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ABSTRACT

Let 7" be a nonempty set, - a ternary operation 7' X T'x T — T
and < a partially order on 7. Then (T, -) is called a ternary semigroup if for any

L1,X2,T3,T4,Ts S T7
($1$2$3)I41’5 = 1’1($2$3$4)I5 = $1$2(I3I4$5)

and (7, -, <) is an ordered ternary semigroup if 7" is a ternary semigroup and for all

1, %9, T3, T4 €T, 21 < x5 implies
T103T4 < Tol3ly, T3T1T4 < T3T2xy and x3w471 < T3T4To.

In this thesis, we give isomorphism theorems for ordered ternary semi-
groups, and we study fuzzy ideal and fuzzy filter of ordered ternary semigroups.
Moreover, we study rough bi-ideals, fuzzy bi-ideals and rough fuzzy

bi-ideals of ternary semigroups.
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CHAPTER 1

Introductions and Preliminaries

The formal definition of a ternary algebraic structure was given by
Lehmer (Lehmer, 1932), but earlier such structure was studied by Kasner (Kasner,
1904) and Prufer (Prufer, 1924). Lehmer investigated certain triple systems called
triplexes which turn out to be commutative ternary groups. The notion of ternary
semigroups was known to Banach (cf. Los, 1955) who is credited with an example
of a ternary semigroup which does not reduce to a semigroup. Any semigroup can
be reduced to a ternary semigroup but a ternary semigroup does not neccessarily
reduce to a semigroup. Many classical notions of semigroups have been extended
to ternary semigroups. The notion of fuzzy sets was introduced by Zadeh in 1965
(Zadeh, 1965). Many classical notions of fuzzy subset of semigroups have been
extended to ternary semigroups and ordered ternary semigroups.

In this thesis, we give isomorphism theorems of ordered ternary semi-
groups. We study fuzzy ideal and fuzzy filter of ordered ternary semigroups.

Moreover, we study rough bi-ideals, fuzzy bi-ideals and rough fuzzy

bi-ideals of ternary semigroups.



1.1 Semigroups

We will use the notation and terminology of Howie (Howie, 1976) to

introduce the notion of a semigroup as follows :

Definition 1. Let S be a nonempty set and * a binary operation on S. (S,x*) is

called a semigroup if * is associative, i.e.,
(axb)xc=ax(bxc) forall a,bjce S
Example 1.1. (N, +) and (R, x) are semigroups.

Example 1.2. (Z,—) is not a semigroup since for a,b,c € Z such that ¢ # 0, we

have
a—b—c)=a—-b+c#a—-b—c=(a—b)—c

Definition 2. Let S be a semigroup. A nonempty subset 7" of S is called a sub-

semigroup of S if ab € T for all a,b € T.

Definition 3. Let A be a nonempty set. An arbitrary subset of A x A is called a

relation on A.

Definition 4. Let S be a semigroup. A relation p on S is called an equivalence

relation on S if
(1) apa for all a € S (reflexive),
(2) apb implies bpa for all a,b € S (symmetric),

(3) apb and bpc imply apc for all a,b,c € S (transitive).



We will use the notation and terminology of Howie (Howie, 1976) to

introduce congruences and isomorphism theorems for semigroups as follows :

Definition 5. Let S be a semigroup. An equivalence relation p on S is called a

right congruence on S if

(a,b) € p implies (at,bt) € p  for all a,b,t € S,

and an equivalence relation p on S is called a left congruence on S if

(a,b) € p implies (ta,tb) € p  for all a,b,t € S.

An equivalence relation p on S is called a congruence on S if p is both a right and

left congruence on S.

Example 1.3. Let p be a relation on a semigroup (N, +) defined by

apb < 4la—0b  for all a,b e N.

We have p is a congruence on N.

Let S be a semigroup. For a € S, the p-congruence class containing

a is denoted by ap.

Definition 6. Let S be a semigroup and p a congruence on S. We define

S/p=A{ap | a€ S}

Theorem 1. Let S be a semigroup and p a congruence on S. For ap, bp € S/p,

let (ap)(bp) = (ab)p. Then S/p is a semigroup.



Definition 7. Let p be a congruence on a semigroup .S. The semigroup S/p is called

a quotient semigroup of S by a congruence p.

Definition 8. Let S be a semigroup. A subsemigroup A of S is called
(1) a left ideal of S if SAC A,
(2) a right ideal of S if AS C A,
(3) an ideal of S if A is both a left and right ideal of S.

Example 1.4. Let Z be the set of all integers and M, (Z) the set of all 2 x 2 matrices
over Z. We have known that M(7Z) is a semigroup under the usual multiplication.

Let

z 0 z Yy
L=/ | 2,y € Z} and R = { | z,y € Z}.
y 0 00

Then L is a left ideal of M5(Z) and R is a right ideal of My (Z).

Definition 9. Let S be a semigroup. A subsemigroup B of S is called a bi-ideal of

S if BSB C B.

Example 1.5. Let S = [0,1]. Then S is a semigroup under usual multiplication. Let
1 1

B =10, 5] Then B is a subsemigroup of S. We have that BSB C B = [0, z_l] C B.

Therefore B is a bi-ideal of S.

Example 1.6. Let N be the set of all positive integers. Then N is a semigroup under
the usual multiplication. Let B = 2N. Thus BNB = 4N C 2N = B. Hence B is a

bi-ideal of N.



Definition 10. Let S and 7' be semigroups. The mapping ¢ : S — T is called a

homomorphism if ¢(ab) = ¢(a)p(b) for all a,b € S.

Example 1.7. Let R be a semigroup of the set of all real numbers under the usual

addition. Define ¢ : R — R by ¢(a) = 2a for all a € R. Let a,b € R. We have

dla+b)=2(a+0b)
= 2a + 2b

= ¢(a) + o(b).
Hence ¢ is a homomorphism.

Definition 11. Let S and 7" be semigroups. The mapping ¢ : S — T is called an

isomorphism if ¢ is a bijective homomorphism.
Theorem 2. The following statements are true.

(1) Let p be a congruence on a semigroup S. The mapping p* : S — S/p

defined by

p?(z) = xp for all r €S

is a homomorphism.

(2) Let S and T be semigroups. If ¢ : S — T is a homomorphism, then the

relation

ker ¢ =¢top={(r,y) € S xS | d(x) = ¢(y)}



is a congruence on S and there is a monomorphism « : S/ker ¢ — T such

that ran o = ran ¢ and the diagram

s .

(kerg)# J /

S/ker¢

commutes.

Theorem 3. (First Isomorphism Theorem) Let S and T' be semigroups. If ¢ : S —

T is a homomorphism, then S/ker ¢ = ran ¢.

Theorem 4. Let p be a congruence on a semigroup S. If ¢ : S — T is a
homomorphism such that p C ker ¢, then there is a unique homomorphism

p:S/p— T such that ran  =ran ¢ and the diagram

s 2.

p#{ %
S/p

commutes.

Let p and o be congruences on a semigroup S with p C ¢. Define

the relation o/p on S/p by
o/p={(zp,yp) € S/px S/p | (z,y) € o}.
The following theorem holds.

Theorem 5. (Third Isomorphism Theorem) Let p and o be congruences on a

semigroup S such that p C o. The following statements hold.

(1) o/p is a congruence on S/p.

(2) (5/p)/(a/p) = 5/a.



1.2 Ternary semigroups

In 1932, Lehmer (Lehmer, 1932) introduced the definition of a ternary

semigroup as follows :

Definition 12. A nonempty set 7' is called a ternary semigroup if there exists a
ternary operation 7' x T' x T — T, written as (x1,zy, x3) — x1x2x3 satisfying the

following identity for any xy,xs, 3, x4, x5 € T,
(I1$2$3)$4I5 = I1<ZE2$3I4)SL’5 = $1$2($3I4SL’5).

We can see that any semigroup can be reduced to a ternary semigroup.
Banach showed that a ternary semigroup does not neccessarily reduce to a semigroup

by this example

Example 1.8. T = {—i,0,:} is a ternary semigroup while 7" is not a semigroup

under the multiplication over complex numbers.

Example 1.9. 7' = 7Z~ is a ternary semigroup while 7" is not a semigroup under the

multiplication over integers.

Definition 13. A nonempty subset S of T is called a ternary subsemigroup if

S8 C S.

Sioson (Sioson,1965) studied ideal theory in ternary semigroups. Now

we give the definition of ideals of ternary semigroups.

Definition 14. Let A be a nonempty subset of a ternary semigroup 7. Then A is

called



(1) a left ideal of T if TTA C A,

(2) a right ideal of T it ATT C A,

(3) a lateral ideal of T if TAT C A,

If A is a left, right and lateral ideal of T, A is called an ideal of T.

Definition 15. A ternary subsemigroup B of a ternary semigroup 7' is called a

bi-ideal of T'if BT BT B C B.

Kar and Maity (Kar and Maity, 2007) gave the definition of congru-

ences and isomorphism theorems of ternary semigroups as follows:

Definition 16. An equivalence relation p on a ternary semigroup 7" is called

(1) a left congruence if apb then (sta)p(stb) for all a,b,s,t € T,

(2) a right congruence if apb then (ast)p(bst) for all a,b, s, t € T,

(3) a lateral congruence if apb then (sat)p(sbt) for all a,b,s,t € T,

(4) a congruence if p is a left, right and lateral congruence.

Proposition 6. Let T be a ternary semigroup and p a congruence on T. Then
T/p=A{ap| a €T} is a ternary semigroup under the ternary operation defined

by (ap)(bp)(cp) = (abe)p for all a,b,c € T.

Definition 17. Let p be a congruence on a ternary semigroup 7. The ternary

semigroup 1'/p is called a quotient ternary semigroup of T by a congruence p.



Definition 18. Let S and 7" be ternary semigroups. A mapping ¢ from S to 7' is

called a homomorphism from S to T if ¢(abc) = ¢(a)p(b)¢(c) for all a,b,c € S.

Theorem 7. Let p be a congruence on a ternary semigroup 'I'. Then the mapping

f#*:T —T/p given by f#(x) = xp is a homomorphism.

Theorem 8. Let S and T be ternary semigroups. If ¢ : S — T is a homomorphism,

then the relation

ker ¢ =¢op={(z,y) € SxS | d(x) = d(y)}

is a congruence on S and there is a homomorphism « : S/ker ¢ — T such that
ran a =ran ¢ and the diagram

s 2.7

(kerg)# J /

S/ker¢

commutes.

Theorem 9. Let S and T be ternary semigroups. Let p be a congruence on a
semigroup S. If ¢ : S — T is a homomorphism such that p C ker ¢, then there is
a unique homomorphism 3 :S/p — T such that ran [ =ran ¢ and the diagram

s 2.

p#{ %

S/p

commutes.



1.3 Ordered semigroups

First, we review some definitions and theorems of order which are
basic knowledge for order semigroups and isomorphism theorems for ordered semi-

groups.

Definition 19. Let S be a nonempty set and < a relation on S. We call < is an

order on S if
(1) Ya € S, a < a (reflexive),
(2) Va,be S if a < b and b < a, then a = b (anti-symmetric),
(3) Va,b,ce S if a <band b < ¢, then a < ¢ (transitive).
Example 1.10. We have that < is an order on R.
Example 1.11. Let X be any set. We have that C is an order on P(X).

Definition 20. If < is an order on a nonempty set .S, then (5, <) is called a

partially ordered set.

Example 1.12. By Example 1.10 and 1.11, we have that (R, <) and (P(X),C) are

partially ordered sets.

Definition 21. Let S be a nonempty set, - a binary operation on S and < a relation

on S. We call (S,-, <) is an ordered semigroup if
(1) (S,-) is a semigroup,

(2) (S,<) is a partially ordered set,

10



(3) for all a,b,c € S, a < b implies ac < be and ca < cb.

Example 1.13. (N, +, <) is an ordered semigroup.

Example 1.14. (P(X),U, C) is an ordered semigroup.

Definition 22. Let (5,-, <) be an ordered semigroup. A relation p on S is called a

pseudo-order on S if

(1) <Cp,

(2) for all a,b € S, (a,b) € p and (b,c) € p imply (a,c) € p,

(3) for all a,b,c € S, (a,b) € p implies (ac, bc) € p and (ca, cb) € p.

Definition 23. Let (S, -, <g) and (7, *, <) be ordered semigroups and

f S — T a mapping from S to 7. A mapping f is called

(1) isotone if x,y € S, v <gy implies f(x) <7 f(y),

(2) reverse isotone if x,y € S, f(x) <r f(y) implies z <g y.

Remark 1. Every reverse isotone mapping is 1-1.

Definition 24. Let (S, -, <g) and (7, *, <) be ordered semigroups and

f S — T a mapping from S to 7. A mapping [ is called a homomorphism if

(1) f is isotone;

2) f(z-y) = f(z)* f(y) forallz,yeS.

11



Definition 25. Let (S,-,<g) and (7, *,<7) be ordered semigroups. A mapping
f 8 — T is called an isomorphism if f is an onto homomorphism which is also

reverse isotone.

In 1995, Kehayopulu and Tsingelis (Kehayopulu and Tsingelis, 1995)
have given isomorphism theorems for ordered semigroups.

If p is a pseudo-order on S, let p be a relation on S defined by

p=1{(a,b) € Sx S| (a,b) €pand (b,a) € p}.

Proposition 10. Let (S,-, <) be an ordered semigroup and p a pseudo-order on

S. Then p is a congruence on S.

Let S be an ordered semigroup and p a pseudo-order on S. By the
Proposition 1.9, we have that p is a congruence on S. Then the set S/p = {ap | a €
S} with multiplication (ap) - (bp) = (ab)p is a semigroup and an order <, defined

by
ap =, bp < there exist x € ap and y € bp such that x < y.

Proposition 11. Let S be an ordered semigroup and p a pseudo-order on S. The

following statements hold.
(1) For a,be S, ap =, bp if and only if (a,b) € p.
(2) =, is an order on S/p.

Proposition 12. Let (S,-,<) be an ordered semigroup and p a pseudo-order on
S. Then S/p is an ordered semigroup.

12



Let p** be a homomorphism of S onto S/p defined by p* : S — S/p

such that p#(a) = ap for all a € S.

Proposition 13. Ler (S, -, <g) and (T,*,<r) be ordered semigroups and

¢ : S — T a homomorphism. Define the relation gz~5 on S by

¢

{(a,0) € S x5 | ¢(a) <r ¢(b)}.
Then gz; is a pseudo-order on S.

Theorem 14. Let (S,-,<g) and (T,*,<r) be ordered semigroups and

¢S — T a homomorphism. If p is a pseudo-order on S such that p C ¢, then
the mapping ¢ : S/p — T defined by (ap) = ¢(a) is a unique homomorphism of
S/p into T such that ran ¢ = ran ¢ and the diagram

S——T

commutes (i.e., 1) o p* = ¢).

Let (5,-,<g) and (7, %, <7) be ordered semigroups and ¢ : S — T a
homomorphism. Define ker ¢ = {(a,b) € S x S | ¢(a) = ¢(b)}. It is easy to see

that ker¢ is a congruence on S. We have

(a,b) € ker ¢ < ¢(a) = ¢(b)

13



So ker ¢ = gz:5 The following theorem holds.

Theorem 15. (First Isomorphism Theorem) Let (S, -, <g) and (T,*,<r) be ordered

semigroups and ¢ : S — T a homomorphism. Then S/ker ¢ = ran ¢.

Let p and o be pseudo-orders on an ordered semigroup S with p C o.

Define the relation o/p on S/p by

o/p={(xp,yp) € S/p x S/p | (x,y) € a}.

Theorem 16. (Third Isomorphism Theorem) Let (S,-,<g) be an ordered semi-
group, p and o pseudo-orders on S such that p C o. The following statements

hold:
(1) o/p is a pseudo-order on S/p.

(2) (S/p)/(c/p) = S/a.

1.4 Ordered ternary semigroups

Definition 26. A partially ordered ternary semigroup 7' is called an ordered ternary

semigroup if for all x1,x9, x3, 24 € T,
1 S i) 1mphes T1X3T4 S ToX3X4,X3X1T4 S 3Ly and T3X4T1 S T3X4T9.
Example 1.15. (Z, -, <) is an ordered ternary semigroup.

Let 7" be an ordered ternary semigroup. For nonempty subsets A, B

and C of T, let ABC = {abc|la € A,b € B, and ¢ € C}. For a nonempty subset A

14



of T, we note (A] = {t € T|t < h for some h € A}. For any nonempty subsets A

and B of T, if A C B, we have (4] C (B] and (AU B] C (A]U (B].

Definition 27. A nonempty subset S of T is called an ordered ternary subsemigroup

of T if (S]C S and S3 C S.

Definition 28. Let A be a nonempty subset of an ordered ternary semigroup 7.

Then A is called

(1) a left ideal of T if (A] C A and TTA C A,

(2) a right ideal of T if (A] C A and ATT C A,

(3) a lateral ideal of T if (A] C A and TAT C A,

If A is a left, right and lateral ideal of 7', A is call an ideal of T.

Definition 29. An ordered ternary subsemigroup B of an ordered ternary semigroup

T is called a bi-ideal of T if (B] C B and BT BTB C B.

15



CHAPTER 2

Isomorphism theorems for ordered ternary semigroups

In 1995, Kehayopulu and Tsingelis (Kehayopulu and Tsingelis, 1995)
have given two isomorphism theorems for ordered semigroups. Pseudo-order played
an important role in concepts of congruences and quotient of ordered semigroup-
s. In this chapter, we give some properties of isomorphisms for ordered ternary
semigroups.

Let S be a ternary semigroup and p a congruence on S, by proposition
1.6, we have that S/p is a ternary semigroup. The following question is natural : If
(S,-,<) is an ordered ternary semigroup and p is a congruence on S, then is the set
S/p an ordered ternary semigroup ? A probable order on S/p could be the relation

=<, on S/p defined by a mean of the order < on S, that is
ap =, bp < there exist x € ap and y € bp such that z < y.
But this relation is not an order, in general. We prove it in the following example.

Example 2.1. We consider the ordered ternary semigroup S = {a,b, ¢, d, e} defined

by the ternary multiplication and the order < below:

allal|blc|d]|e blla|b|lc|d]e cllalblc|d]|e
allalelc|d]|e allalelc|d]|e allalelc|d]|e
bllalel|lc|d]e blal|b|c|d]|e blale|lc|d]le
cllalelc|dle cllalelc|dle cllalelc|dle
diale|c|d]|e dilale|c|d]|e dijalelc|d]|e
ellalelc|dl]e ellalelc|dle ellalelc|dl]e

16



diia|blc|d]e ellalblc|d]e
allalelc|d]|e allalelc|d]|e
bllale|lc|d]|e blalelc|d]|e
cllalelc|d]|e cllalelc|d]|e
dilalel|lc|d]|e dilalelc|d]|e
ellalelc|d]|e ellalelc|d]e

and <= {(a,a), (a,d), (b,b), (c,c), (c,e),(d,d),(e,e)}. It is easy to see that S is an
ordered ternary semigroup.

Let p be the congruence on S defined as follows:

p={(a,a),(d,b),(c,c),(d d),(ee),(ace), (e a)cd),(dc)}
Let <, be an order on S /p defined by means of the order < on S, that is

ap =, bp < there exist x € ap and y € bp such that x < y.

We have ap = {a,e},bp = {b} and cp = {c,d}. Also we have
ap =<, cp and cp =<, ap but ap # cp. Thus <, is not an order relation on S/p. O

The following question arises : Is there a congruence p on an ordered
ternary semigroup S for which S/p is an ordered ternary semigroup ? This leads us
to the concept of pseudo-orders.

Now we study pseudo-orders and isomorphism theorems in ordered

ternary semigroups analogously to pseudo-orders and isomorphism theorems in or-

dered semigroups considered by Kehayopulu and Tsingelis.

Definition 30. Let (.5, -, <) be an ordered ternary semigroup. A relation p is called

a pseudo-order if
(1) <Cp,
(2) for all a,b,c € S, (a,b) € p and (b,c) € p imply (a,c) € p and

(3) for all a,b € S, (a,b) € p implies (ast, bst), (sat, sbt), (sta, stb) € p for all
s,t €8.

17



If p is a pseudo-order on S, let p be a relation on S defined by
p={(a,b) € Sx S| (a,b) €pand (ba) € p}.

Proposition 17. Let (S,-, <) be an ordered ternary semigroup and p a pseudo-

order on S. Then p is a congruence on S.

Proof. Let a € S. Since (a,a) €< and <C p, (a,a) € p. Then (a,a) € p.
Next, let a,b € S such that (a,b) € p. Then (a,b) € p and (b,a) € p. This
implies that (b,a) € p. To show that p is transitive, let a,b,¢c € S such that
(a,b), (b,c) € p. Then (a,b),(b,a),(b,c),(c,b) € p. Thus (a,c),(c,a) € p. Hence
(a,c) € p. Finally, let a,b € S such that (a,b) € p. Then (a,b),(b,a) € p. Then
(sta, stb), (sat, sbt), (ast, bst), (stb, sta), (sbt, sat), (bst,ast) € p for all s,t € S.
Therefore (ast, bst), (sat, sbt), (sta, stb) € p for all s,t € S. O

Let (S, -, <) be an ordered ternary semigroup and p a pseudo-order on
S. By Proposition 2.1, we have that p is a congruence on S. Then S/p is a ternary

semigroup. Next, for each ap, bp € S/p, define the order <5 on S/p by
ap =5 bp < there exist € ap and y € bp such that (z,y) € p.

Proposition 18. Let (S,-, <) be an ordered ternary semigroup and p a pseudo-

order on S. Then
(1) For a,b e S,ap =5 bp if and only if (a,b) € p.
(2) =5 is an order on S/p.

Proof. (1) If (a,b) € p, then clearly, ap =<5 bp. Conversely, assume ap <5 bp. Then
there exist x € ap and y € bp such that (z,y) € p. Since (z,a) € p and (y,b) € p,
(z,a), (a,2), (b,y), (y,b) € p. Since (a,z),(z,y),(y,b) € p,(a,b) € p.

(2) Let a,b,c € S. Since (a,a) €<C p, ap =5 ap. Assume ap =; bp and
bp =5 ap. By (i), (a,b) € p and (b,a) € p. Then (a,b) € p. So ap = bp. Finally,
assume ap =5 bp and bp =<5 cp. By (i), (a,b) € p and (b,c) € p. Therefore

(a,c) € p. By (i), ap =5 ¢p. Hence =5 is an order on S/p. O
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Let z,y € S such that p <; yp. Then there exist a € zp and b € yp
such that (a,b) € p. Thus (z,a) € p and (y,b) € p. Then (z,a), (a,x), (y,b), (b,y) €
p. Let s,t € S. Therefore

(xst,ast), (ast, xst), (yst, bst), (bst,yst) € p.

Thus (xst,ast), (yst,bst) € p. So (xst)p = (ast)p, (yst)p = (bst)p. Since (a,b) €
p,(ast,bst) € p. Hence (vst)p =5 (yst)p. that is, (¢7)(s7)(17) <5 (47)(sP)(tP):
Similarly, (sp)(zp)(tp) =7 (sp)(yp)(tp) and (sp)(tp)(xp) =7 (sp)(tp)(yp). Then

S/p is an ordered ternary semigroup. Then the following proposition holds.

Proposition 19. Let (S,-, <) be an ordered ternary semigroup and p a pseudo-

order on S. Then S/p is an ordered ternary semigroup.

Definition 31. Let (S,-, <g) and (T, %, <7) be ordered ternary semigroups and ¢ :

S — T a mapping from S into 7. A mapping ¢ is called
(1) isotone if for x,y € S,z <g y implies ¢(z) <r ¢(y),
(2) reverse isotone if x,y € S, p(x) <r ¢(y) implies = <g y.

Definition 32. Let (S5,-, <g) and (7, %, <7) be ordered ternary semigroups and ¢ :
S — T a mapping from S into 7. A mapping ¢ is called an ordered ternary

semigroup homomorphism or homomorphism if ¢ is isotone and satisfies ¢(abc) =
group P P

d(a)p(b)p(c) for all a,b,c € S.

Definition 33. Let (S5, -, <g) and (7, %, <r) be ordered ternary semigroups and ¢ :
S — T a mapping from S into 7. A mapping ¢ is called an isomorphism if it is a

homomorphism, onto and reverse isotone.

Proposition 20. Let (S,-,<g) and (T,*,<r) be ordered ternary semigroups and

¢ : S — T a homomorphism. Define the relation 5 on S by

¢ ={(a,b) € S x 5 | d(a) <r $(b)}.
Then 5 is a pseudo-order on S.
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Proof. Let (a,b) €<s. Since a <g b and ¢ is isotone, ¢(a) <7 ¢(b). Then (a,b) € ¢.
Next, let a,b,c € S such that (a,b), (b, ¢) € ¢. So ¢(a) <r ¢(b), p(b) <7 ¢(c). Then
é(a) <7 ¢(c). This implies (a,c) € ¢. Finally, let a,b,s,t € S. Assume (a,b) € o.

Since ¢(a) <7 ¢(b), ¢ is a homomorphism and T is an ordered ternary semigroup,

P(ast) = ¢p(a)g(s)d(t) <r ¢(b)d(s)d(t) = p(bst).

Then (ast,bst) € d: Similarly, (sat, sbt), (sta, bst) € qz Hence 5 is a pseudo-order

on S. O

Theorem 21. Let (S,:,<g) and (T,x,<r) be ordered ternary semigroups and
¢ : S — T a homomorphism. If p is a pseudo-order on S such that p C qa then
the mapping ¢ : S/p — T defined by ¢(ap) = ¢(a) is a unique homomorphism of
S/p into T such that ran ¢ = ran ¢ and the diagram

s 2.

|
S/p
commutes (i.e, o p* = ¢) where the mapping p* : S — S/p defined by p*(a) = ap

for all a € S.

Proof. Define ¢ : S/p — T by ¢(ap) = ¢(a) for all a € S. We have ¢ is well-

defined since for all a,b € S,
ap =bp = (a,b) €p
= (a,b), (b,a) € p
= (a,b), (ba) € ¢
= ¢(a) <r ¢(b) and ¢(b) <1 é(a)
= ¢(a) = ¢(b)

Let a,b,c € S. We have

p(apbpcp) = ¢((abe)p) = plabe) = ¢(a)p(c)¢(b) = p(ap)e(bp)e(bp)
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and
ap =5 bp = (a,b) € p C 6 = d(a) <r $(b).

Therefore ¢ is a homomorphism. For each a € S, we have

(0o pf)(a) = p(pf(a)) = p(ap) = ¢(a).
Then po p* = ¢. Next, let ¢ : S/p — T be any homomorphism such that o pf = ¢.

For all a € S, we have

U(ap) = ¢ (pf(a)) = (¢ 0 pF)(a) = d(a) = p(ap),
so ¢ = . Finally, we have ran ¢ = {p(ap) | a € S} = {¢(a) | a € S} = ran ¢.
Hence the theorem is proved. O
Let (S,-,<g) and (T, *,<r) be ordered ternary semigroups and
¢ : S — T a homomorphism. Define ker ¢ = {(a,b) € S x S| ¢(a) = ¢(b)}. It is

easy to see that ker ¢ is a congruence on S. We have

(a,b) € ker ¢ < ¢(a) = ¢(b)
& ¢(a) <r ¢(b) and ¢(b) <r ¢(a)
& (a,b) € ¢ and (b,a) € ¢

& (a,b) € ¢.
So ker ¢ = Z Then the following corollary holds.

Corollary 22. (First Isomorphism Theorem for Ordered Ternary Semigroups)
Let (S,-,<g) and (T,*,<r) be ordered ternary semigroups and ¢ : S — T a

homomorphism. Then S/ker ¢ = ran ¢.

Proof. We apply the first part of Theorem 2.5 for p = 5 and ker ¢ = Z’ Then the
mapping ¢ : S/ker ¢ — T defined by p(aker ¢) = ¢(a) is a homomorphism. To
show that ¢ is reverse isotone, let a,b € S such that ¢(a) <7 ¢(b). Then (a,b) € .
Since 5 is a pseudo-order on S, by Proposition 2.2(1), aker ¢ jg bker ¢. So ¢ is
reverse isotone. Hence ¢ is an isomorphism. O

Let p and o be pseudo-orders on an ordered ternary semigroup S with

p C 0. Define the relation o/p on S/p by
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o/p = {(xp.yp) € S/p x S/p | (x,y) € o).

Theorem 23. (Third Isomorphism Theorem for Ordered Ternary Semigroups)
Let (S,-,<g) be an ordered ternary semigroup, p and o be pseudo-orders on S

such that p C 0. The following statements are true.
(1) o/p is a pseudo-order on S/p,
(2) (S/p)/(a/p) = 5/7.

Proof. (1) Let (ap,bp) €=<5. Then (a,b) € p, it implies (a,b) € 0. So (ap,bp) €
o/p. Therefore <;C o/p. Next, let a,b,c € S such that (ap,bp) € o/p and
(bp,cp) € o/p. Then (a,b) € o and (b,¢) € o, so (a,c) € 0. Therefore (ap,cp) €
o/p. Finally, let a,b,s,t € S. Assume (ap,bp) € o/p. Then (a,b) € o, thus

(spaptp, spbptp), (sptpap, sptpbp) € o /p.
(2) Define ¢ : S/p — S/ by

¢(ap) = av for all a € S.
We have ¢ is well-defined since for all a,b € .5,
ap =bp = (a,b) € p = (a,b),(b,a) € p C o= (a,b) €7 = avg = bo.
Next, let a,b,c € S. We have
olaptpep) = ¢((abe)p) = (abe)7 = aobres = (ap)d(hp)b(cp)
and
ap =5 bp = (a,b) € p= (a,b) € 0 = av =7 bo.

Hence ¢ is a homomorphism.

By the definition of qz, we have
¢ = {(ap,bp) € S/ x S/B | ¢(ap) == 6(bp)}.
Thus
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(ap,bp) € ¢ < p(ap) =5 ¢(bp) < a7 =5 b7 < (a,b) € 0 < (ap, bp) € o /p.

Then ¢ = a/p, so ker ¢ = Z = o/p. It is easy to show that ran ¢ = S/7. By
Corollary 2.6, (S/p)/(c/p) = S/5. O
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CHAPTER 3

Fuzzy ideals and fuzzy filters of ordered ternary semigroups

The notion of fuzzy sets was introduced by Zadeh (Zadeh, 1965).
Several researchs were conducted on the generalizations of the notion of fuzzy sets.
Fuzzy semigroups have been first considered by Kuroki (Kuroki, 1981, 1991 and
1993) and fuzzy ordered semigroups by Kehayopulu and Tsingelis (Kehayopulu,
1990, Kehayopulu and Tsingelis, 1999 and 2002, Kehayopulu, Xie and Tsingelis,
2001). In 2008, Shabir and Khan (Shabir and Khan, 2008) studied fuzzy filters in
ordered semigroups .

In this chapter, we study fuzzy ternary subsemigroups (left ideals,
right ideals, lateral ideals, ideals) and fuzzy left filters (right filters, lateral filters,

filters) of ordered ternary semigroups.

Definition 34. Let 7" be an ordered ternary semigroup. A function f from 7' to the

unit interval [0,1] is called a fuzzy subset of T.

The ordered ternary semigroup 7' itself is a fuzzy subset of 7' such

that 7'(z) = 1 for all x € T, denoted also by 7.

Definition 35. Let A be a nonempty subset of ordered ternary semigroup 7. The

characteristic function fs of A is a fuzzy subset of T' defined as follows:

1 ifzeA,
fa(z) =
0 ifzd A

Definition 36. Let 7" be an ordered ternary semigroup and f a fuzzy subset of
T. The fuzzy subset f’' defined by f'(z) = 1 — f(z) for all z € T is called the

complement of f in T.
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3.1 Fuzzy ideals of ordered ternary semigroups

Now we define fuzzy ordered ternary subsemigroups, fuzzy left ideals,

fuzzy right ideals, fuzzy lateral ideals and fuzzy ideals of ordered ternary semigroups.

Definition 37. Let 7" be a ordered ternary semigroup. A fuzzy subset f of T is
called

(1) a fuzzy ordered ternary subsemigroup of T if x <y implies f(z) > f(y) and
f(zyz) = min{f(x), f(y), f(2)} for all x,y,z €T,

(2) a fuzzy left ideal of T if x < y implies f(x) > f(y) and f(zxyz) > f(z) for
all z,y,z €T,

(3) a fuzzy right ideal of T if x <y implies f(x) > f(y) and f(zxyz) > f(x) for
all z,y,z €T,

(4) a fuzzy lateral ideal of T if x <y implies f(x) > f(y) and f(zyz) > f(y)

for all z,y,2 € T,

(5) afuzzy ideal of T if x < yimplies f(z) > f(y) and f(xyz) > max{f(x), f(y),
f(2)} for all z,y,z € T.

Lemma 24. Let T be an ordered ternary semigroup and A a nonempty subset of

T. Then (Al C A if and only if v <y implies fs(x) > fa(y).

Proof. Assume that (A] C A. Let z,y € T such that = < y.
Case 1: y¢ A. Then fa(y) =0 < fa(z).
Case 2 : y€ A. Since (A] C A,z € A. So fa(z)=12> fa(y).

Conversely, let © € (A]. Then there exists y € A such that x < y. So
fa(z) > fa(y) = 1. This implies x € A. O

Now we characterize ordered ternary subsemigroups (left ideals, right

ideals, lateral ideals, ideals) of ordered ternary semigroups in terms of fuzzy ordered
ternary subsemigroups (fuzzy left ideals, fuzzy right ideals, fuzzy lateral ideals, fuzzy

ideals).
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Theorem 25. Let T be an ordered ternary semigroup and A a nonempty subset

of T. The following statements are true.

(1) A is an ordered ternary subsemigroup of T if and only if fa is a fuzzy

ordered ternary subsemigroup of T.

(2) A is a left ideal (right ideal, lateral ideal, ideal) of T if and only if fa is
a fuzzy left ideal (fuzzy right ideal, fuzzy lateral ideal, fuzzy ideal) of T.

Proof. (1) Assume that A is a ordered ternary subsemigroup of 7. By Lemma 3.1,
x <y implies fa(z) > fa(y). Next, let z,y,z € T.

Case 1 : x,y,z € A. Since A is an ordered ternary subsemigroup of 7', zyz € A.
Therefore fa(zyz) = 1 > min{ fa(x), fa(w), fa(2)}.

Case 2: x ¢ Aory¢ Aor z¢ A. Thus fa(z) =0 or fa(y) =0 or fa(z) =0.
Hence min{fa(z), fa(y), fa(z)} = 0 < fa(zyz).

Conversely, assume that f4 is a fuzzy ordered ternary subsemigroup of 7'. By
Lemma 3.1, (A] € A. Next, let z,y,z € A. So fa(z) = fa(y) = fa(z) = 1. Since
fa is a fuzzy ordered ternary subsemigroup of 7', fa(xyz) > min{fa(z), fa(y), fa(z)}
= 1. Then zyz € A.

(2) Assume that A is a left ideal of 7. By Lemma 3.1, we have that z < y
implies fa(z) > fa(y). Next, let x,y,z € T.

Case 1 : z € A. Since A is a left ideal of T, zyz € A. Then fu(zyz) = 1.
Therefore fa(xyz) > fa(z).
Case 2 : z¢ A. So fa(z) =0. Hence fa(zyz) > fa(z).

Conversely, assume that f4 is a fuzzy left ideal of 7. By Lemma 3.1, (4] C A.
Next, let z,y € T and z € A. Since f4 is a fuzzy left ideal of 7" and z € A,
fa(zyz) > fa(z) = 1. So zyz € A.

The other parts of (2) can be proved in a similar way. O

Definition 38. Let 7" be an ordered ternary semigroup. A nonempty subset S of T
is called a prime subset of T if for all x,y,z € T,zyz € S implies z € S ory € S

or z €8.
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Definition 39. Let 7" be an ordered ternary semigroup. A nonempty subset S of T

is called

(1) a prime ordered ternary subsemigroup of T if S is a prime subset and ordered

ternary subsemigroup of 7',
(2) a prime left ideal of T if S is a prime subset and left ideal of 7',
(3) a prime right ideal of T' if S is a prime subset and right ideal of 7',
(4) a prime lateral ideal of T if S is a prime subset and lateral ideal of T,
(5) a prime ideal of T if S is a prime subset and ideal of 7.

Definition 40. Let 7" be an ordered ternary semigroup. A fuzzy subset f of T
is called a prime fuzzy subset of T if f(xyz) < max{f(z), f(y), f(2)} for all
r,y,z€T.

Definition 41. Let 7" be an ordered ternary semigroup. A fuzzy ordered ternary

subsemigroup f of T is called

(1) a prime fuzzy ordered ternary subsemigroup of T if f is a prime fuzzy subset

of T" and fuzzy ordered ternary subsemigroup,

(2) a prime fuzzy left ideal of T if f is a prime fuzzy subset and fuzzy left ideal
of T,

(3) a prime fuzzy right ideal of T if f is a prime fuzzy subset and fuzzy right
ideal of T,

(4) a prime fuzzy lateral ideal of T if f is a prime fuzzy subset and fuzzy lateral
ideal of T,

(5) a prime fuzzy ideal of T if f is a prime fuzzy subset and fuzzy ideal of 7'

Theorem 26. Let T' be an ordered ternary semigroup and A a nonempty subset

of T. The following statements are true.
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(1) A is a prime subset of T if and only if fa is a prime fuzzy subset of T.

(2) A is a prime ordered ternary subsemigroup (prime left ideal, prime right
ideal, prime lateral ideal, prime ideal) of T if and only if fa is a prime
fuzzy ordered ternary subsemigroup (prime fuzzy left ideal, prime fuzzy right

ideal, prime fuzzy lateral ideal, prime fuzzy ideal) of T.

Proof. (1) Let A be a prime subset of 7" and z,y,z € T.
Case 1 : xyz € A. Since A is a prime subset of T, x € Aory € Aor z € A. So
max{ fa(r), fa(y), fa(z)} =1 > fa(zyz).

Case 2 : zyz ¢ A. So fa(zyz) =0 < max{fa(z), fa(y), fa(z)}.
Conversely, let z,y,z € T such that zyz € A. Thus fs(zyz) = 1. Since f, is

prime, max{ fa(z), fa(y), fa(z)} = 1. Then fa(x) =1 or fa(y) =1 or fa(z) = 1.
Hence x € Aoryec Aor z € A.
(2) follows from (1) and Theorem 3.2. O

Definition 42. Let f be a fuzzy subset of an ordered ternary semigroup 7'. For any

t € [0, 1], the set
fr={w €T | f(z) =t} and f; = {z € T| f(x) > 1}
are called a r-levelset and a t-strong levelset of f, respectively.

Theorem 27. Let f be a fuzzy subset of an ordered ternary semigroup T. The

following statements are true.

(1) f is a fuzzy ordered ternary subsemigroup of T if and only if for all
t €[0,1], if fr # 0, then f; is an ordered ternary subsemigroup of T.

(2) [ is a fuzzy left ideal (fuzzy right ideal, fuzzy lateral ideal, fuzzy ideal) of T
if and only if for all t € [0,1], if f; # 0, then f; is a left ideal (right ideal,
lateral ideal, ideal) of T.

Proof. (1) Assume that f is a fuzzy ordered ternary subsemigroup of 7. Let ¢ € [0, 1]
such that f; # (. Let x € (f;]. Then there exists y € f; such that + < y. Thus
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f(z) > f(y) > t. Hence x € f;. Next, let x,y,z € f;. Then f(z), f(y), f(z) > t.
Thus min{f(x), f(y), f(z)} > t. Since f is a fuzzy ordered ternary subsemigroup
of T, f(xyz) > t. Hence xyz € f;.

Conversely, assume for all ¢ € [0,1], if f; # (), then f; is an ordered ternary
subsemigroup of 7. Let z,y € T such that + < y. Choose ¢t = f(y). Thus
y € f;. This implies « € f;. Then f(x) >t = f(y). Next, let x,y,z € T. Choose

t = min{f(), f(y), f(:)}. Then f(z), f(y), f(z) > t. Thus .y, € fi. Since
ft is an ordered ternary subsemigroup of 7', xyz € f;. Therefore f(zyz) >t =

min{f(z), £(y), ()}

(2) Assume that f is a fuzzy left ideal of T. Let ¢t € [0, 1]. Suppose that f; # ().
Let x € (f;]. Then there exists y € f; such that z < y. Thus f(z) > f(y) > t.
Next, let x,y,2z € T and z € f;. So f(zyz) > f(z) > t. Therefore xyz € f;.

Conversely, assume for all ¢ € [0, 1], if f; # (), then f; is a left ideal of 7. Let
x,y € T such that x <y. Choose t = f(y). Thus y € f;. This implies x € f;. Then
f(z) >t = f(y). Next, let z,y,z € T. Choose t = f(z). Thus z € f;, this implies
fi # 0. By assumption, we have f; is a left ideal of T. So zyz € f;. Therefore
Fleyz) > t. So flay2) > f(2).

The other parts of (2) can be proved in a similar way. O

Theorem 28. Let f be a fuzzy subset of an ordered ternary semigroup T. The
following statements are true.

(1) f is a prime fuzzy subset of T if and only if for all t € [0,1], if f; # 0,

then f, is a prime subset of T.

(2) f is a prime fuzzy ordered ternary subsemigroup (prime fuzzy left ideal,
prime fuzzy right ideal, prime fuzzy lateral ideal, prime fuzzy ideal) of T if
and only if for all t € [0,1], if f; # 0, then f; is a prime ordered ternary
subsemigroup (prime left ideal, prime right ideal, prime lateral ideal, prime

ideal) of T.

Proof. (1) Assume that f is a prime fuzzy subset of 7. Let ¢t € [0, 1]. Suppose that
fi # 0. Let x,y,z € T such that zyz € f;. Thus f(xyz) > t. Since f is prime,
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f(xz) >tor f(y) >tor f(2) >t. Hence = € f, or y € f; or z € f;.
Conversely, let x,y,z € T. Choose t = f(zyz). Thus zyz € f;. Since f; is
prime, x € fyory € f;or z € f;. Then f(x) >t or f(y) >t or f(z) > t. Therefore

max{f(z), f(y), f(2)} = t = f(zy2).
(2) follows from (1) and Theorem 3.4. O

Theorem 29. Let f be a fuzzy subset of an ordered ternary semigroup T. Then f
is a fuzzy ordered ternary subsemigroup (fuzzy left ideal, fuzzy right ideal, fuzzy
lateral ideal, fuzzy ideal) of T if and only if for all t € [0,1], if ff # 0, then f§
is an ordered ternary subsemigroup (left ideal, right ideal, lateral ideal, ideal) of
T.

Proof. The proof of this theorem is similar to the proof of Theorem 3.4. O

Theorem 30. Let [ be a fuzzy subset of an ordered ternary semigroup T. Then
f is a prime fuzzy subset (prime fuzzy ordered ternary subsemigroup, prime fuzzy
left ideal, prime fuzzy right ideal, prime fuzzy lateral ideal, prime fuzzy ideal) of
T if and only if for all t € [0,1], if ff # 0, then f; is a prime subset (prime
ordered ternary subsemigroup, prime left ideal, prime right ideal, prime lateral

ideal, prime ideal) of T.

Proof. The proof of this theorem is similar to the proof of Theorem 3.5. O

3.2 Fuzzy filters of ordered ternary semigroups

Now we study left filters, right filters, lateral filters, filters, fuzzy left
filters, fuzzy right filters, fuzzy lateral filters and fuzzy filters of ordered ternary

semigroups.

Definition 43. Let 7" be an ordered ternary semigroup. A nonempty subset /' of T’

is called

(1) a left filter of T if (i) F? C F, (ii) for all x,y € T,z <y and x € F imply
y € F and (iii) for all z,y,2z € T, zyz € F implies z € F,
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(2) a right filter of T if (1) F? C F, (ii) for all x,y € T,z <y and x € F imply

y € F and (iii) for all z,y,z € T, xyz € F implies x € F,

() a lateral filter of T if (i) F? C F, (ii) for all z,y € T,z < y and x € F imply
y € F and (iii) for all z,y,z € T, zyz € F implies y € F),

(4) a filter of T if (i) F? C F, (ii) forall z,y € T, v <y and x € F imply y € F

and (iii) for all x,y,z € T, xyz € F implies x,y, z € F.

Definition 44. Let 7" be an ordered ternary semigroup. A fuzzy subset f of T is
called

(1) a fuzzy left filter of T if for all z,y,z € T (1) z <y implies f(x) < f(y), (i)
f(zyz) =2 min{ f(x), f(y), f(2)} and (iiD) f(zy2) < f(2),

(2) a fuzzy right filter of T if for all z,y,z € T (i) x < y implies f(x) < f(y),
(ii) f(wyz) > min{f(x), f(y), f(2)} and (i) f(zyz) < f(2),

(3) a fuzzy lateral filter of T if for all x,y,z € T (i) z <y implies f(x) < f(y),
(i) f(zyz) > min{f(z), f(y), f(2)} and (D f(zy2) < f(y),

(4) a fuzzy filter of T if for all z,y,z € T (i) = < y implies f(z) < f(y), (i)
f(xyz) = min{f(x), f(y), f(2)}.

We also characterize left filters (right filters, lateral filters, filters) of
ordered ternary semigroups in terms of fuzzy left filters (fuzzy right filters, fuzzy

lateral filters, fuzzy filters).

Theorem 31. Let F' be a nonempty subset of an ordered ternary semigroup T
Then F' is a left filter (right filter, lateral filter, filter) of T if and only if the
characteristic function fr of F is a fuzzy left filter (right filter, lateral filter, filter)

of T.

Proof. Assume that F' is a left filter of 7. Let x,y € T such that x < y.
Case 1: © ¢ F. Then fr(x) =0. Then fr(z) < fr(y).
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Case 2: x € F. Since v < y and F is a left filter of T,y € F. Thus fr(y) = 1.
Hence fr(x) < fr(y). Next, let z,y,z € T.
Case I: z,y,z € F. Then xyz € F. Hence fp(ryz) = 1. Therefore fr(zyz) >

mln{fF(x)7fF(y>7fF<Z>}
Case 2: ¢ Fory¢ Forz¢ F. So fr(r)=0or fr(y) =0 or fp(z) =0. This

implies fr(xyz) > min{fr(z), fr(y), fr(z)}.
Finally, let z,y,2 € T
Case 1: xyz € F. Since F is a left filter of 7" and zyz € F,z € F. So fr(z) = 1.
Therefore fr(zyz) < fr(2).
Case 2: zyz ¢ F. Then fp(zyz) = 0. Therefore fr(zyz) < f(2).
Conversely, assume [z is a fuzzy left filter of 7. Let z,y,z € F. Then

fr(z) = fr(y) = fr(z) = 1. Thus fp(zyz) > min{fr(z), fr(y), fr(z)} = 1.
Hence zyz € F. Next, let z,y € T. Assume < y and « € F. Then fr(z) < fr(y)
and fr(z) = 1. Thus fr(y) = 1, this implies y € F. Finally, let z,y,z € T
such that zyz € F. So frp(xyz) = 1. Since fr is a fuzzy left filter of 7', then
fr(2) > fr(zyz). This implies fr(z) = 1. So z € F.

The other parts can be proved in a similar way. O

Lemma 32. Let f be a fuzzy subset of an ordered ternary semigroup T. The

following statements are equivalent.
(1) f'(zyz) < max{f'(x), f'(y), ['(2)} for all z,y,z€T.

2) fley2) > min{f(2), F(y), F(2)} for all 2y, €T.
Proof. Let z,y,z € T. Assume that f'(zyz) < max{f'(z), f'(y), f'(2)}.
Since f(zyz) =1— f'(xyz),
f(l’yZ) Z 1- max{f’(:l:), f/<y)7 f/(Z)}
> min{l — f'(z),1 = f'(y),1 - f(2)}
> min{ f(z), f(y), f(2)}

Conversely, the proof is similar. O
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Theorem 33. Let [ be a fuzzy subset of an ordered ternary semigroup T. Then
fis a fuzzy left filter (fuzzy right filter, fuzzy lateral filter, fuzzy filter) of T if and
only if the complement f' of f is a prime fuzzy left ideal (prime fuzzy right ideal,
prime fuzzy lateral ideal, prime fuzzy ideal) of T.

Proof. Assume f is a fuzzy left filter of 7. Let z,y € T such that x < y. Since f is a
fuzzy left filter of T, f(x) < f(y). This implies f'(x) > f'(y). Next, let x,y,z € T.
Since f is a fuzzy left filter of T, f(zyz) < f(2). Thus f'(xyz) > f'(z). Finally,
let x,y,z € T. Since f is a fuzzy left filter of T’ f(zyz) > min{f(x), f(y), f(2)}.
By Lemma 3.9, f'(xyz) < max{f'(z), /'(s). /'(2)}.

Conversely, assume f’ is a prime fuzzy left ideal of 7. Let x,y € T such that
x < y. Since [’ is a fuzzy left ideal of T, f'(x) > f'(y). Therefore f(x) < f(y).
Next, let z,y,z € T. Since [’ is prime, f'(zyz) < max{f'(x), f'(y), f'(2)}. By
Lemma 3.9, we have f(zryz) > min{f(z), f(y), f(z)}. Finally, let x,y,z € T.
Since f’ is a fuzzy left ideal of T, f'(xyz) > f'(z). Hence f(zyz) < f(2).

The other parts can be proved in a similar way. O

Corollary 34. Let F' be a nonempty subset of an ordered ternary semigroup T.
Then F' is a left filter (right filter, lateral filter, filter) of T if and only if the
complement fl. of fr is a prime fuzzy left ideal (fuzzy right ideal, fuzzy lateral
ideal, fuzzy ideal) of T.

Proof. 1t follows by Theorem 3.8 and Theorem 3.10. O
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CHAPTER 4

Rough, fuzzy and rough fuzzy bi-ideals of ternary semigroups

The notion of rough sets was introduced by Pawlak (Pawlak, 1982).
The notion of a rough set has often been compared to the notion of a fuzzy set,
sometimes with a view to prove that one is more general, or, more useful than
the other. Several researchs were conducted on the generalizations of the notion
of fuzzy sets and rough sets. Rough ideals in semigroups were studied by Kuroki
(Kuroki, 1997). Xiao and Zhang (Xiao and Zhang, 2006) studied rough prime ideals
and rough fuzzy prime ideals. Later, Petchkhaew and Chinram (Petchkhaew and
Chinram, 2009) studied rough ideals and fuzzy rough ideals of ternary semigroups
analogous to that of semigroups considered by Kuroki (Kuroki, 1997) and Xiao and
Zhang (Xiao and Zhang, 2006). Moreover, they studied fuzzy ideals of ternary
semigroups analogous to that of semigroups.

In this chapter, we study rough, fuzzy and rough fuzzy bi-ideals of

ternary semigroups.

4.1 Rough bi-ideals of ternary semigroups

Kar and Maity (Kar and Maity, 2007) studied congruences on ternary

semigroups. First, we recall the definition of congruence on ternary semigroups.

Definition 45. Let 7' be a ternary semigroup. A congruence p on 1" is an equivalence

relation on 7" such that for all a,b,x,y € T,

(a,b) € p implies (zya, xyb), (zay, xby), (axy, bry) € p.

Definition 46. Let 7" be a ternary semigroup. A congruence p of 1" is called complete

if (ap)(bp)(cp) = (abc)p for all a,b,c € T.
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Definition 47. Let 7" be a ternary semigroup. Let p be a congruence on 7" and A a

nonempty subset of 7". The sets
p—(A)={z €T |xzpC A} and
p(A)={zeT|[zpn A0}

are called the p-lower and p-upper approximations of A, respectively.

Example 4.1. Define a relation p on a ternary semigroup Z~ under the usual multi-
plication by

xpy <> 3| x—yforal z,y € Z™.

Then p is a congruence on Z~ and Z~ /p = {(—1)p,(=2)p,(—3)p}. Let A =
{—3,—6}. We have that p_(A) =0 and p~(A) = (—3)p.

This proposition is similar to the proof of Theorem 2.1 in Kuroki

(Kuroki, 1997)

Proposition 35. (Petchkeaw and Chinram, 2009) Let p and )\ be congruences on
a ternary semigroup T and A and B nonempty subsets of T. The following

Statements are true.
(1) p-(A) S AC p=(A).
(2) p~(AUB) =p~(A)Up~(B).
(3) p-(ANB) = p_(A) N p-(B).
(4) A C B implies p_(A) C p_(B).
(5) AC B implies p~(A) C p~(B).
(6) p-(A)Up_(B) C p_(AU B).
(7) p~(ANB) C p~(A)Np~(B).
(8) p C A implies A_(A) C p_(A).
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(9) p C X implies p~(A) C A~ (A).

Definition 48. A nonempty subset A of a ternary semigroup 7' is called
(1) a p-upper rough bi-ideal of T if p~(A) is a bi-ideal of T,
(2) a p-lower rough bi-ideal of T if p_(A) is a bi-ideal of T

Theorem 36. (Petchkeaw and Chinram, 2009) Let p be a complete congruence on

a ternary semigroup T and A, B and C nonempty subsets of T. Then
(1) p~(A)p~(B)p~(C) € p~ (ABC) and

(2) p—(A)p_(B)p-(C) C p_(ABC).

Lemma 37. (Petchkeaw and Chinram, 2009) Let p be a congruence on a ternary
semigroup T and A a nonempty subset of T. If A is a ternary subsemigroup of

T, then A is a p-upper rough ternary subsemigroup of T.

Theorem 38. Let p be a congruence on a ternary semigroup T and A a nonempty

subset of T. If A is a bi-ideal of T, then A is a p-upper rough bi-ideal of T.

Proof. Assume A is a bi-ideal of 7. Then p~(A) # (. By Lemma 4.3, we have
p (A)p=(A)p~(A) C p~(A). By Theorem 4.2 and Proposition 4.1(5), we have
p (A)Tp~ (A)Tp™(A) = p=(A)p~(T)p~(A)p~(T)p~(A) C p~ (ATATA) C p~(A).
O

However, the converse of this theorem is not true in general. For

example, we can see in Example 4.1, p~(A) is a bi-ideal of Z~ but A is not.

Theorem 39. Let p be a complete congruence on a ternary semigroup T and A
a nonempty subset of T such that p_(A) # (0. If A is a bi-ideal of T, then A is
a p-lower rough bi-ideal of T.

Proof. The proof of this theorem is similar to the proof of Theorem 4.4 O
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Definition 49. Let p be a congruence on a ternary semigroup 7. The p-lower and

p-upper approximations can be presented in an equivalent form as shown below:
p-(A)/p={zpeT/p|zp < A} and

p (A)/p=A{zpeT/p|zpnA#0D},

respectively.

Now we discuss these sets as subsets of a quotient ternary semigroup
T/p.

Lemma 40. (Petchkeaw and Chinram, 2009) Let p be a complete congruence on
a ternary semigroup T. If A is a ternary subsemigroup of T, then p~(A)/p is a
ternary subsemigroup of T'/p.

Theorem 41. Let p be a complete congruence on a ternary semigroup T. If A is

a bi-ideal of T, then p—(A)/p is a bi-ideal of T/p.

Proof. Assume A is a bi-ideal of 7. By Lemma 4.6, we have p—(A)/p is a
subsemigroup of 7'/p. Let xp,yp,zp € p~(A)/p and ap,bp € T'/p. Then there
exist ' € zpN Ay € ypN A2 € zpN A and d € ap,b' € bp. Since p is
complete, 2'a’y't' 2" € (xp)(ap)(yp)(bp)(xp) = (raybz)p. Since A is a bi-ideal of T,
x'a'y'b'z € A. Then (xaybz)pN A # 0. Hence (zp)(ap)(yp)(bp)(zp) € p~(A)/p. O

Lemma 42. (Petchkeaw and Chinram, 2009) Let p be a complete congruence on
a ternary semigroup T. If A is a ternary subsemigroup of T, then p_(A)/p is a
ternary subsemigroup of T/p.

Theorem 43. Let p be a complete congruence on a ternary semigroup T and A
a nonempty subset of T such that p_(A)/p # 0. If A is a bi-ideal of T, then
p—(A)/p is a bi-ideal of T/p.

Proof. Assume A is a bi-ideal of 7. By Lemma 4.8, we have p_(A)/p is a
subsemigroup of 7'/p. Let xp,yp,zp € p_(A)/p and ap,bp € T/p. Then xp C
A,yp € A and zp C A. Since A is a bi-ideal of T, (zp)(ap)(yp)(bp)(zp) C A.

Therefore (xp)(ap)(yp)(bp)(zp) € p-(A)/p. O
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4.2 Fuzzy bi-ideals of ternary semigroups

In this section, we study fuzzy bi-ideals of ternary semigroups.

Definition 50. Let 7" be a ternary semigroup. A fuzzy subset f of T is called a fuzzy
bi-ideal of T if f(abc) > min{f(a), f(b), f(c)} and f(abede) > min{f(a), f(c),
f(e)} for all a,b,c,d,e € T.

Theorem 44. Let T be a ternary semigroup and A a nonempty subset of T. Then
A is a bi-ideal of T if and only if f, is a fuzzy bi-ideal of T.

Proof. Assume A is a bi-ideal of T'. Let a,b,z,y,z € T.

Case 1 : x,y,z € A. Since A is a bi-ideal of T, xyz,xaybz € A. Therefore
fa(zyz) = 1 2 min{fa(x), fa(y), fa(2)} and fa(zaybz) =1 = min{fa(z), fa(y),
fa(2)}.

Case 2 : v ¢ Aory¢ Aor z¢ A. Thus fa(x) =0 or fa(y) =0 or fa(z) = 0.
Hence min{f4(z), fa(y), fa(2)} = 0 < fa(zyz) and min{fa(z), fa(y), fa(2)} =
0 < fa(zaybz).

Conversely, assume that f4 is a fuzzy bi-ideal of T'. Let x,y,z € A and a,b € T.
By assumption, fa(zaybz) > min{fa(x), fa(y), fa(2)}. Since fa(x) =1, fa(y) =
1 and fa(z) = 1, min{fa(z), fa(y), fa(z)} = 1. Then fa(xaybz) = 1. Hence
xaybz € A. This implies that A is a bi-ideal of 7. O

Definition 51. Let 7" be a ternary semigroup. A nonempty subset S of T is called

a prime subset of T if for all x,y,z € T, xyz € S impliesx € Sory € Sor z € S.

Definition 52. Let 7" be a ternary semigroup. A bi-ideal S of T is called a prime
bi-ideal of T if S is a prime subset of 7.

Definition 53. Let 7" be a ternary semigroup. A fuzzy subset f of 7T is called a
prime fuzzy subset of T if f(xyz) < max{f(z), f(y), f(z)} for all z,y,z € T.

Definition 54. Let 7' be a ternary semigroup. A fuzzy bi-ideal f of 7T is called a
prime fuzzy bi-ideal of T if f is a prime fuzzy subset of 7.
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Lemma 45. (Petchkeaw and Chinram, 2009) Let T' be a ternary semigroup and
A a nonempty subset of T. Then A is a prime subset of T if and only if fa is a
prime fuzzy subset of T.

Theorem 46. Let T be a ternary semigroup and A a nonempty subset of T. Then
A is a prime bi-ideal of T if and only if fa is a prime fuzzy bi-ideal of T.

Proof. 1t follows from Lemma 4.11 and Theorem 4.10. O

Definition 55. Let f be a fuzzy subset of a ternary semigroup 7". For any ¢ € [0, 1],
the set
fi={zeT|f(x) 2t} and ff ={x €T | f(z) > t}

are called a r-levelset and a t-strong levelset of f, respectively.

Theorem 47. Let f be a fuzzy subset of a ternary semigroup T. Then f is a
fuzzy bi-ideal of T if and only if for all t € [0,1], if f; # 0, then f; is a bi-ideal
of T.

Proof. Assume f is a fuzzy bi-ideal of 7. Let ¢t € [0,1] such that f; # 0. Let
x,y,z € f;. Then f(x) >t, f(y) >t and f(z) > t. Since f is a fuzzy bi-ideal of
T, f(ry2) > min{f(z), f(y), F(2)} > t and f(zaghe) > min{f(z), /(y). f(2)} > ¢
for all a,b € T. Therefore xyz, raybz € f;. Hence f; is a bi-ideal of T
Conversely, assume for all ¢ € [0, 1], if f; # 0, then f; is a bi-ideal of T. Let
a,b,x,y,z € T. Choose t = min{ f(z), f(y), f(z)}. Then z,y,z € f;. This implies
that f; # (). By assumption, we have f; is a bi-ideal of T. So zyz,zaybr € f;.
Therefore f(xyz) >t and f(zaybz) > t. Hence f(xyz) > min{f(x), f(y), f(2)}

and f(zaybz) > min{f(z), f(y), f(2)}. 0

Lemma 48. (Petchkeaw and Chinram, 2009) Let f be a fuzzy subset of a ternary
semigroup T. Then f is a prime fuzzy subset of T if and only if for all t € [0, 1],
if f; #0, then f, is a prime subset of T.

Theorem 49. Let f be a fuzzy subset of a ternary semigroup T. Then f is a
prime fuzzy bi-ideal of T if and only if for all t € [0,1], if fy # 0, then f; is a
prime bi-ideal of T.
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Proof. It follows from Lemma 4.14 and Theorem 4.13. O

Theorem 50. Let f be a fuzzy subset of a ternary semigroup T. Then f is a
fuzzy bi-ideal of T if and only if for all t € [0,1], if f§ # 0, then f; is a bi-ideal
of T.

Proof. The proof of this theorem is similar to the proof of Theorem 4.13 O

Theorem 51. Let f be a fuzzy subset of a ternary semigroup T. Then [ is a
prime bi-ideal of T if and only if for all t € [0,1], if f7 # 0, then [ is a prime
bi-deal of T.

Proof. 1t follows from Lemma 4.14 and Theorem 4.16. O

4.3 Rough fuzzy bi-ideals of ternary semigroups

In this section, we study rough fuzzy bi-ideals of ternary semigroups.

Definition 56. Let f be a fuzzy subset of a ternary semigroup. Then the sets

p~(f)(x) = sup f(a) and p_(f)(z) = inf f(a)

acxp aczwp

are called the p-upper and p-lower approximations of a fuzzy set f, respectively.

Example 4.2. Define a relation p on a ternary semigroup Z~ under the usual multi-
plication by
xpy <> 2| x—y forall a,b € Z".

1
Let f(z) = ™ for all x € Z~. Then
p—(f)(z) =0 for all x € Z~

and
if x € Z~ is odd,

if x € Z~ is even.

b\
—
~
N~—
—~
]
N~—"
I
e il A
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Lemma 52. (Petchkeaw and Chinram, 2009) Let p be a congruence on a ternary

semigroup T, f a fuzzy subset of T and t € |0, 1], then
(1) (p~(f))e = p-(f:) and
(2) (p=(f))i = p=(f7)-

Theorem 53. Let p be a complete congruence on a ternary semigroup T. If f is

a fuzzy bi-ideal of T, then p~(f) and p_(f) are fuzzy bi-ideals of T.

Proof. 1t follows from Theorem 4.13, Theorem 4.16, Theorem 4.4, Theorem 4.5 and
Lemma 4.18. O

The converse of this theorem is not true.

4.4 Problems of homomorphisms

In this section, we study problems of homomorphisms.

Lemma 54. (Petchkeaw and Chinram, 2009) Let ¢ be an onto homomorphism
from a ternary semigroup T to a ternary semigroup T, ps a congruence on T,
p1={(z,y) € Tt xT1 | (p(x),0(y)) € p2} and A a nonempty subset of Ty. The

following statements are true.

(1) p1 is a congruence on Ti.
(2) If ps is complete and ¢ is 1-1, then p; is complete.
(3) ¢(p1 (A)) = pz (p(A)).

(4) o(p1-(A)) C pa—(p(A)).

(5) If @ is I-1, then (py_(A)) = ps_(i2(A)).
Lemma 55. (Petchkeaw and Chinram, 2009) Let ¢ be an onto homomorphism
from a ternary semigroup T to a ternary semigroup 15, ps a congruence on T,
1 = {(z,y) € Ty xT1 | (p(x),p(y)) € po} and A a nonempty subset of T.
Then py (A) is a ternary subsemigroup of Ty if and only if p, (p(A)) is a ternary
subsemigroup of T5.
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Theorem 56. Let ¢ be an onto homomorphism from a ternary semigroup T
to a ternary semigroup Ty, py a congruence on Ty, py = {(x,y) € Ty x T} |
(p(z),0(y)) € p2} and A a nonempty subset of Ty. Then p; (A) is a bi-ideal of
T, if and only if p5 (p(A)) is a bi-ideal of T.

Proof. Assume p; (A) is a bi-ideal of 7. By Lemma 4.21, we have p, (p(A)) is a
ternary subsemigroup of Ty (pr (A))e(Th )i (A)p(T1)p(p7 (A)) =

p(pr (A)Thpy (A)T1py (A)) € @(py (A)). By Lemma 4.203), p; (¢(A))py (T2)

P2 (P(A))py (T2)pz (9(A)) S p3 ((A)). So py (#(A)) is a bi-ideal of T.

Conversely, the proof is similar. O

Lemma 57. (Petchkeaw and Chinram, 2009) Let ¢ be an isomorphism from a
ternary semigroup Ty to a ternary semigroup Ts, py a congruence on Ty, p; =
{(z,y) e Th xT1 | (¢(x),0(y)) € p2} and A a nonempty subset of Ti. Then p; (A)
is a prime subset of Ty if and only if p, (p(A)) is a prime subset of Ts.

Theorem 58. Let ¢ be an isomorphism from a ternary semigroup T to a ternary
semigroup Ty, py a congruence on Ty, p1 = {(z,y) € Ty x T1 | (p(x), v(y)) € p2}
and A a nonempty subset of Ty. Then p; (A) is a prime bi-ideal of Ty if and only
if py (p(A)) is a prime bi-ideal of Ts.

Proof. It follows from Lemma 4.23 and Theorem 4.22. O

Lemma 59. (Petchkeaw and Chinram, 2009) Let ¢ be an isomorphism from a
ternary semigroup Ty to a ternary semigroup Ts, py a congruence on Ty, p; =
{(z,y) € Ty xT1 | (p(x),0(y)) € p2} and A a nonempty subset of Ty. Then
p1—(A) is a ternary subsemigroup of T if and only if ps_(p(A)) is a ternary
subsemigroup of Ts.

Theorem 60. Let  be an isomorphism from a ternary semigroup 1 to a ternary
semigroup To, py a congruence on Ty, py = {(z,y) € T1 X T} | (¢(x), 0(y)) € p2}
and A a nonempty subset of Ty. Then pi_(A) is a bi-ideal of T if and only if
p2—(p(A)) is a bi-ideal of T.
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Proof. By Lemma 4.20(5), we have p;_(A) = pa—(p(A)).

The proof of this theorem is similar to the proof of Theorem 4.22. O

Lemma 61. (Petchkeaw and Chinram, 2009) Let ¢ be an isomorphism from a
ternary semigroup Ty to a ternary semigroup Ts, py a congruence on Ty, p; =
{(z,y) € Ty xT1 | (p(x),0(y)) € p2} and A a nonempty subset of Ti. Then
p1—(A) is a prime subset of Ty if and only if pa_(p(A)) is a prime subset of T.

Theorem 62. Let p be an isomorphism from a ternary semigroup T to a ternary
semigroup Ty, py a congruence on Ty, p1 = {(x,y) € Th x T1 | (¢(x), p(y)) € p2}
and A a nonempty subset of Ti. Then p,_(A) is a prime bi-ideal of T if and
only if po_(p(A)) is a prime bi-ideal of T.

Proof. It follows from Lemma 4.27 and Theorem 4.26. O

We can obtain the following conclusion easily in a quotient ternary

semigroup.

Corollary 63. Let  be an isomorphism from a ternary semigroup 1) to a
ternary semigroup Ty, py a complete congruence on Ty, p1 = {(z,y) € Ty x T |
(p(z),0(y)) € po} and A a nonempty subset of T\. The following statements are

true.

(1) p1_(A)/p1 is a bi-ideal of T1/py if and only if ps_(p(A))/ps is a bi-ideal
of 1o/ ps.

(2) py (A)/p1 is a bi-ideal of Ti/p1 if and only if py (p(A))/ps is a bi-ideal of
TQ/P2-

(3) p1—(A)/p1 is a prime bi-ideal of Ti/py if and only if ps_(p(A))/p2 is a
prime bi-ideal of T,/ po.

(4) py (A)/p1 is a prime bi-ideal of T\ /p: if and only if p, (p(A))/ps is a prime
bi-ideal of Ty /ps.
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