o € Tg(X,P) be
onto. Then X;a = X; C A, forall ¢ € N. This forces that (X, z;)a = (Xo,z;) C A;
where [z;]p = A; for all i € N. Then « is one-to-one. This implies that there exists

no right magnifying element in Tz (X, P).
Corollary 3.1.21. If X is a finite set, then T(X, P) has no right magnifing elements.

Lemma 3.1.22. Let P = {X; | ¢ € A} be a partition on a set X such that X is
infinite for some i € A. If & € Tx(X,P) is onto but not one-to-one and for any
(x,y) € E, there exists (a,b) € E such that z = aa and y = b, then « is a right

magnifying element.

Proof. Assume that a € Tg(X,P) is onto but not one-to-one and and for any
(z,y) € E, there exists (a,b) € F such that x = ac and y = ba. Let v € Tr(X,P)
and M = {f € Tg(X,P) | fisnotonto }. Clearly, M is a proper subset of T (X, P)
since the identity map idy on X does not belong to M. Let z; € X and x € (X;, z;).
So zv € X;. Since « is onto, we can choose y, € X; such that y,a = 27 and
(Y2, y.) € Eforall z € (X;,z;). Then for all z, z € (X;, z;), there are y,,y. € X;
such that y, a0 = 27, y,a = zvy and (y,,y,) € E because (z,z) € E. Define a
function S by 23 = y, for all x € X. Obviously, /3 is a function on X. To show that
B € Tg(X, P),leta,b € X besuchthat (a,b) € E.Clearly, (a53,b5) = (ya, ys) € E.
For each X; € P, if a € X;, then a8 = y,. Since y,a = a, af € X;. Therefore,
p € Tr(X,P). Since « is not one-to-one, there are distinct elements z,y € X; for
some ¢ € A such that za = ya = z for some z € X;. Hence y, = x ory, = y. There-
fore, either x € ran S ory ¢ ran 5. So f € M. Forall x € X, zfa = y,a = x7.
This shows that Sa = 7, which implies Ma = Tg(X,P). Therefore, « is a right

magnifying element. []
The following examples illustrate the ideas of the proof given in Lemma 3.1.22.

Example 3.1.23. Let X = Z and P be a partition on X where P = {Z~,Z* U{0}}.
Define a relation E on X by £ = |J (A; x A;) where A; = {—1,—-3,-5,..., },

J=1



32

Ay = {+2,44,46,...}, Ay = {0}, Ay = {1,3}, 45 = {5,7}, A = {9,11}, ...
Clearly, E is an equivalence relation on X and X/F = {A;, As, A3, Ay, ...}. Let
a € Tg(X, P) be defined by zaw = 4 for all z € A, and

r—4 ifzxeZt\ (2ZTU Ay,
ra=qx+4 ifxedZt,

T otherwise.

For convenience, we write « as

. 3 -2 -101234567 8 9 10 ---
o= )
-3 -2 -1 042 4816 3 12 5 10

It is easy to see that a belongs to T (X, P) and it is onto but not one-to-one. However,
we can not construct the function § € Tr(X, P) such that S = idx since (4,8) € E
but there exist no a,b € X such that (a,b) € E satisfying aa = 4 and bor = 8.

Example 3.1.24. Let X = N and P be a partition on X such that
P ={{1},{2},{3,4,5},{6,7,8,9,...}}. Define a relation £ on X by

(x,y) € Fifandonly if x = y mod 2.

Clearly, F is an equivalence relation on X and X/F = {{1,3,5,...},{2,4,6,...}}.
It is easy to see that {6,7,8,9,...} € P isinfinite. Let & € Tg(X,P) be a function
defined by laa = 1,200 = 2,3 = 5,4da =4, 5a = 3,6 = 6, 7a = Tand rav = v —2

for all x > &. For convenience, we write « as

123456 789 10 11 12 13 14 15 ---
o= .
125436767 8 9 10 11 12 13

It is obvious that « is onto but not one-to-one and for any (z,y) € FE, there exists
(a,b) € E such that x = ac and y = ba. By Lemma 3.1.22, the function « is a
right magnifying element. Let M = { € Tx(X,P) | B not onto} and let v be any
fucntion in T (X, P). Then there exists a function 8 € M such that fa = .

We illustrate the ideas by considering the element v of Tz ( X, P), which is defined
by 1y = 1,2y = 2,3y = 5,4y = 4,5y = 3,and vy = z + 2 forall x > 6. For

convenience, we write [ as

(1234567 8 9 1011 12 13 14 15 -
TT\1 254380910 11 12 13 14 15 16 13 '
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To get the desired result, define a function § in T (X, P) by

T if v <5,
xfp =
r+4 ifxz > 5.

For convenience, we write (3 as

@_(123456 7 8 9101112131415-~->

12 3 4 5 10 11 12 13 14 15 16 17 18 19

So 8 € M and we have

5 12345 6 7 8 9 10 11 12 13 14 15 ---
o =
12345 10 11 12 13 14 15 16 17 18 19

123456 789 10 11 12 13 14 15 ---
125436767 8 9 10 11 12 13

(1234567 8 9 10 11 12 13 14 15 --- |
1254380910 11 12 13 14 15 16 13 -

Theorem 3.1.25. Let P = {X; | i € A} be a partition on a set X such that X is
infinite for some i € A. A function o € Tg(X, P) is a right magnifying element if and
only if « is onto but not one-to-one and for any (v,y) € F, there exists (a,b) € E

such that x = ac and y = ba.
Proof. 1t follows by Corollary 3.1.18 and Lemma 3.1.22. ]

Theorem 3.1.26. Let P = {X; | i € A} be a partition and E be an equivalence
relation on a set X such that for each x € X, there is exactly one X; € P with
[z]p C X;. There exists a right magnifying element in T (X, P) if and only if at least

one element of P is infinite.

Proof. The necessity is obtained by Lemma 3.1.19. On the other hand, suppose that
there exists X; € P such that X; is infinite.
Case 1: There exists ¢ € X; such that (X, t) is infinite. Then there is a proper subset
Aof (X;,t) such that |A| = |(X;,t)| = [(Xi,t) \ A]. So there is a bijection «y from A
to (X, t). Define a function « by

xy ifz € A,

To =
T otherwise.
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Clearly, a belongs to Tx(X,P) and « is onto. Since (X \ (X; \ A))a = X, ais
not one-to-one. Then « is onto but not one-to-one. It is clear that for any (z,y) € F,
there exists (a,b) € E such that x = ac and y = ba. By Theorem 3.1.25, o is a right
magnifying element.
Case 2: (X, ) is finite for all ¢ € Xj.

Case 2.1: There exists n € N such that K = {(X},t) | t € X; and |(X;,t)| = n}
is infinite. Then there exists a proper subset K’ of K such that |K'| = |K| = |K\ K’|.
There is a bijection A from K’ to K. So |A] = |A\| = n forall A € K'. Hence for

all A € K, there exists a bijective function 4 from A to AX. Lety = U ~v4. Then
AeK’
~ is a bijection from U Ato U A. Define a function « by
AeK’ AeK

xy ifxe U A,

TrTo = AeK'’

T otherwise.

Clearly, « belongs to Tz(X,P) and « is onto. Since (X \ ( U A\ U A))a =X,

AeK AEK'
« is not one-to-one. Then « is onto but not one-to-one. It is clear that for any

(x,y) € E, there exists (a,b) € E such that x = aa and y = ba. By Theorem
3.1.25, « is a right magnifying element.

Case 2.2: Forall n € N, the set K = {(X;,t) | t € X, and |(X;,t)] = n} is
finite. Then for each ¢ € X, there exists ¢’ € X; such that |(X;,t)| < [(X;,t')]. Let

A={(X;,t) | [t|rg € X;}. In this case, A is an infinite set. Let n; = (Xmi)nA (X5, 1)|
it)E

and Ky = {(X;,?) | |(Xi,t)| = n1}. Choose (X;,t1) € K;. Letng = min (X, 1)

(Xz',t)GAl
where A; = A\ K; and Ky = {(X;,t) | [(X;,t)| = na}. Choose (X, t2) € K. Pro-
ceeding in this way, we obtain the sets (X, t1), (X, t2), ..., (X, tx), . . . and positive

integers nq, na, . .., Ny, ... such that ny = Xmin |(X;,t)| where Ay, = A\Uf;ll K,
i k

(3

and (X;,t;) € Ky, where K = {(X;,1) | ](Xi,t)] = ny} for all & > 2. Clearly,
ny <ng < ..<ng<...

Next, we let B = {(X;,t;) | j > 1}. Then |(X;,t;)| < [(Xi,t;41)| for all
J > 1. Hence there exists a surjection v; : (X;,t;) — (X, t;-1) forall j > 2. Let
v = U 7;. Then + is a surjection from U C\ (X;,t) to U C'. Next, define a

j>2 CeB CeB
function « by

xy ifze U C\ (X, 1),
Ta = CeB

T otherwise.
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Clearly, a belongs to T (X, P) and « is onto. Since (X, t1)a = (X;, t1) = (X, t2)q,
« is not one-to-one. Then « is onto but not one-to-one. It is clear that for any
(x,y) € E, there exists (a,b) € E such that x = a« and y = ba. By Theorem 3.1.25,

« 1s a right magnifying element. [

3.2 Magnifying elements in Pr(X, P)

Recall that, for an equivalence relation £ on a nonempty set X,
[z]p = {y € X | (z,y) € E} denotes the equivalence class of an element x € X
determined by F, and we set X/E = {[z]g | € X}. Let P = {X; | i € A} be a
partition of X = {z; | j € A'}. Put (X;,z;) = X; N [z;]p fori € Aand j € A'. The
semigroup Pr(X,P) = Pp(X) N P(X,P), ie.,

Pr(X,P)={a € Pp(X) | X;a C X; foralli € A},

which is a semigroup under the composition of functions. A function o € Pg(X,P)
is called a left (right) magnifying element if there exists a proper subset M of Pg(X, P)
such that oM = Pg(X,P) (Ma = Pg(X,P)).

3.2.1 Left magnifying elements in Pp (X, P)

In this subsection, we provide the necessary and sufficient conditions for elements in
Pr(X,P) to be a left magnifying element and also illustrate the ideas of the main

theorem and lemmas by giving the examples.

Lemma 3.2.1. If « is a left magnifying element in Pg(X,P), then « is one-to-one

and dom o = X.

Proof. Assume that « is a left magnifying element in Pr (X, P). By definition, there
exists a proper subset M of Pg(X,P) such that M = Pg(X,P). Since the identity
map idy on X belongs to Pg(X,P), there exists 5 € M such that a«f = idx. This

implies that « is one-to-one and dom o = X. ]

However, the converse of Lemma 3.2.1 is not true in general since there exists no
proper subset M of Pg(X,P) such that idx M = Pg(X,P).

Lemma 3.2.2. Let « be a left magnifying element in Pg(X,P). For any z,y € X,
(xz,y) € Eif and only if (za, ya) € E.



36

Proof. The necessity is obvious. Conversely, assume that « is a left magnifying
element in Pr (X, P). By definition, there exists a proper subset M of Pg (X, P) such
that « M = Pg(X,P). Since idx € Pg(X,P), there exists 5 € M such that aff =
idx. Let z,y € X be such that (za, ya) € E. It follows that x = zidyx = xa3 and
y = yidx = yaf. Therefore, (z,y) = (zaf,yaf) € E since § € Pg(X,P). O

Lemma 3.2.3. If « is a left magnifying element in Pg (X, P), then aM = aPg(X,P)
for some proper subset M of Pr(X,P).

Proof. Assume that « is a left magnifying element in Pg (X, P). By definition, there
exists a proper subset M of Pg(X,P) such that aM = Pg(X,P). It is clear that
aM C aPg(X,P) and aPg(X,P) C Pg(X,P) = aM. This shows that M =
aPg(X,P). []

Lemma 3.24. If & € Pgr(X,P) is bijective on X, then « is not a left magnifying

element.

Proof. Assume that o € Pg(X,P) is bijective on X. So o~ ! is also bijective on
X. Suppose to the contrary that « is a left magnifying element. By definition, there
exists a proper subset M of Pg(X,P) such that M = Pg(X,P). By Lemma 3.2.3,
we have aM = aPg(X,P). Then M = a~'aM = a'aPg(X,P) = Pe(X,P),

which is a contradiction. Therefore, « is not a left magnifying element. ]
The next corollary follows by Lemma 3.2.1, Lemma 3.2.2 and Lemma 3.2.4.

Corollary 3.2.5. If « is a left magnifying element in Pp(X,P), then « is one-to-one
but not onto, dom o = X and for any x,y € X, (ra,ya) € E implies (x,y) € E.

Lemma 3.2.6. Let P = {X; | i € A} be a partition on a set X. If X; € P is finite
for all ¢ € A, then there exists no left magnifying element in P (X, P).

Proof. Suppose to the contrary that there is a left magnifying element o in Pr (X, P).
By assumption and Lemma 3.2.1, we have «aly, is bijective for all i € A. Since
doma = X and Xa = (J X;)a = J X;a = [J X; = X, a is onto which is a
i€A i€A i€A
contradiction. [l
It is noticeable in Lemma 3.2.6 that if a left magnifying element exists in Pg(X, P),
then X; € P is infinite for some 7 € A. However, the converse of this statement is

not true in general. It is illustrated by the following counterexample.
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Example 3.2.7. Let X = Z and P = {X; | i« € NU {0}} be a partition on X
where Xy = {£(2n — 1),| n € N} U {0}, that is, X7 = {0,£1,+3,£5,...} and
X; = {£2i} forall ¢ € N, that is, X; = {£2}, Xy = {£4}, X3 = {£6},....

[e.9]

Define a relation £ on X by £ = |J(A4; x A;) where A; = {0,£1,£2} and
j=1

A; = {£(25 — 1), £2j} for all possitive integers j > 2, that is, Ay = {£3, 4},

As = {£5,£6}, Ay = {£7,48},.... Clearly, X, € P is infinite and F is an

equivalence relation on X. We can see that every injection on X in Pgr(X,P) is

surjective on X. Therefore, there exists no left magnifying element in Pg (X, P).
Corollary 3.2.8. If X is a finite set, then Pr(X,P) has no left magnifying element.

Lemma 3.2.9. Let P = {X; | i € A} be a partition on a set X such that X is infinite
forsome i € A. If & € Pg(X,P) is one-to-one but not onto, dom o = X and for any

z,y € X, (va,ya) € E implies (x,y) € E, then « is a left magnifying element.

Proof. Let a € P(X,P) be one-to-one but not onto, dom o = X and for z,y € X,
if (zo, ya) € E then (z,y) € Fand M = {5 € Pg(X,P) | dom 5 C ran «}. Since
« is not onto, ran & # X and hence dom 3 # X for all 8 € M. So M is a proper
subset of Pr (X, P) since idx does not belong to M. To show that M = Pg(X,P),
let v € Pr(X,P). For each z € (domv)a, there exists y, € dom + such that
yza = z. Define f € P(X) by zf = y,vif 2 € (domy)a. To claim that 5 € Pg(X),
let a,b € (domy)« such that (a,b) € E. Then there exist y,,y, € dom ~ such that
yar = a and ypa = b. By assumption, (y,, y) € E. Then (af3,08) = (yav, ypy) € E
since v € Pg(X,P). Next, let z € (dom )« be such that z € X; for some X; € P.
Then there exists y,, € dom v and y, € X, such that y,« = x. Thus x5 = y,v € X;
since v € Pg(X,P). Thus § € Pr(X,P). Clearly, dom 8 C ran «. So § € M.
Since Y., = xa and « is one-to-one, y,, = x. For any x € dom 7, we have
xaf = Yoy = 27y. This shows that o = ~, which implies Ma = Tg(X,P).

Therefore, « is a left magnifying element. [
The next examples illustrates the ideas of the proof given in Lemma 3.2.9.

Example 3.2.10. Let X = N and P = {{1},{2},{3,4,5},{6,7,8,9,...}} be a
partition on X. Define a relation £ on X by

I
—

<
—

(x,y) € E if and only if L%j
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Clearly, E is an equivalence relationon X and X/F = {{1, 2}, {3,4,5},{6,7,8},...}.
It is easy to see that {6,7,8,9,...} € P is infinite. Let & € Pg(X,P) be defined by

T if v <5,
T =
rz+3 ifz > 5.

For convenience, we write « as

(123456 7 8 9 10 11 12 13 14 15 ---
\1 2345910 11 12 13 14 15 16 17 18 '

It is obvious that « is one-to-one but not onto, dom o« = X and for any z,y € X, if
(xa,ya) € E, then (x,y) € E. By Lemma 3.2.9, the function « is a left magnifying
element. Let M = {3 € Pg(X,P) | dom 8 C N\{6,7,8}} and let y be any function
in Pg(X,P). Then there exists an element 5 € M such that o5 = ~. Consider the
element v € Pg(X,P), which is defined by

T ifx <4,
xy =
r—3 ifx > 8.

For convenience, we write 7y as

(12345 6 7 8 910 11 12 13 14 15 ---
TT\l1 934 - - - 67 8 9 10 11 12 '

We illustrate the ideas by considering 9, 10 € dom ~. Hence 12, 13 € (dom =)« such
that 1o = 9 and y;3 = 10. Therefore, 123 = y197y = 9y = 6 and 138 = y137 =
10y = 7. To get the desired result, define a function 3 in Pr(X,P) by

x if v <4,
xfp =
r—6 ifx >11.

For convenience, we write (3 as

6_(123456789101112131415---)

1234 - === == -6 7 8 9

Clearly, 8 € M and we have

3 123456 7 8 9 10 11 12 13 14 15 ---
(0% —=
123459 10 11 12 13 14 15 16 17 18
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12345 6 7 8 9 10 11 12 13 14 15 ---
1234 - === = - -6 7 8 9
1234 - - - -6 7 8 9 10 11 12

Theorem 3.2.11. Let P = {X, | i € A} be a partition on a set X such that X is
infinite for some i € A. A function o € Pg(X,P) is a left magnifying element if and

(123456789101112131415--~>

only if a is one-to-one but not onto, dom o« = X and for any x,y € X, (zra,ya) € E

implies (x,y) € E.
Proof. It follows by Corollary 3.2.5 and Lemma 3.2.9. [

Theorem 3.2.12. Let P = {X; | i € A} be a partition and E be an equivalence
relation on a set X such that for each x € X, there is exactly one X; € P with
[z]p C X;. There exists a left magnifying element in Pr(X,P) if and only if at least

one element of P is infinite.

Proof. The necessity is obtained by Lemma 3.2.6. On the other hand, suppose that
there exists X; € P such that X; is infinite.
Case 1: There exists ¢ € X; such that (X, t) is infinite. Then there is a proper subset
A of (X;,t) such that |A| = |(X;,t)| = |(X;, ) \ A|. So there is a bijection 7 from
(X, t) to A. Define a function « by

xy ifz e (X, t),

ra =

x  otherwise.
Clearly, @ € Pg(X,P) and « is one-to-one. Hence ran v C X \ ((X;, 1)\ A) # X.
Then « is one-to-one but not onto. It is clear that dom o = X and for any z,y € X,
(xa, ya) € Eimplies (z,y) € E. By Theorem 3.2.11, « is a left magnifying element.
Case 2: (X, 1) is finite for all £ € X.

Case 2.1: There exists n € N such that K = {(X;,t) | t € X; and |(X;,t)| = n}

is infinite. Then there exists a proper subset K’ of K such that |K'| = |K| = |[K\ K|.
There is a bijection A from K to K'. So |A| = |A\| = n for all A € K. Hence for

all A € K, there exists a bijection 14 from A to A\. Let n = U na. Then 7 is a
AeK
bijection from U Ato U A. Define a function a by
AeK AeK’

xn ifx € UA,

ro = AeK

T otherwise.
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Clearly, « € Pg(X,P) and « is one-to-one. Since ran v = X \ U A+ X «
AER\K'
is not onto. Then « is one-to-one but not onto. It is clear that dom v = X and for

any z,y € X, (va,ya) € E implies (z,y) € E. By Theorem 3.2.11, « is a left
magnifying element.

Case 2.2: Forall n € N, the set K = {(X;,?) |t € X; and |(X;, )| = n} is finite.
Then for each ¢ € X;, there exists ¢’ € X; such that |(X;,t)| < |(X;,t')]. Let
A ={(X;,t) | [t]z € X;}. In this case, A is an infinite set. Let ny = (thi)réA (X5, 1)

and K, = {(Xi,0) | |(Xs, )| = n1}. Choose (X;, 1) € K. Letny = (};13)1&1 (X, )|
where A; = A\ Kj and Ky = {(X;,t) | |(Xi,t)| = na}. Choose (X, t3) € Ky. Pro-
ceeding in this way, we obtain the sets (X, t1), (X;,t2), ..., (X;, tx), . .. and positive
integers ny, ng, ..., Nk, . .. such that ny, = Xf}gin i (X;, )] where A, = A\U| K,
and (X;,tx) € Ky, where K, = {(X;,t) | |[(Xi,t)] = ng} for all & > 2. Clearly,
ny <ng < ..<ng<...

Next, we let B = {(X;,t;) | j > 1}. Then |(X;,t;)| < [(Xi,tj41)| forall j > 1.

Hence there exists an injection v; : (X;,t;) — (X, tj41). Lety = U 7;. Then 7 is
jz1
one-to-one on U C'. Next, define a function « by
CeB

xy ifx e UC,

Ta = ceB

T otherwise.

Clearly, @« € Pgr(X,P) and « is one-to-one. Since rana C X \ (X;,t1) # X, «
is not onto. Then « is one-to-one but not onto. It is clear that dom o« = X and for
any r,y € X, (zo,ya) € E implies (z,y) € E. By Theorem 3.2.11 , « is a left

magnifying element. ]

3.2.2 Right magnifying elements in Py (X, P)

In this subsection, we provide the necessary and sufficient conditions for elements in
Pg(X,P) to be a right magnifying element and also illustrste the ideas of the main

theorem and lemmas by giving the examples.
Lemma 3.2.13. If « is a right magnifying element in Pg (X, P), then « is onto.

Proof. Assume that « is a right magnifying element in Pr(X,P). By definition,
there exists a proper subset M of Pg(X,P) such that Ma = Pg(X,P). Since the
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identity map idy on X belongs to Pr (X, P), there exists § € M such that S = id .

This implies that « is onto. []

Lemma 3.2.14. Let v be aright magnifying element in Pg(X, P). Forany (z,y) € E,
there exists (a,b) € E such that x = ac and y = ba.

Proof. Assume that « is a right magnifying element of Pg(X,P). By definition,
there exists a proper subset M of Pg(X,P) such that Ma = Pg(X,P). Since
idx € Pg(X,P), there exists J € M such that S = idx. Let z,y € X be such that
(x,y) € E. It follows that x = xidx = zfa and y = yidx = yLa. Choose a = =3
and b = yf. Clearly, (a,b) = (z83,y83) € E since € Pg(X,P). Therefore, the

proof is completed. O]

Lemma 3.2.15. If o € Pg(X) is aright magnifying element, then M o = Pg(X, P)«
for some proper subset M of Pg(X, P).

Proof. Assume that « is a right magnifying element in Pg(X,P). By definition,
there exists a proper subset M of Pg(X,P) such that Ma = Pgr(X,P). It is clear
that Ma C Pg(X,P)a and Pr(X,P)a C Pgr(X,P) = Ma. This shows that
Ma = Pg(X,P)a. O

Lemma 3.2.16. If o« € Pg(X,P) is bijective on X, then « is not a right magnifying

element.

Proof. Assume that o € Pg(X,P) is bijective on X. So ! is also bijective on X.
Suppose to the contrary that « is a right magnifying element. By definition, there
is a proper subset M of Pg(X,P) such that Ma = Pg(X,P). By Lemma 3.2.15,
we have Ma = Pg(X,P)a. Then M = Maa™' = Pg(X,P)aa™ = Pp(X,P),

which is a contradiction. Therefore, « is not a right magnifying element. ]
The next corollary follows by Lemma 3.2.13, Lemma 3.2.14 and Lemma 3.2.16.

Corollary 3.2.17. If « is a right magnifying element in Pg(X,P) and dom o = X,
then « is onto but not one-to-one and for any (x,y) € E, there exists (a,b) € E such

that v = aa and y = ba.

Lemma 3.2.18. Let P = {X; | « € A} be a partition on a set X. If X is finite for all
i € A, then there exists no right magnifying element in Pg (X, P).

Proof. Suppose to the contrary that there is a right magnifying element « € P (X, P).

By Lemma 3.2.13, «v is onto and hence dom o = X since X;a C X; and X is finite
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for all i € A. So a|x, is onto X; and hence «

x, 18 bijective on X;. Since Xa =

(U Xi)a = U X;a = X, ais one-to-one on X which is a contradiction. O
i€A i€A

It is noticeable in Lemma 3.2.18 that if a right magnifying element exists in
Pg(X,P), then X, is infinite for some ¢ € A. However, the converse of this statement

is not true in general. It is illustrated by a following counterexample.

Example 3.2.19. Let X = Zand P = {X; | i € NU{0}} be a partition on X where
Xo ={0,—-1,-2,...} and X; = {20 — 1,2i} for all i € N, that is, X; = {1,2},
Xy ={3,4}, X5 = {5,6},....Define arelation £ on X by F = Ej (A; x A;) where
A; ={0,£1,4+2} and A; = {£(2j—1), £2;} for all possitive int]e_glersj > 2, that is,
Ay = {43, £4}, A3 = {£5, £6}, Xy = {£7, £8},.... Itis easy to verify that every
surjection in Pg (X, P) is bijctive on X. Therefore, there exists no right magnifying
element in Pr(X,P).

Corollary 3.2.20. If X is a finite set, then Pg(X,P) has no right magnifying element.

Lemma 3.2.21. Let P = {X, | ¢ € A} be a partition on a set X such that X; is
infinite for some i € A. If « € Pg(X, P) is onto but not one-to-one, dom « = X and
for any (x,y) € F, there exists (a,b) € E such that + = a« and y = ba, then «v is a

right magnifying element.

Proof. Assume that o« € Pg(X,P) is onto but not one-to-one, dom o« = X and
for any (z,y) € E, there exists (a,b) € E such that z = aa and y = ba. Let
M = {p € Pg(X,P) | fisnotonto}. Clearly, M is a proper subset of Tp(X,P)
since the identity map idx on X does not belong to M. Let v be a function in
Pg(X,P). Since « is onto, for each € dom  such that z € X; for some X; € P,
there exists y,, € X; such that y,a = xy (if x;v = 297, then choose y,, = y,, and
if (ay,avy) € E, then choose (y,,y,) € E). Define 5 € P(X) by 25 = y, for
all x € dom ~. To show that § € Pr(X,P), let a,b € X be such that (a,b) € F.
Since v € Pr(X,P), (ay,by) € E. By assumption, we can choose (y,,y) € F
such that y,a¢ = a7y and y,a = by. Then (af,08) = (ya,y») € E. Since « is not
one-to-one, there are distinct elements x,y € X such that ra = ya. Thus at least
one of z and y does not belong to ran 3. So 5 € M. For all z € dom v, we see that

xBa = y,a = xy. Therefore, « is a right magnifying element. ]

Example 3.2.22. Let X = Nand P = {{1,3,5,7,9,...},{2,4,6,8,10,...}} be a
partition on X. Define a relation £ on X by
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(z,y) € E if and only if L%J - L%J.

Clearly, E is an equivalence relationon X and X/E = {{1,2},{3,4,5},{6,7,8},...}.
We now see that {1,3,5,7,9,...} € P is infinite. Let & € Pg(X,P) be defined by

x if v <8,
T =
z—6 ifx > 8.

For convenience, we write « as

123456 789 10 11 12 13 14 15 ---
o= .
123456783 4 5 6 7 8 9

It is obvious that « is onto but not one-to-one, dom «« = X and for any (z,y) € F,
there exists (a,b) € E such that x = a« and y = ba. By Lemma 3.2.21, the function
« is a right magnifying element. Let M = {5 € Pg(X,P) | 5 is not onto} and let
be any function in Pg (X, P). Then there exists an element 5 € M such that fa = 7.
Consider the element v € Pg(X,P), which is defined by

T if v <5,
Ty =
z—12 ifz > 15.

For convenience, we write v as

(123456 7 - 13 14 15 16 17 18 19 ...
T\ 1 9345 - - . 3 4 5 6 7 ’

We illustrate the idea by considering 3,4,15,16 € dom ~. It is easy to see that
37 =15y =3 and 4y = 16y = 4. Now we have 2 choices of each y; and y,, i.e.,
ys = 3or9 and y; = 4 or 10. If we follow the proof of Lemma 3.2.21, then we
choose y3 = y15 = 9. Since (3v,47) € E, we must choose y, = 316 = 10. To get the
desired result, define a function 3 in Pg(X,P) by 35 = 1546 = 9, 48 = 165 = 10,
58 =175 =11 and
T if v <2,

xf =
z—6 ifx > 18.

For convenience, we write 3 as

5_123456~~1415161718192021~~-
129101 — -~ — 9 10 11 12 13 14 15 .
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So 5 € M and we have

3 123 4 5 6 -+ 14 15 16 17 18 19 20 21 ---
o =
129101 - -+ - 9 10 11 12 13 14 15

123456 789 10 11 12 13 14 15 ---
123456783 4 5 6 7 8 9

123456 7 -~ 13 14 15 16 17 18 19 --- |
12345 — — ... — — 3 4 5 6 7 -

Lemma 3.2.23. Let P = {X; | i € A} be a partition on a set X such that X is infinite
for some i € A. If @ € Pg(X,P) is onto, dom o # X and for any (x,y) € E, there

exists (a,b) € F such that x = acr and y = b, then « is a right magnifying element.

Proof. Assume that « € Pr(X,P)is onto, dom o # X and for any (x,y) € E, there
is (a,b) € Esuchthatx = acvand y = ba. Let M = {3 € Pg(X,P) | 5 is not onto}.
Clearly, M is a proper subset of Tz(X, P) since the identity map idx on X does not
belong to M. Let «y be a function in Pg(X, P). Since « is onto, for each 2 € dom ~,
there exists y,, € X such that y,a = xy (if 217 = 227y, we must choose y,, = Y,
and if (a7, by) € E, we must choose (y,,y,) € E). Define a function § € P(X)
by 25 = vy, for all z € dom . To show that 5 € Pg(X), let a,b € dom~ be
such that (a,b) € E. Then (av, by) € E since v € Pg(X,P). By assumption, there
exists (yq, yp) € E such that y,a = ay and ypa = by. Let a € dom 7 be such that
a € X; and hence ay € X;. Then there exists y, € X; such that y,,a = avy. So
aff = y, € X;. Since ran § C dom a # X, [ is not onto. Thus 5 € M. For all
x € dom v, we see that xSa = y,« = x7y. This shows that Sa = 7, which implies
Ma = Pg(X,P). Therefore, « is a right magnifying element. O

Example 3.2.24. Let X = Nand P = {{1,3,5,7,9,...},{2,4,6,8,10,...}} be a
partition on X. Define a relation £ on X by

(z,y) € E if and only if L%J - L%J.

Clearly, F is an equivalence relationon X and X/E = {{1,2},{3,4,5},{6,7,8},...}.
We now see that {1,3,5,7,9,...} € P is infinite. Let  be a function defined by
T if v <5,

T =
z—6 ifx>0.
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For convenience, we write « as

12345 6 7 8 910 11 12 13 14 15 ---
o= .
12345 - - -3 4 5 6 7 8 9

It is obvious that & € Pg(X,P) is onto, dom o # X, and and for any (z,y) € E,
there exists (a,b) € E such that = a« and y = ba. By Lemma 3.2.23, the function
« is a right magnifying element. Let M = {5 € Pg(X,P) | B is not onto} and let
be any function in Pg(X, P). Then there exists 5 € M such that Sa = 7.

We will illustrate the ideas by considering the element v € Pg(X,P), which is

defined by zy = « for all odd positive integers. For convenience, we write -y as

(1234567891011 1213 14 15 ---
Tl o3 -5 -7 -9 - 11— 13 - 15 |

To get the desired result, define a function §in Pg(X,P)by 18 =1and 23 =z +6

for all odd positive integers. For convenience, we write 3 as

g1 2345 6 T 8 9 10111213 115
A\l -9 - 11— 13 — 15 — 17 — 19 — 21 '

So 5 € M and we have

3 123 4 5 6 7 8 9 10 11 12 13 14 15 ---
o =
1 -9 -1 - 13 — 1 — 17 - 19 — 21

12345 6 7 8 9 10 11 12 13 14 15 ---
12345 - - -3 4 5 6 7 8 9

12345 6 78910 11 12 13 14 15 -\
1 -3 -5 —-—7-9 — 11 — 13 - 15 b
The next example shows that « is a right magnifying element such that dom o = X

and « is bijective.

Example 3.2.25. Let X = N and P = {X;, Xy} be a partition on X such that
X, ={1,3,5,7,9,...} and X5 = {2,4,6,8, 10, ...}. Define a relation £ on X by

(x,y) € E if and only if L%j = L%J

Clearly, F is an equivalence relationon X and X/F = {{1, 2}, {3,4,5},{6,7,8},...}.
We now see that X; € P is infinite. Let a be a function defined by 3o = 1, 4av = 2

and
x if |(Xq,2)| =1,
ra =

r—6 if|(Xy,x) =2



46

for all x > 5. For convenience, we write « as

1 2 345 6 789 10 11 12 13 14 15 ---
o= .
- —-12 -6 78 3 4 5 12 13 14 9

It is obvious that @ € Pg(X,P) is bijective, dom o # X, and for any (z,y) € F,
there exists (a,b) € F such that z = a« and y = ba. By Lemma 3.2.23, the function
« is a right magnifying element. Let M = {5 € Pg(X,P) | § is not onto} and let v
be any function in Pg (X, P). Then there exists 5 € M such that fa = .

We will illustrate the ideas by considering the element v € Pg(X,P), which is
defined by 2y = x if x < 5 and zy = x — 6 if > 12. For convenience, we write vy

as

(123456 7 8 9 1011 12 13 14 15 ---
TTli23as - - - - -~ 6 7 8 9 |

To get the desired result, define a function § € Pg(X,P)by zf =z +2ifx = 1,2,
rf=x+6ifx =3,4,5 and

x if |(X1,2)] =2,
xf =
r—6 if|(Xy,2) =1

for all z > 11. For convenience, we write [ as

b=

123 4 5 6 7 8 9 10 11 12 13 14 15 ---
34910 11 — — — — — — 6 7 8 15 '

So 8 € M and we have

5 123 4 5 6 7 8 9 10 11 12 13 14 15 ---
o =
349101 - - - - — — 6 7 8 15

1 2345 6 78 9 10 11 12 13 14 15 ---
- - 12 -6 78 3 4 5 12 13 14 9

123456 7 8 9 1011 12 13 14 15 --- |
12345 — — — — — — 6 7 8 9 -

Theorem 3.2.26. Let E be an equivalence relation on a set X and P = {X; | i € A}
be a partition on X such that X is infinite for some i € A. A function o € Pg(X,P)
is a right magnifying element if and only if « is onto, for any (x,y) € E, there exists
(a,b) € E such that x = ac and y = ba and either
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1. dom o # X or
2. dom o = X and « is not one-to-one.
Proof. If follows by Corollary 3.2.17, Lemma 3.2.21 and Lemma 3.2.23. [

Theorem 3.2.27. Let P = {X, | i € A} be a partition and E be an equivalence
relation on a set X such that for each x € X, there is exactly one X; € P with
[z]p C X;. There exists a right magnifying element in Pg(X,P) if and only if at

least one element of ‘P is infinite.

Proof. The necessity is obtained by Lemma 3.2.18. On the other hand, suppose that
there exists X; € P such that X; is infinite.
Case 1: There exists t € X such that (X, t) is infinite. Then there is a proper subset
A of (X;,t) such that |A| = |(X;,t)| = [(X;,t) \ A|. So there is a bijective function
v from A to (X, t). Define a function o € Pg(X,P) by

xy ifz € A,

ra =

r ifxe X\ (Xit).
Clearly, dom v # X, «v is onto and for any (z,y) € F, there exists (a,b) € E such
that z = aa and y = ba. By Theorem 3.2.26, « is a right magnifying element.
Case 2: (X, 1) is finite for all ¢ € Xj;.

Case 2.1: There exists n € N such that K = {(X;,t) | t € X, and |(X;,t)| = n}

is infinite. Then there exists a proper subset K’ of K such that |K'| = |K| = |K\ K|
There is a bijective function A from K’ to K. So |A| = |A\| = nforall A € K.

Hence for all A € K’, there exists a bijection 74 from A to A\. Let v = U YA
AeK!
Then 7 is a bijection from U Ato U A. Define a function o € Pg(X,P) by
AeK’ AeK

xy ifx € U A,
AeK'’

x ifx%UA.

AeK

rTa =

Clearly, dom v # X, «v is onto and for any (x,y) € E, there exists (a,b) € E such
that z = aa and y = ba. By Theorem 3.2.26 , « is a right magnifying element.
Case2.2: Foralln € N, the set K = {(X;,?) | t € X; and |(X;,t)| = n} is finite.
Then for each ¢ € X, there exists ¢ € X; such that |(X;,t)] < |(X;,t')|. Let
A ={(X;,t) | [t]e € X;}. In this case, A is an infinite set. Let n; = (thi)IéA (X, 1)

iy
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and K1 = {(Xl,t) | |(Xz,t>| = nl}. Choose (Xl,tl) € Kl- Letn2 = min |(Xl,t)|

(Xj’t)eAl
where A; = A\ Ky and Ks = {(X;,t) | [(X;,t)| = na}. Choose (X;,t3) € K. Pro-
ceeding in this way, we obtain the sets (X, t1), (X, t2), ..., (X, tx), . . . and positive

integers nq, na, . .., Ny, ... such that ny = Xmin |(X;,t)| where Ay, = A\U;:ll K,
i k

7

and (X;,t;) € Ky, where K, = {(X;,1) | ](Xi,t)] = ny} for all & > 2. Clearly,
ny <ng < ..<ng<...

Next, we let B = {(X;,t;) | j > 1}. Then |(X;, ;)| < [(Xi,t;41)| for all
j > 1. Hence there exists a surjection v; : (X;,t;) = (X;,t;_1) forall j > 2. Let
v = U 7;. Then + is a surjection from U C\ (X;,t) to U C'. Next, define a

§>2 CeB CeB
function o € Pr(X,P) by

xy ifze U C\ (X, t),
CeB

x ifxEX\UC.

CeB

ro =

Clearly, dom a # X, v is a onto and for any (x,y) € E, there exists (a,b) € E such
that z = aa and y = ba. By Theorem 3.2.26 , «v is a right magnifying element. [
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