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ABSTRACT

In this thesis, we study quasi-ideals, minimal quasi-ideals and re-
lationship between minimal quasi-ideals and Green’s relations of I'-semigroups.
We study m-left ideals, n-right ideals and (m,n)-quasi-ideals of I-semigroups.
We generalize some theorems for left ideals, right ideals and quasi-ideals of I'-
semigroups. We show that every (m,n)-quasi-ideal of a I'-semigroup S can be
written as the intersection of an m-left ideal and an n-right ideal of S and every
minimal (m, n)-quasi-ideal of a I'-semigroup S can be written as the intersection of
a minimal m-left ideal and a minimal n-right ideal of S. Moreover, we investigate

©-lower and ©-upper rough quasi-ideals and (m, n)-quasi-ideals of I'-semigroups.
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CHAPTER 1

Introduction and Preliminaries

The notion of quasi-ideals for semigroups was introduced by O.
Steinfeld (Steinfeld, 1956) in 1956. The class of quasi-ideals in semigroups is a
generalization of one-sided ideals in semigroups.

The no}:ion of a I'-semigroup was introduced by M. K. Sen (Sen,
1981) in 1981. I'-semigroups generalize semigroups. Many classical notions of
semigroups have been extended to I™-semigroups.

In this thesis, we study quasi-ideals and minimal quasi-ideals of
[-semigroups. We study (m,n)-quasi-ideals and minimal (m,n)-quasi-ideals of
[-semigroups. Moreover, we investigate ©-lower and ©-upper rough quasi-ideals

and (m,n)-quasi-ideals of I'-semigroups.

1.1 Semigroups

We will use the notation and terminology of Howie (Howie, 1976)

to introduce the notion of semigroups.

Definition 1.1. Let S be a nonempty set and * be a binary operation on S. Then

(S, *) is called a semigroup if * is associative, i.e.,
(axb)xc=ax(bxc) foralla,bceS.

We give some examples of semigroups.

Example 1.1. (N, +), (Z,+), (Z, x) and (R, x) are semigroups where + is the
usual addition and x is the usual multiplication.

Example 1.2. (Z,-) is not a semfgroup since for a, b, c € Z such that ¢ # 0, we
have

a—(b-c)=a-b+c#a-b-—c=(a-b)-c



Definition 1.2. Let S be a semigroup. A nonempty subset K of S is called a

subsemigroup of S if it is closed under the binary operation of S, i.e.
abe K foralla,be€ K.

Example 1.3. (N, +) is a subsemigroup of (Z,+) and (Z, x) is a subsemigroup
of (R, x) where + is the usual addition and X is the usual multiplication.

In 1956, O. Steinfeld (Steinfeld, 1956) introduced the notion of

quasi-ideals of semigroups as follows:

Definition 1.3. Let S be a semigroup. A nonempty subset Q of S is called a
quasi-ideal of S if SQN QS C Q.

Let Q be a quasi-ideal of S. Then Q2 C SQNQS C Q. Hence Q is

a subsemigroup of S.

Example 1.4. Let S = [0,1]. Then S is a semigroup under the usual multiplica-
tion. Let Q = [0, -;—] Thus SQN QS = [0, %] C Q. Therefore, Q is a quasi-ideal
of S.

Definition 1.4. Let S be a semigroup. A nonempty subset L of S is called a left
tdeal of S if SL C L. A nonempty subset R of S is called a right ideal of S if
RS C R. A nonempty subset I of S is called an ideal of S if I is a left and right
ideals of S.

Clearly, every left ideal, right ideal and ideal of a semigroup S is a
subsemigroup of S.

Theorem 1.1. Let S be a semigroup. Let L and R be a left ideal and a right ideal
of S, respectively. Then L N R is a quasi-ideal of S.

Proof. Let L and R be any left-ideal and any right-ideal of a semigroup S, respec-
tively. By properties of L and R, we have RL C L N R. This implies that LN R

is a nonempty set. We have that



S(LNR)N(LNR)SCSLNRSCLNR.

Hence, L N R is a quasi-ideal of S. -0

Theorem 1.2. Every quasi-ideal Q of a semigroup S is the intersection of a left
tdeal and a right ideal of S.

Proof. Let Q be any quasi-ideal of a semigroup S.
Let L = QUSQand R = QUQS. Then

SL = S(QUSQ) = SQUS?Q CSQ CL
and

RS = (QUQS)S = QSUQRS? CQS CR.

Then L and R is a left-ideal and a right-ideal of S, respectively.
Next, we claim that Q@ = LN R. We have

LNR = (QUSQ)IN(QUQRS) =QU(SQNQS) = Q.

Hence, Q = LN R. 0

Example 1.5. Let Z be the set of all integers and M;(Z) the set of all 2 x 2
matrices over Z. We have known that M,(Z) is a semigroup under the usual

multiplication. Let

L={[’” g} | oy € 2)

Y

and

R={[x y} | z,y € Z}.
00

Then L is a left ideal of M3(Z), R is a right ideal of M3(Z) and
Bt 0
tArR={|" ||z ez}
10 O

is a quasi-ideal of M,(Z).




Definition 1.5. The relations £, R, H and D on a semigroup S were introduced
by J. A. Green (Green, 1951) as the following rules:

(i) aLb if and only if S*a = S'b, where S'a = Sa U {a};

(ii) aRb if and only if aS? = bS?, where aS* = aS U {a};

(i) H = LNR,;

(iv) D=LoR.

We have the relations £, R, H and D on a semigroup S are equiv-
alence relations. The equivalence relations £, R, H and D are called Green’s
relations. An alternative characterization is given in the following remark:
Remark 1.1. Let a,b be elements of a semigroup S. We have

(i) aCb if and only if there exist z,y € S! such that za = b and
yb = a;

(ii) aRb if and only if there exist z,y € S* such that az = b and
by =a; |

(iii) aHb if and only if aLb and aRb;

(iv) aDb if and only if there exists ¢ € S such that alc and cRb;

where

st S if S has an identity element,

SU{1} otherwise.
1.2 TI'-semigroups

In 1981, M. K. Sen (Sen, 1981) introduced the definition of a I'-

semigroup as follows:

Definition 1.6. Let S and I be nonempty sets. S is called a I'-semigroup if
(i) aab € S, for all a,b € S and « el
(ii) (aab)Bc = aa(bBc), for all a,b,c € S and a,F € T.

Let S be an arbitrary semigroup and I" be any nonempty set. Define
aab = ab for all a,b € S and a € T". It is easy to prove that S is a I-semigroup.




Thus a semigroup can be considered to be a I'-semigroup.

Example 1.6. Let Z be the set of all integers and I' = {n| n € N}. Define
aab=a+a+bforall a,b € Z and a € I" where + is the usual addition. We have

Z is a I'-semigroup.

Example 1.7. Let Z be the set of all integers and I' = {n| n € N}. Define
aab=axaxbforall a,b € Z and a € T" where x is the usual multiplication.

We have Z is a I'-semigroup.

Example 1.8. Let R be the set of all real numbers and I"' = {%l ne N}. Define
aab=ax axbfor all a,b € R and a € I" where x is the usual multiplication.

We have R is a I'-semigroup.

Example 1.9. Let S be a set of all negative rational numbers and
F={—I—1)|pisprime}. Define aob=a x a x b for all a,b € S and a € I" where

x is the usual multiplication. We have S is a I'-semigroup.

Example 1.10. Let S = {42+ 3| z € Z} and I' = {4n + 1] n € N}. Define
aacb=a+a+bforall a,b € S and a € I" where + is the usual addition. We have

S is a I'-semigroup.

Definition 1.7. Let S be a I’-semigroup. A nonempty subset K of S is said to be
a subl’-semigroup of S if KI'K C K where KI'K = {aab | a,b € K and a € T'}.

Example 1.11. Consider the I'-semigroup in Example 1.7. Let N be the set of all
natural numbers. We have N is a subI-semigroup of Z since N C Z and NI'N C N.

Example 1.12. Consider the I'-semigroup S in Example 1.10. Let K =
{4n—1| n € N}. We have K is a I'-subsemigroup of S since K C S and KTK C K.

Example 1.13. Let S =[0,1] and .

1
= {; | n is a positive integer}.




Then S is a I'-semigroup under the usual multiplication.
Next, let K = [0, %] We have that K is a nonempty subset of S
and ayb € K for all a,b € K and v € I". Then K is a subI'-semigroup of S.

Definition 1.8. Let S be a I'-semigroup. A nonempty subset Q of S is called a
quasi-ideal of S if STQN QTS C Q.

Let @ be a quasi-ideal of S. Then QI'Q C STQ N QLS C Q. This
implies that @ is a subI™-semigroup of S.

Example 1.14. Let S be an arbitrary semigroup and I" any nonempty set. Define
aab = ab for all a,b € S and a € I". It is easy to prove that S is a I'-semigroup.
Let @ be a quasi-ideal of a semigroup S. Thus SQ N @S C Q. We have that
STQNQIS =SQNAQS C Q. Hence, @ is a quasi-ideal of a I'-semigroup S.

Example 1.14 implies that the class of quasi-ideals of I'-semigroups

is a generalization of quasi-ideals of semigroups.

Theorem 1.3. Let S be a I'-semigroup and Q; a quasi-ideal of S for each i € I.

If ﬂ Q: is a nonempty set, then ﬂQi is a quasi-ideal of S.
i€l iel

Proof. Let S be a I'-semigroup and @); a quasi-ideal of S for each i € I. Assume

that ﬂQi is a nonempty set. Take any a,b € nQ"’ 81,82 € S and 7, u € T such
iel iel
that syub = a7ysz. Then a,b € Q; for all ¢ € I. Since Q) is a quasi-ideal of S for

alli € I,
s1ub = avsy € STQ;:NQ TS CQ;foralliel.

Therefore

sipb = aysy € ) Qi Thus ST(Qin()QTS () Q.
iel iel iel i€l
Hence, ﬂQi is a quasi-ideal of S. _ O
iel

In Theorem 1.3, the condition ﬂ Q: is a nonempty set is necessary.
i€l
For example, let N be the set of all positive integers and I" = {1,2}. Then N is a

[-semigroup. Forn € N, let @, = {n+1,n+2,n+3,...}. It is easy to show that



each (), is a quasi-ideal of N for all n € N but n Qn is a empty set.

neN
Let A be a nonempty subset of a I'-semigroup S and

Q= {Q | Q is a quasi-ideal of S containing A}.

Then <& is a nonempty set because S € Q. Let (A)y = ﬂ Q. It is easy to

Qe9
see that A C (A),. By Theorem 1.3, (A), is a quasi-ideal of S. Moreover, (A),

is the smallest quasi-ideal of S containing A. (A), is called the quasi-ideal of S
- generated by A.

Theorem 1.4. Let A be a nonempty subset of a I'-semigroup S. Then
(A)g =AU (STAN AI'S).

Proof. Let A be a nonempty subset of a I'-semigroup S. Let @ = AU(STANAL'S).
It is'easy to see that A C ). We have that

STQNQrS = ST[AU(STAN ATS)|N[AU (STAN ATS)|CS
C ST[AU(STA)]N[AU (ATS)T'S
C STANATS
cQ.

Therefore, Q is a quasi-ideal of S.
Let C be any quasi-ideal of S containing A. Since C is a quasi-ideal
of Sand AC C, STAN AI'S C Q. Therefore,

Q= AU(STANATS) C C.

Hence,Q is the smallest quasi-ideal-ideal of S containing A.
Therefore, (A), = AU (STAN AT'S), as required. O

Example 1.15. Let N be the set of natural integers and I' = {5}. Then N is a
I-semigroup under the usual additio;x.

(i) Let A = {2}. We have that (4), = {2} U {8,9,10,...}.

(i) Let A = {3,4}. We have that (A4), = {3,4} U {9,10,11,...}.




Definition 1.9. Let S be a I-semigroup. A nonempty subset L of S is called a
left ideal of S if STL C L. A nonempty subset R of S is called a right ideal of S
if RT'S C R. A nonempty subset of S is called an ideal of S if it is both a left And
a right ideal of S.

Clearly, every left-ideal, right-ideal and ideal of a I'-semigroup S is
a subl-semigroup of S.

Example 1.16. Consider the I-semigroup Z in Example 1.7. Let A = {0} C
Z. We have A is a left and a right ideal of Z since ZI'A C A and ATZ C A,
respectively. Therefore A is an ideal of Z.

Theorem 1.5. Let S be a I'-semigroup. Let L and R be a left ideal and a right
ideal of S, respectively. Then LN R is a quasi-ideal of S.

Proof. Let L and R be any left ideal and any right ideal of a I'-semigroup S,
respectively. By properties of L and R, we have RI'L C L N R. This implies that
LN R is a nonempty set. We have that

SI(LAR)N(LNR)YTS C STLNRTSC LNR.

Hence, L N R is a quasi-ideal of S. O

Theorem 1.6. Every quasi-ideal Q of a I'-semigroup S is the intersection of a
left ideal and a right ideal of S.

Proof. Let Q be any quasi-ideal of a I-semigroup S. Let L = QU STQ and
R = QUQTS. Then

STL = SI(QUSTQ) = STQUSTSTQ CSTQ €L
and
RIS = (QUQIrSI'S = QISuQrSrsS cQrs c R

Then L and R is a left ideal and a right ideal of .S, respectively.
Next, we claim that @ = LN R. We have Conversely,

LNR = (QUSTQ)N(QUQTrS) = QU (STQNQTLS) = Q.



Hence, Q@ = LN R. 0

Definition 1.10. Let S be a I'-semigroup. S is called a quasi-simple I'-semigroup

if S is a unique quasi-ideal of S.

Definition 1.11. Let S be a I'-semigroup. A quasi-ideal @ of a -semigroup S is
called a minimal quasi-ideal of S if @ does not properly contain any quasi-ideals
of S.

Theorem 1.7. Let S be a I-semigroup. Then S is a quasi-simple I'-semigroup if
and only if STsNs['S =S foralls € S.

Proof. Let S be a I'-semigroup. Assume that S is a quasi-simple I'-semigroup.
Take any s € S. First, we claim that ST's N sI'S is a quasi-ideal of S. We have
that sI's € ST's N sI'S, this implies ST's N sI'S is a nonempty set. Moreover,

ST(STs N sT'S) N (STs N sTS)I'S C ST(STs) N (sTS)I'S
= (ST'S)I'sN sT(ST'S)
C STsN sTS.

Therefore, ST'sNsI'S is a quasi-ideal of S. Since S is a quasi-simple I™-semigroup,
STsNsI'S=S.-

Conversely, assume that STsNsI'S = S for all s € S. Let Q be
a quasi-ideal of S and ¢ € Q. By assumption, S = STqN ¢I'S. Since @ is a
quasi-ideal of S,

S=8TgNqgl'SC STQNQETS C Q.
Therefore Q = S. Hence, S is a quasi-simple I'-semigroup. O

Example 1.17. Let G be a group and I' = {eg}. It is easy to see that G is a
unique quasi-ideal of G under the usiial binary operation. Then G is a quasi-simple

I'-semigroup.

Theorem 1.8. Let S be a I'-semigroup and Q be a quasi-ideal of S. If Q is a

quasi-simple T'-semigroup, then Q is a minimal quasi-ideal of S.
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Proof. Let S be a I'semigroup and Q be a quasi-ideal of S. Assume that @ is a
quasi-simple I'-semigroup. Let C be a quasi-ideal of S such that C C Q. Then

QITCNCTQ C STCNCTScC.

Therefore, C is a quasi-ideal of Q. Since Q is a quasi-simple I'-semigroup, C' = Q.
Then Q is a minimal quasi-ideal of S. a

Definition 1.12. Let S be a I'-semigroup. A I'-semigroup S is called left simple
if S is the unique left ideal of S, right simple if S is the unique right ideal of S,
and simple if S is the unique ideal of S.

Example 1.18. Consider the I-semigroups Z in Example 1.6. We have Z is left
and right simple since Z is the unique left and right ideal of Z, respectively. Also
I'-semigroup Z is simple since Z is the unique ideal of Z.

Example 1.19. Consider the I-semigroups Z in Example 1.7. By Example 1.16,
we see that Z is not left and right simple. Also Z is not simple.



CHAPTER 2

Minimal quasi-ideals in I'-semigroups

In this chapter, we gi\;e some other properties of minimal quasi-
ideals in I'-semigroups. We show that every minimal quasi-ideal of a I'-semigroup
S can be the written as intersection of a minimal left ideal and a minimal right
ideal of S. Moreover, we show that relationship between minimal quasi-ideals and
Green'’s relations of I-semigroups. We can see some properties of Green’s relations

of I'-semigroups (Chinram and Siammai, 2008) in 2008.

2.1 Minimal quasi-ideals

Theorem 2.1 shows that every minimal quasi-ideal of a I'-semigroup S can be the

written as intersection of some minimal left ideal and some minimal right ideal of
S.

Theorem 2.1. Let S be a I'-semigroup and Q be a quasi-ideal of S. Then Q is
a minimal quasi-ideal of S if and only if Q is the intersection of a minimal left

ideal L and a minimal right ideal R of S.

Proof. Assume that Q@ = L N R for some a minimal left ideal L and a minimal
right ideal R of S. So Q@ C L and Q C R. Let @ be a quasi-ideal of S contained
in Q. Then

STQ CSTQCSTLC Land QTSC QIS C RI'SCR.

It is easy to prove that ST'QY and. Q'T'S is a left ideal and a right ideal of S,
respectively. By the minimality of L and R, we have STQ' = L and QTS = R.
Hence Q = LNR=STQ NQTS C Q. Then Q' = Q. Therefore @ is a minimal
quasi-ideal of S.

11
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Conversely, assume @ is a minimal quasi-ideal of S. Let a € Q.
Since al’'S and STa are a right ideal and left ideal of S, respectively, ST'a N al'S
is a quasi-ideal of S. Since STaNal'S € STQ N QTS C Q, by the minimality of
Q, STanal'S = Q.

Now we shall show that STa is a minimal left ideal of S. Let L be a
left ideal of S contained in STa. Then LNal'S C STanal'S = Q. Since LNal'S
is a quasi-ideal of S, therefore the minimality of Q implies that L Nal'S = Q.
Then Q C L. So STa C STQ C STL C L. This implies L = STa. Thus the
left ideal STa is minimal. The minimality of the right ideal aI'S can be proved
dually. 0

It is remarkable that not every I'-semigroup contains a minimal

quasi-ideal, for example we can see this example.

Example 2.1. Let I' = {1,2}. Defineayb=a+~y+bforalla,be Nand yeT
where + is a usual addition on N. Then N is a I'-semigroup. Suppose that N
contains a minimal quasi-ideal Q. Let k be a minimum positive integer in Q. Let
Q = Q\ {k}. It is easy to see that Q' is a quasi-ideal of N and @’ is a proper

subset of Q, a contradiction. Hence N does not contain a minimal quasi-ideal.

Now, we give necessary and sufficient for the existence of a minimal
quasi-ideal of a I'-semigroup. The following corollary is obtained directly from
Theorem 2.1.

Corollary 2.2. Let S be a I'-semigroup. Then S has at least one minimal quasi-
ideal if and only if S has at least one minimal left ideal and at least one minimal

right ideal.

Theorem 2.3. Let Q be a quasi-iiieal of a I'-semigroup S. Then the following
statements are equivalent.

(i) Q is a minimal qu;zsi-ideal of S.

(1)) @ = STanal'S for alla € Q.

(i1i) Q = S'TaNal'S? for alla € Q.
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Proof. The proof of (i) — (i) : Assume @ is a minimal quasi-ideal of S. Let
a € Q. So STanal'S C STQN QTS C Q. Since STaNal'S is a quasi-ideal of S,
by the minimality of Q,Q = STa N al'S. |

The proof of (i1) — (ii1) : Assume @ = STaNal'S for all @ € Q.
Let a € Q. Thus S'TanNal'S! = {a} U (STanal'S) = {a}UQ =Q.

The proof of (iii) — (i) : Assume Q = S'T'aNal'S? for all a € Q.
To show Q is minimal, let @' be a quasi-ideal of S contained in Q). Let z € Q.
So z € Q. By assumption, Q = S'T'z N z['S*. Therefore @ = STz N zI'S! C
SII'Q’ NQTS! = Q. Hence @ = Q. Thus Q is a minimal quasi-ideal of S. 0O

2.2 Relationship between Minimal quasi-ideals and Green’s

relations

The Green’s relations £, R and H on a I'-semigroup S are defined by the following
rules :

(i) aLb if and only if S'T'a = S'I'b where S'T'a = STa U {a}.

(ii) aRb if and only if aI'S? = bI'S? where aI'S* = aI'S U {a}.

i) H=LNR.

We can see some properties of Green’s relations of I-semigroups
(Chinram and Siammai, 2008) in 2008.

Let S be a '-semigroup. Define the relation @ on S by

aQb if and only if aI'S* N S'Ta = bI'S N S'T'b

where S'T'aNal’'S! = (STaNal'S)U{a}. We have the relation Q is an equivalence

relation on S, moreover we have
Theorem 2.4. H = Q.

Proof. Let a,b € S be such that a}{b. Hence alb and aRb. This implies that
STa = S'T'b and al’'S? = bI'S. So aT'S* N S T'a = bI'S? N S'T'b. Therefore aQb.

Conversely, let a,b € S be such that a@b. Then aI'S* N S'Ta =
bI'S' N S'T'b. If a = b, then aMb. Suppose that a # b. So a € STHN IS and
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b e STanal'S. Since a € STb and b € STa,S'a = S'I'b. Since a € bI'S and
b € al'S,al’S* = bI'S?. So aLb and aRb. Therefore aHb. O

Let Q be a quasi-ideal of a I-semigroup S. Then S'T'Q N QI'S! =
QU (STQ NQIS) = Q. The following theorem give the necessary and sufficient

conditions for a quasi-ideal of S to be a minimal quasi-ideal of S.

Theorem 2.5. Let Q be a quasi-ideal of a I'-semigroup S. Then Q is a minimal
quasi-ideal of S if and only if Q is a H-class.

Proof. Assume @ is a minimal quasi-ideal of S. Let a,b € S. By Theorem 2.4,
STaNall’S? = Q = S'TbNbI'S. Thus a™b. This implies Q is a H-class.

Conversely, assume () is a H-class. We have that
STanal'S! = S'TbNbIS! for all a,b € Q. (2.5.1)

Let z be a fixed element in Q and let y € Q. Theny € S'TyNyl'S! = ST'zNzl'S!.
Hence Q C ST'zNzI'St. Since z € Q, S T'zNzI'S* C SITQNQTS! C Q. Hence
Q = S'T'zNzl'St. By (2.5.1), @ = S'TaNal'S! for all a € Q. By Theorem 2.4,
Q is a minimal quasi-ideal of S. 0

The following corollary holds.

Corollary 2.6. Let S be a I'-semigroup. Then S is a quasi-simple I'-semigroup
if and only if S is a H-class.

Proof. Assume S is a quasi-simple I'-semigroup. Then S is a minimal quasi-ideal
of S. By Theorem 2.5, S is a H-class.
Conversely, assume S is a H-class. By Theorem 2.5, S is a minimal

quasi-ideal of S. Hence S is a quasi-simple I'-semigroup. a



CHAPTER 3

(m, n)-quasi-ideals and minimal (m, n)-quasi-ideals in
I'-semigroups

£

In this chapter, we study m-left ideals, n-right ideals and (m, n)-
quasi-ideals of I'-semigroups. We have that a quasi-ideal Q of a I'-semigroup Sis
a (1,1)-quasi-ideal of §. We show that every (m, n)-quasi-ideal of a I-semigroup
S can be written as the intersection of an m-left ideal and an n-right ideal of S.

Moreover, every minimal (m, n)-quasi-ideal of a I'-semigroup S can
be written as the intersection of a minimal m-left ideal and a minimal n-right ideal
of S.

3.1 (m,n)-quasi-ideals

In this section, we study (m,n)-quasi-ideals of I'-semigroups. We
show that the intersection of an m-left ideal and an n-right ideal of a I-semigroup
S is an (m, n)-quasi-ideal of S and every (m,n)-quasi-ideal can be obtiaaed in this

way.

Definition 3.1. Let A be a nonempty subset of a I-semigroup Sand n € N. A
set A™ is defined to be the set

A" = ATAl.TA.

n numbers of A

For example, A2 = Al'A and A® = AT'ATA.

Definition 3.2. Let S be a I'-semjgroup. A subI-semigroup @ of S is called an
(m,n)-quasi-ideal of S if STTQNQI'S™ C Q where m and n are positive integers.

We have that a quasi-ideal Q of a I'-semigroup S is a (1, 1)-quasi-
ideal of S.

15
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Definition 3.3. Let S be a I'-semigroup. A subl-semigroup L of S is called an
m-left ideal of S if S®I'L C L where m is a positive integer. A subI’-semigroup
R of S is called an n-right ideal of S if RT'S™ C R where n is a positive integér.

The following lemma is ture.

Lemma 3.1. Let S be a I'-semigroup and T; be a subl'-semigroup of S for all
iel. Ifﬂﬂ # @, then ﬂT. is a subl'-semigroup of S.

iel i€l
Proof. Assume ﬂT, is nonempty. Let a,b € ﬂT, Then a,b € T; for all ¢ € I.
Since T is a subif‘{semigroup of Sforallie ] ,ii{yb €T;foralliel ,yeI. Thus
ayb € nT, for all a,b € ﬂT,- , 7 € I'. Therefore ﬂT, is a subI'-semigroup of

iel iel iel

]
The following theorem is true.

Theorem 3.2. Let S be a I'-semigroup.

(i) Let Q; be an (m,n)-quasi-ideal of S for alli € I. IfﬂQ,- # 0, then ﬂQ,-
i€l iel
is an (m, n)-quasi-ideal of S.

(i) Let L; be an m-left ideal of S for alli € I. If (\L: # 0, then [ ] L; is an
iel iel
m-left ideal of S.
(111) Let R; be an n-right ideal of S for alli € I. IfﬂR; # 0, then ﬂR,,' is an
iel iel

n-right ideal of S.

Proof. (i) Assume ﬂQi is nonempty. By Lemma 3.1, we have ﬂQ,- is a subl'-

iel i€l
semigroup of S. Next , let c € S’"F(ﬂ Q)N (n Q;)I'S™. Then ¢ = zyq = puy
iel i€l
for some z € S™,y € S™ and p,q € ﬂQ,— and vy,u € T. Thus p,q € Q; for all
- iel

i €I Thence S™I'Q;NQ;I'S™ for all ¢ € I. Since Q; is a (m,n)-quasi-ideal

of Sforalli € I,ce Q; forallt € I. Thenc € ﬂQi. Therefore ﬂQi is an
iel i€l

(m, n)-quasi-ideal of S.

(ii) and (iii) can be proved similarly to (i). O
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Let A be a nonempty subset of a I-semigroup S and T = {Q | Q
is an (m, n)-quasi-ideal of S containing A}. Then Z is not empty because S €

I. Let (A)gimm = ﬂ Q. It is clearly see that (A)g(m,n) is nonempty because
Qez
A C (A)g(m,ny- By Theorem 3.2, (A)g(m,n) is an (m, n)-quasi-ideal of S. Moreover,

(A)g(m,n) is the smallest (m,n)-quasi-ideal of S containing A. The (m, n)-quasi-
ideal (A)g(m,n) is called the (m,n)-quasi-ideal of S generated by A. The m-left
ideal (A)ym) of S generated by A and n-right ideal (A),() of S generated by A are
defined analogously.

Theorem 3.3. Let A be a nonempty subset of a T'-semigroup S. Then

max {m,n}
() (Agmm=( |J A)U(S"TANATS").

g==1

(i) (Am) = (| JA)US™TA.

i=1 :

(i) (A)rmy = (| J A') U ATS™.

i=1

k
Proof. (i) Let k = max{m,n} and Q = (| ] A')U(S™TANATS™). Clearly, A C Q.
i=1

Next, let z,y € Q.
k
Case 1: z,y € UA‘. Then zy € A! for some t € N.

=1 "
Case 1.1 : t < k. Then zy € UA‘.
~
Case 1.2 : ¢ > k. Then zy € S"T'AN ATS".

Case 2: z € S"TANAI'S" or y € S"TAN AI'S". Then zy €
S™TAN AT'S™.
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Then Q is a subI-semigroup of S containing A. Next, we have

k k
S™TQNQrs™ = S™T((| J4) U (S"TAN ATS™) N ((| ] A) U (S"TAN ATS™))rS™

t=1 i=1

C s"'r((o A)US™TA) N ((0 AY)U ATS™)rS™

t=1

C S"TANArS"
ce.

Now, we have Q is an (m, n)-quasi-ideal of S containing A.
To show Q is smallest, let Q¥ be any (m, n)-quasi-ideal of S contain-
ing A. Thus A"%Q’forallieNand ST"TANAI'S® C S™I'Q' NQTS" C Q.
Therefore Q = (| ] A*) U(S"TAN AT'S™) C Q. Then Q C Q.
i=1

Hence, Q is the smallest (m, n)-quasi-ideal of S containing A. There-

max {m,n}
fore (A)gemm =( |J A*)U(S™TANATS™), as required.

$=1
k
(ii) Let k =m and L = (| JA") US™TA. Clearly, A C L. Next, let

=1

z,y € L.

k
Case 1: z,y € UA‘. Then zy € At for some ¢t € N.

i=1
k
Case 1.1 : t < k. Then zy € UA‘.
=1
Case 1.2: t> k. Thenzy € :Sz’:"‘l"A.
Case 2: £ € S"TA or y € S"T'A. Then zy € S"TA.

Then L is a subI-semigroup of S containing A. Next, we have

k
S™TL = S™((| 4" u (S™T4))

=1
C S™TA

CL.
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Now, we have L is an m-left ideal of S containing A.
To show L is smallest, let L' be any m-left ideal of S containing

A;‘ Thus A* C L' for all i € N and S™T'A C S™I'L’ C L'. Therefore L =
(JA)US"TACL. Then LC L'

= Hence, L is the smallest m-left ideal of S containing A. Therefore
(Am) = (D A*) U S™T'A, as required.

=1

(iii) can be proved similarly to (ii). O
The following theorem is true.

Theorem 3.4. Let L and R be an m-left ideal and an n-right ideal of a T'-
semigroup S, respectively. Then LN R is an (m,n)-quasi-ideal of S.

Proof. By properties of L and R, we have R"TL* C S"TLN RT'S® C LN R.
Then LN R is nonempty. By Lemma 3.1, we have L N R is a subI'-semigroup of
S. Next, we have

(S"T(LNR))N((LNAR)TS™) C S"TLNRIS*C LNR.

Hence LN R is an (m, n)-quasi-ideal of S. o

The next theorem shows that every (m, n)-quasi-ideal of a I-semigroup

S can be written as the intersection of an m-left ideal and an n-right ideal of S.

Theorem 3.5. Every (m,n)-quasi-ideal Q of a I'-semigroup S is the intersection
of some m-left ideal and some n-right ideal of S.

Proof. Let Q be an (m,n)-quasi-ideal of S. Let L = Q U S™I'Q and
R = QU QT'S™. To show L is a subl-semigroup of S, let a,b€ L and y €T

Case 1 : a,b € Q. Since Q is a sub I'-semigroup of S, ayb € Q C L.
Case 2:a€Qandbe S™I'Q. Then ayb € QT'S™I'Q C S™I'Q C

Case 3 : a € S"T'Q and b € Q. Then ayb € S"TQIQ C S™I'Q C
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Case 4 : a € S™I'Q and b € S™I'Q. Then ayb € S"T'QS™I'Q C
S™T'Q C L.

Then L is a subI-semigroup of S. Next, we have
S™TL=8S"T(QUS™IQ)=S"TQUS™TI'Q C S"I'Q C L.

Hence L is an m-left ideal of S. Similarly, R is an n-right ideal of S.
Finally, we claim that @ = L N R. It is easy to see that

Q< (QUS™TQ)N(QUQTS™) =LNR.

Conversely, we have LNR = (QUS™TI'Q)N(QUQETI'S™) = QU(S™T'@NQTS"™) C Q.
Hence @ = LN R. O
3.2 Minimal (m,n)-quasi-ideals

In this section, we study minimal (m, n)-quasi-ideals of I'-semigroups.
We have that every minimal (m, n)-quasi-ideal of a I'-semigroup S can be written

as the the intersection of a minimal m-left ideal and a minimal n-right ideal of S.

Definition 3.4. Let S be a I'-semigroup. An (m,n)-quasi-ideal of a I'-semigroup
S is called a minimal (m,n)-quasi-ideal of S if @) does not properly contain any
(m,n)-quasi-ideal of S. Minimal m-left ideals and minimal n-right ideals are

defined analogously.
The following lemma holds.

Lemma 3.6. Let S be a I'-semigroup and a € S. The following statements are

true.
(i) S™T'a 1s an m-left ideal of S.
(i) al'S™ is an n-right ideal of S.

(111) S™TaNal'S™ is an (m,n)-quasi-ideal of S.
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Proof. (i) We have (S™I'a)(S™I'a) C S™I'a and S™I'(S™TI'a) C S™Ta, (i) holds.
(ii) It is similar to (i).

(iii) It follows by (i), (ii) and Theorem 3.4. .0
The following theorem is true.

Theorem 3.7. Let S be a I'-semigroup and Q be an (m,n)-quasi-ideal of S. Then
Q is minimal if and only if Q is the intersection of some minimal m-left ideal L

and some minimal n-right ideal R of S.

Proof. Assume that ) = LN R for some minimal m-left ideal L and some minimal
n-right ideal R of S. So Q C L and @ C R. Let @ be an (m,n)-quasi-ideal of S
contained in ). Then

S™TQ C S™TQ C S™TL C L and QTS" C QI'S™ C RT'S" C R.

It is easy to prove that S™I'Q’ and @Q'I'S™ is an m-left ideal and an n-right ideal
of S, respectively. By the minimality of L and R, we have S"I'Q’ = L and
QTS*"=R. Hence Q =LNR=S"TQ NQTS* C . Thus @ = Q. Therefore
@ is a minimal (m, n)-quasi-ideal of S.

Conversely, assume @ is a minimal (m,n)-quasi-ideal of S. Let
a € Q. By Lemma 3.6, we have known that S™I'a,al'S™ and S™I'a N al'S™ are
an m-left ideal, an n-right ideal and an (m, n)-quasi-ideal of S, respectively. Since
S™TaNal'S™ C S"I'QNQIS™ C @, by the minimality of Q, S"Tl'aNal'S™ = Q.

Now, we shall show that S™I'a is a minimal m-left ideal of S. Let L
be an m-left ideal of S contained in S™I'a. Then LNal'S™ C S™T'aNal'S™ = Q.
Since LNal'S™ is an (m, n)-quasi-ideal of S, therefore the minimality of Q implies
that LN al'S™ = Q. Then Q C L. Therefore S™I'a C S™I'Q C S™I'L C L. This
implies L = S™TI'a. Thus the m-left ideal S™I'a is minimal. The minimality of

the n-right ideal aI'S™ can be proved dually. a

It is remarkable that not every I'-semigroup contains a minimal

(m,n)-quasi-ideal. Now, we give necessary and sufficient for the existence of a
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minimal (m, n)—quasi—ideal of a I'-semigroup. The following corollary is obtained

directly from Theorem 3.7.

Corollary 3.8. Let S be a I'-semigroup. Then S has at least one minimal (m,n)-
quasi-ideal if and only if S has at least one minimal m-left ideal and at least one

minimal n-right ideal.
The following theorem holds.
Theorem 3.9. Let S be a I'-semigroup. The following statements are true.
(i) An m-left ideal L is minimal if and only if S"T'a = L for all a € L.
(ii) An n-right ideal R is minimal if and only if aT'S™ = R for all a € R.
(iii) An (m,n)-quasi-ideal Q is minimal if and only if S"TaNal'S™ = Q for all
a€ Q.

Proof. (i) Assume L is minimal. Let @ € L. Then S™I'a € S™I'L C L. By
Lemma. 3.6(i), we have known that S™I'a is an m-left ideal of S. Since L is a
minimal m-left ideal of S, S™I'a = L.

Conversely, assume S™I'a = L for all a € L. To show L is minimal,
let L’ be an m-left ideal of S contained in L. Let z € L'’. Then z € L, by
assumption. S™I'z = L. Now, we have L = S™T'z C S™I'L’ C L'. Then L' = L.
This implies that L is minimal.

(ii) and (iii) can be proved similarly to (i). O

Definition 3.5. A I'-semigroup S is called an (m,n)-quasi-simple I'-semigroup
if S is a unique (m,n)-quasi-ideal of S. An m-left simple I'-semigroup and an

n-right simple I'-semigroup are defined analogously.
The following theorem follows by Theorem 3.9.
Theorem 3.10. Let S be a F-semz’éroup. The following statements are irue.
(i) S is an m-left simple T'-semigroup if and only if S"T'a =S for alla € S.

(ii) S is an n-right simple T'-semigroup if and only if al'S™ = S for alla € S.
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(i) S is an (m,n)-quasi simple I'-semigroup if and only if S"T'aNal'S™ = S for
alla€ S.

Proof. (i) Since S is an m-left simple semigroup, S is a minimal m-left ideal of S.
By Theorem 3.9(i), S"T'a= S foralla € S.

Conversely, assume S™I'a = S for all a € S. By Theorem 3.9(i), S
is a minimal m-left ideal of S. Then S is an m-left simple I'-semigroup.

(i) and (iii) can be proved similarly to (). O
Theorem 3.11. Let S be a I'-semigroup. The following statements are true.

(i) Let L be an m-left ideal of S. If L is an m-left simple T'-semigroup, then L

is a minimal m-left ideal of S.

(ii) Let R be an n-right ideal of S. If R is an n-right simple I'-semigroup, then

R is a minimal n-right ideal of S.

(iii) Let Q be an (m,n)-quasi-ideal of S. If Q is an (m,n)-quasi-simple T'-

semigroup, then Q is a minimal (m,n)-quasi-ideal of S.

Proof. (i) Assume L is an m-left simple I'-semigroup. By Theorem 3.10(i), L™I'a =
L for all a € L. For each a € L, we have

L=L"TaCS™"TaCS"I'LCL.

Then S™I'a = L for all a € L. By Theorem 3.9(i), L is minimal.
(ii) and (iii) can be proved similarly to (i). O

Remark 3.1. We have known that a left ideal, a right ideal and a quasi-ideal of a
I-semigroup are a 1-left ideal, a 1-right ideal and a (1,1) quasi-ideal of S. Then
all theorems of this chapter is true for left ideals, right ideals and quasi-ideals of

I-semigroups where m =n = 1.




CHAPTER 4

Roughness of quasi-ideals in I'-semigroups

The notion of rough sets was introduced by Z. Pawlak (Pawlak,
1982) in the year 1982. The theory of rough sets has emerged as another major
mathematical approach for managing uncertainty that arises from inexact, noisy
or incomplete informagion. In the year 2003, Young Bae Jun (Jun, 2003) studied
the lower and upper approximations with respect to congruences in I'-semigroups.
In this chapter, we study ©-lower and B-upper rough quasi-ideals and (m,n)-

quasi-ideals in I’-semigroups.

4.1 The lower and upper approximations with respect to

congruences

In 2003, Y. B. Jun (Jun, 2003) studied the lower and upper ap-

proximations with respect to congruence in I'-semigroups as follows:

Definition 4.1. Let S be a I'-semigroup. An equivalence relation © on S is called

a congruence on S if
(a,b) € O, implies (ayz, byz) € O and (zya,zvb) € ©
for all a,b,z € Sand y €T

Definition 4.2. Let [a]e denote the congruence class containing the element a €

S. A congruence O on S is said to be complete if

[a]oy[ble = [avble

for all a,b€ S and y € T.

24
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Definition 4.3. Let A be a nonempty subset of a I'-semigroup S and © be a
congruence on S. The ©-lower approrimation and ©-upper approrimation of A

are defined to be the sets
O(4) = {z € | [clo € A}
and
B(A)={z€ S| [zlenA# 0},
respectively.

Example 4.1. Let ' = {5,7}. Forz,y € Nand y € I', define zyy =z x v x y
where - is the usual multiplication on N. Then N is a I'-semigroup.

Define a relation © on N by
aOb<>3|a—bforalla,beN.

Let A; = {3,12}. We have ©(4,) =0 and 6(4,) = {3n | n € N}.

Let A; = {3n|n € N} U {1}. We have 8(A;) = {3n | n € N} and 6(4;) = {3n |
neN}uU{3n—-2|neN}.

Let A3 = {3n | n € N} U {1,2}. We have 8(43) = {3n | n € N} and ©(43) =N.

The next theorem 4.1 is well-known (Jun, 2003).

Theorem 4.1. Let © be a congruence on a I'-semigroup S and let A and B be

nonempty subsets of S. The following statements are true.
(1) ©&(4) C ACO(4).
(i) ©(S) =S =6(S).
(i43) ©(AU B) = B(A)UB(B).
(iv) ©(AN B) = 6(A4) NO(B).
(v) A C B implies ©(A) C ©(B) and 6(A) C 6(B).

(vi) ©(8(4)) = 8(4) and B(6(4)) = B(4).
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(vii) ©(4)UB(B) C (AU B).
(viii) ©(AN B) C 6(4) N 6(B).
(iz) B(A)TS(B) C B(ATB).
(z) If © is complete, then O(AYFO(B) < 6(ATB).

Proof. (i) If z € ©(A), then z € [z]o C A. Hence ©(A) C A. Now let z € A.
Since ¢ € [z]o, we have [z]oe N A # 0, and so z € 6(A). Thus A C B(A).
(it) By(i), we have 8(S) C (S). Let z € S. Obviously, we have
S C B6(S). Then ©(S) = (S). By(i), we have S C ©(S). It is cleary that
6(S) C (S). Hence 6(S) = S = 6(S).
(iii) and (iv) Note that

€ B(AUB) & [slo N (AUB) # 0
& ([zlenA)U([zleN B) # 0
&zleNA#Bor[zleNB#0
&z € ©(A) or z € 6(B)
& 1 € 6(A)UB(B),

and

z € 8(ANB) & [z]o C (AN B)
¢ [z]e C A and [z]le C B
& ¢ € O(A) and z € 8(B)
&z € 6(A)NO(B).

Hence (iii) and (iv) and valid.
(v) Since A C B if and only if AN B = A, it follows from (iv) that

8(4) = &(An B) = 6(4) N &(B)
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so that ©(A) C ©(B). Note also that A C B if and only if AUB = B.
Thus, by (v), we have |

©(B) = 6(AU B) = 6(4) UB(B),

which implies that 6(A) C 6(B).

(vi) By (i) and (vi), we get ©(6(A)) C ©(A). Now let z € B(A),
then z € [r]Jo € A. Thus for all y € [z]e, [yle = [z]le € A. Then [yle € A
for all y € [z]e. Hence y € 6(A) for all y € [z]e. If follow that [z]e C ©(A),
which implies that z € 8(6(A)). Then 8(8(A)) = B(A). By (i) and (vi), we get
B(A4) C 6(6(4)). Now let z € 6(6(A), then [z]e N O(A) # 0. Therefore there
exist y € [z]e NB(A). Thus y € 6(A). So [yleN A # 0. Since y € [z]o, [yle =
[z]e. This implies that [z]e N A # 0. Then z € 6(A). Hence (vi) valid.

(vii) and (viii) Using (vi), we get ©(A) C ©(AU B) and 8(B) C
©(AU B). Hence 8(A) U©O(B) C 8(AU B). Also 6(ANn B) C B(A) and
©(AN B) C ©(B), which yields 8(AN B) C 6(A) NO(B).

(ix) Let w € ©(A)'G(B). Then w = zvyy with z € B(A),y €
©(B) and v € T, and therefore there exist a,b € S such that a € [z]o N A and
b € [yJe N B. Since O is a congruence, it follows that

ayb € [zlerlyle S [z1vle.
On the other hand, since ayb € AI'B, we have ayb € [zyyle N A'B, and so
w = z7yy € O(ATB). This shown that ©(A)[6(B) C 6(AI'B).
_ (x) Assme that © is complete and let u € O(A)'9(B). Then u =

Ty with z € ©(A),y € ©(B) and v € I". It follows that [z]e C A and [y]e C B.

Since © is complete, we have

[zvyle = [z]ev[yle € Al'B,

and so u = zyy € O(Al'B). Hence ©O(A)'Q(B) C ©(ATI'B). O




28

4.2 The B-lower and ©-upper rough quasi-ideals

In this section, we study ©-lower and ©-upper rough quasi-ideals
in -semigroups. We have the intersection of a ©-lower rough left ideal and a
©-lower rough right ideal of a '-semigroup S is a ©-lower rough quasi-ideal of
S and if © is complete, then we have every quasi-ideal of a I'-semigroup is the

intersection of a ©-lower rough left ideal and a ©-lower rough right ideal of S.

Definition 4.4. Let © be a congruence on a I'-semigroup S. A nonempty subset
A of S is called a ©-lower (©-upper, respectively) rough subl'-semigroup of S if
the ©-lower (©-upper, respectively) approximation of A is a subI-semigroup of
S. The ©-lower and ©-upper rough right ideal (left ideal, ideal) of S are defined

analogously.

Definition 4.5. Let S be a I'-semigroup and © be a congruence on S. A nonempty
subset Q of S is called a ©-lower (©-upper, respectively) rough quasi-ideal of S if
the ©-lower (©-upper, respectively) approximation of Q is a quasi-ideal of S.

Theorem 4.2. Let © be a congruence on a I'-semigroup S and Q be a quasi-ideal

of S. If © is complete and ©(Q) # 0, then Q is a ©-lower rough quasi-ideal of S.

Proof. Let Q be a quasi-ideal of S. Then STQ N QLS C Q. Assume that © is
complete and ©(Q) # 0. We have

STO(Q) NB(Q)TS = 8(S)Ie(Q) NB(QITE(S) € B(STR NQTS) € 8(Q).

Then ©(Q) is a quasi-ideal of S. Therefore @ is a ©-lower rough quasi-ideal of
S. O

The next theorem shows that the intersection of a ©-lower rough
left ideal and a ©-lower rough right ideal of a I'-semigroup S is a ©-lower rough
quasi-ideal of S. )

Theorem 4.3. Let S be a I'-semigroup and © be a congruence on S. Let L and
R be a ©-lower rough left ideal and a ©-lower rough right ideal of S, respectively.
Then LN R is a ©-lower rough quasi-ideal of S.
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Proof. Let L and R be a ©-lower rough left ideal and a ©-lower rough right ideal
of S, respectively. Then STO(L) C ©(L) and B(R)I'S C O(R). We have

O(R)TO(L) C STO(L)NO(R)T'S C B(L) NO(R) = 8(LN R).
Then ©(L N R) is nonempty. We have

STe(L N R)N8(LN R)T'S C STO(L) NO(R)T'S
C O(L)N (R
=©8(LNR).

Then ©(L N R) is a quasi-ideal of S. Hence L N R is a ©-lower rough quasi-ideal
of S. ‘ O

The next theorem shows that if © is complete, then we have every
quasi-ideal of a [-semigroup is the intersection of a ©-lower rough left ideal and

a ©-lower rough right ideal of S.

Theorem 4.4. Let S be a T'-semigroup and © be a complete congruence on S.
Let Q be a quasi-ideal of S. Then there exist a ©-lower rough left ideal L and a
O-lower rough right ideal R of S such that @ = LN R.

Proof. Let Q be a quasi-ideal of S. Then STQNQI'S C Q. Let L = QUO(STQ)
and R = QU B(QTS). It is easy to see that Q C L N R. We have

LNR=(QUO(STQ)) N (QUEO(QTS))
= QU (O(STQ) N O(QTS))
=QuUO(STRNQrLS)

C QUSBQ)
=Q.

So@=LNR.
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Next, we show that L is a ©-lower rough left ideal of S. We have

STO(L) = STE(Q U B(STQ))
= 8(S)re(Q U B(STQ))
C O(ST(Q U B(STQ))) since © is complete
= 8(STQ U STE(STQ))
C O(STQ U B(STSTQ))
C ©(STQU STSTQ)
= B(ST'Q)
o(6(srQ))
(L).

[

IN
1D

Then L is a ©-lower rough left ideal of S. Similarly, R is a ©-lower rough right
ideal of S. 0

Let © be a congruence on a I'-semigroup S. The ©-lower approx-
imation and ©-upper approximation can be presented in an equivalent from as

shown below:

6(A4)/6 = {[z]e € 5/6 | [z]e S A}

and
6(A4)/6 = {[z]e € 5/0 | [zle N A # 8},

respectively.

Theorem 4.5. Let © be complete congruence on a I'-semigroup S. The following

statements are true.

(1) If Q is a ©-lower rough quasi-ideal of S, then O(Q)/O is a quasi-ideal of
S/O.

(43) If Q is a ©-upper rough quasi-ideal of S, then ©(Q)/© is a quasi-ideal of
S/0.
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Proof. (i) Let [a]le € (S/O)['(8(Q)/0) N (B(Q)/O)'(S/6). Then there exist
[z1]e, [z2]e € B(Q)/O, a, B €T and [y]e, [12]e € 5/O such that

[ale = [y1]ec(zi]e = [22]eB(y2]e-
Then [z1]e, [z2]e € Q. This implies z € O(Q) for all z € [z1]e U [£2]e. Thus
[z1]e € B(Q) and [zo)e C B(Q). Since B(Q) is a quasi-ideal of S,

[ale C STO(Q)NB(Q)TS € 8(Q) € Q.
So [a]e € ©(Q)/O. Therefore ©(Q)/O is a quasi-ideal of 5/O.
(ii) Let [ale € (S/O)T(B(Q)/O) N (©(Q)/O)'(S/O). Then there

exist [z1]e, [z2]0 € ©(Q)/6, o, B €T and [y1]e, [12]le € S/O such that

[ale = [w1]ec(zi]e = [z2]eB(v2]e-
Then [z1)e N Q # 0 and [z3)e N Q # O. This implies z € ©(Q) for all z €
[z1)e U [z2]e. We have

[ale € STB(Q)NB(Q)TS € O(Q).

Then a € ©(Q). Thus [a]e N Q # @. This implies that [a]e € ©(Q)/O. Therefore
6(Q)/O is a quasi-ideal of S/6O. 0

Definition 4.6. Let S be a I-semigroup. A subI-semigroup B of S is called a
bi-ideal of S if BI'STB C B.
We have known that every quasi-ideal of S is a bi-ideal of S.

Definition 4.7. Let S be a I'-semigroup and © be a congruence on S. A nonempty
subset A of S is called a ©-lower (©-upper, respectively) rough bi-ideal of S if the

©-lower (©-upper, respectively) approximation of A is a bi-ideal of S.

Theorem 4.6. Let § be a I'-semigroup and © be a congruence on S. The following

statements are true.
(1) FEevery ©-lower rough quasi-ideal of S is a ©-lower rough bi-ideal of S.

(it) Every ©-upper rough quasi-ideal of S is a ©-upper rough bi-ideal of S.
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Proof. (i) Let @ be a ©-lower rough quasi-ideal of S. Then ©(Q) is a subl-
semigroup of S and STO(Q) N O(Q)I'S C ©(Q). We have that

O(Q)TSTO(Q) € STO(Q) NB(Q)TS € 8(Q).

Hence ©6(Q) is a bi-ideal of S. Hence @ is a ©-lower rough bi-ideal of S.
(i) It is similar to (i). O

Theorem 4.7. Let S be a T'-semigroup and © be a congruence on S. IfQ is a
quasi-ideal of S, then Q is a ©-upper rough bi-ideal of S.

Proof. Let Q be a quasi-ideal of S. Then STQ N QIS C Q. Since Q C B(Q),
6(Q) # 0. We have

6(Q)TB(Q) € B(QrQ) C B(Q).
Then 6(Q) is a subl-semigroup of S. Next, we have

B(Q)TSTO(Q) = B(RQITB(S)I'O(Q) € B(QTSTQ) € 6((STR)N(QTS)) € 6(Q)-

Therefore 8(Q) is a bi-ideal of S. Then Q is a ©-upper rough bi-ideal of . O

4.3 The O-lower and 6-upper rough (m,n)-quasi-ideals

In this section, we study ©-lower and ©-upper rough (m, n)-quasi-
ideals in I'-semigroups. We have the intersection of a ©-lower rough m-left ideal
and a ©-lower rough n-right ideal of a I'-semigroup S is a ©-lower rough quasi-ideal
of S and if © is complete, then we have every (m, n)-quasi-ideal of a I'-semigroup

is the intersection of a ©-lower rough m-left ideal and a ©-lower rough n-right

ideal of S.

Definition 4.8. Let S be a I-semigroup and © be a congruence on S. A nonempty
subset @ of S is called a ©-lower (©-upper, respectively) rough (m,n)-quasi-ideal
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of S if the ©-lower (©-upper, respectively) approximation of Q is a (m, n)-quasi-
ideal of S. The O-lower and ©-upper rough n-right ideal (m-left ideal) of S are
defined analogously. |

Theorem 4.8. Let © be a congruence on a T'-semigroup S and Q be an (m, n)quasi-
ideal of S. If © is complete and ©(Q) # 0, then Q is a ©-lower rough (m,n)-
quasi-ideal of S.

Proof. Let Q be an (m,n)-quasi-ideal of S. Then S™I'Q N QT'S™ C Q. Assume
that © is complete and ©(Q) # 0. We have

STTO(Q)NB(QITS™ = 8(S)"TO(Q)N(Q)TE(S)" € O(S™TRNQTS™) € 8(Q).
Then ©(Q) is an (m, n)-quasi-ideal of S. Therefore Q is a ©-lower rough (m, n)-
quasi-ideal of S. O

The next theorem shows that the intersection of a ©-lower rough
m-left ideal and a ©-lower rough n-right ideal of a I'-semigroup S is a ©-lower
rough quasi-ideal of S.

Theorem 4.9. Let S be a I'-semigroup and © be a congruence on S. Let L and R
be a ©-lower rough m-left ideal and a ©-lower rough n-right ideal of S, respectively.
Then LN R is a ©-lower rough (m, n)-quasi-ideal of S.

Proof. Let L and R be a ©-lower rough m-left ideal and a ©-lower rough n-right
ideal of S, respectively. Then S"I'©(L) C ©(L) and ©(R)I'S™ C ©(R). We have

B(R)"Te(L)" C S"Ie(L) N &(R)TS™ € 6(L) N &(R) = (LN R).
Then ©(L N R) is nonempty. We have

S™re(L N R) N (L N-R)LS™ C S™TO(L) N O(R)I'S™
C 8(L) N &(R)
=©(LNR).
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Then ©(L N R) is an (m,n)-quasi-ideal of S. Hence L N R is a ©-lower rough
(m, n)-quasi-ideal of S. | O

The next theorem shows that if © is complete, then we have every
(m, n)-quasi-ideal of a I'-semigroup is the intersection of a ©-lower rough m-left

ideal and a ©-lower rough n-right ideal of S.

Theorem 4.10. Let S be a I'-semigroup and © be a complete congruence on S.
Let Q be an (m, n)-quasi-ideal of S. Then there exist a ©-lower rough m-left ideal
L and a O-lower rough n-right ideal R of S such that Q = LN R.

Proof. Let Q be an (m,n)-quasi-ideal of S. Then S™T'Q N QI'S™ C Q. Let
L=QuUO(S™I'Q) and R=QUO(QTS"). It is easy to see that Q C LN R. We

have

LNR=(QUO((STTQ))N(QuUB(Qrs™))
= QU (8(S"TQ) NO(QTS™))
=QUO(S"TQNQrS™)

CQUE @)
=Q.

SoQ=LNR.
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Next, we show that L is a ©-lower rough m-left ideal of S. We have

S™I'e(L) = STTe(QUO(S™T'Q))
= 9(S)"TO(QUB(S™TQ))
C O(S™T(QUO(S™I'Q))) since O is complete
= 8(S"TQ U STTO(S™TQ))
C O(S"TQUO(S™TS™TQ))
C O(S"TrQUS™TS™IQ)
=8(5"TQ)
= &(8(s"TQ))
o(L).

Then L is a ©-lower rough m-left ideal of S. Similarly, R is a ©-lower rough
n-right ideal of S. O

Theorem 4.11. Let © be a complete congruence on a I'-semigroup S. The fol-

lowing statements are true.

(2) If Q is a ©-lower rough (m,n)-quasi-ideal of S, then ©(Q)/O is an (m,n)-
quasi-ideal of S/O.

(3) If Q is a ©-upper rough (m,n)-quasi-ideal of S, then 6(Q)/O is an (m,n)-
quasi-ideal of S/©.

Proof. (i) Let [ale € (S/©)™I'(8(Q)/0) N (8(Q)/O)'(S/6)". Then there exist
[z1]e, [z2]e € ©(Q)/O, a,8 € T and [yi]e, [12]e € (S/O)™,(S/O)" such that
[ale = [m]ealzile = [r2]eBlyz]e. Then [z4]6,(z2]Je € Q. This implies z € ©(Q)
for all z € [11]e U [z2)e. Thus [z1)e C ©(Q) and [z:]e C 8(Q). Since O(Q) is an
(m, n)-quasi-ideal of S,

lae € S™TO(Q) NO(Q)TS" C B(Q) C Q.

So [ae € ©(Q)/O. Therefore ©(Q)/O is an (m, n)-quasi-ideal of S/O.
(ii) Let [a]e € (S/O)™T(O(Q)/O)N(8(Q)/O)T'(S/O)". Then there
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exist [z1]e, [T2]o € ©(Q)/O, a,B € T and [y1]e, [12]e € (S/O)™, (S/O)" such that
[ale = [ni]ealzi]e = [z2]eBlya]e- Then [z1le N Q # @ and [z2]le N Q # 0. This
implies x € ©(Q) for all z € [1;]e U [z2]o. We have

[a]le € S™I'O(Q) NB(Q)T'S™ C B(Q).

Then a € 6(Q). Thus [a]e N Q # . This implies that [a]e € ©(Q)/O. Therefore
6(Q)/9© is an (m,n) quasi-ideal of S/O. 0O
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