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ABSTRACT

The Riemann-Stieltjes integral is defined in some text books on
analysis. Kenneth A. Ross proved in his Elementary Analysis: The Theory of
Calculus, that if the integrand is a continuous function and integrator is an in-
creasing function then the Riemann-Stieltjes integral exists.

In this thesis, we shall weaken the condition on the Riemann-Stieltjes

integral. More precisely, we prove that if f € RF[a,b] and g € BV|[a,b|, then
b
(RS)/ fdg exists.
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CHAPTER 1

Introduction

The Riemann-Stieltjes integral was introduced in some text books
on analysis. This work is a generalization of the Riemann integral. It is important
for probability and statistics areas. Moreover, this integral will be used in other
area in mathematics.

In 1980, Kenneth A. Ross presented Darboux integral, Riemann
integral, Darboux-Stieltjes integral and Riemann-Stieltjes integral in his book El-
ementary Analysis: The Theory of Calculus. In this study, our concern is the
Riemann-Stieltjes integral.

He shown in his book that if the integrand is a continuous function
and integrator is an increasing function then the Riemann-Stieltjes integral exists.

From the condition of existence of integral above, we see that this
condition is too strong and the spaces of the integrands and the integrators small.
Thus, in this study, we shall weaken the condition on the Riemann-Stieltjes in-
tegral. More precisely, we prove that if a function f is a regulated function on
[a,b] and a function ¢ is of bounded variation on [a, b] then the Riemann-Stieltjes

integral exists.



CHAPTER 2

Preliminaries

In this chapter, We first collect some basic knowledge used in this thesis.
Definition 2.1. Let S be a non empty subset of R.

(a) If a real number M satisfies s < M for all s € S, then M is called an upper
bound of S and the set S is said to be bounded above.

(b) If a real number m satisfies m < s for all s € S, then m is called an lower

bound of S and the set S is said to be bounded below.

(c) The set S is said to be bounded if it is bounded above and bounded below.
Thus S is bounded if there exist real number m and M such that S C [m, M].

Definition 2.2. Let S be a non empty subset of R.

(a) If S is bounded above and S has least upper bound, then we will call it the
supremum of S and denote it by sup .S.

(b) If S is bounded below and S has greatest lower bound, then we will call it
the infimum of S and denote it by inf S.

Definition 2.3. A real-valued function f defined on A is said to be bounded if
there exists a real number M such that |f(z)| < M for all z € dom(f).

Theorem 2.1. (Triangle Inequality) Let a,b € R. we have
la +b] < |a| + |b|.

Definition 2.4. A sequence {s,} of real number is called a Cauchy sequence if

for each € > 0 there exists a number N such that m,n > N implies |s,, — s,| < €.



Definition 2.5. Let f be a real-valued function defined on A and zo € A. We
say that f is continuous at xy if for any € > 0 there exists § > 0 such that for

every © € A with |z — x¢| < ¢ imply that

[f(x) = f(zo)| <e.

Definition 2.6. Let f be a real-valued function defined on A and B C A. We

say that f is continuous on B if f is continuous at every point in B.



CHAPTER 3

Riemann Integral

In this chapter we will present the definitions of the Darboux integral, the Riemann
integral and give their properties. Some of the results and proofs are known, see

[5]. We give proof here for easy reference.

3.1 Darboux integral

Let P = {[u;, v;]}"_; be a finite collection of non-overlapping subin-
tervals of [a, b], then P is said to be a partition of [a, b]. If, in addition, O[uz, v =
la,b], then P is said to be a partition of [a, b]. -

If P={[zi1,v]}, and Q = {[y;-1,¥;]}j=, are partitions of [a, ],
we say that @) is a refinement of P if each one of the interval [zj_4, x| from P

can be written as the union of intervals from () that is

[Th—1, k] = [Yr—1, Yr) U [Urs Yri1) U o U [Ys—1, Ys]-

We now will construct a new partition from partition P and () by
rearrange the end points of the intervals in P and @) such that a = 2z < 21 <
... < z = b. We see that this new partition {[z_1, 2]};_; is a refinement of P

and @ and we denote this partition by PVQ = {[z;_1, 2¢] }i—;-

Definition 3.1. Let f be a bounded function on [a, b]. For S C [a, b], we use the

notation
M(f,S) =sup{f(x):x €S} and m(f,S)=inf{f(z):2¢€ S}

The upper Darboux sum is defined by

U(f, P) =Y M(f,[wir,a]) - (@ =z 1)



and the lower Darbouz sum is

n

L(f,P) = m(f, [Ti—1, 24]) - (25 — 2i-1).
k=1

Note that for any partition P of [a, b], we have
UG P) < S MU b)) - (20— 2r) = M(f. [a D)0 — ).
i=1
Similarly, L(f, P) > m(f, [a,b])(b —a). Thus
m(f,[a,b])(b—a) < L(f, P) <U(f, P) < M(f,[a,b])(b— a).
The upper Darboux integral is defined by
U(f) =inf{U(f, P): P is a partition of [a,b]}
and the lower Darboux integral is
L(f) =sup{L(f, P) : P is a partition of [a, b]}.

We say that f is Darbouz integrable or D-integrable on [a,b] if
b
L(f) =U(f). In this case, we write (D)/ fdz = L(f) =U(f).

Lemma 3.1. [5] Let f be a bounded function on [a,b]. If P is a partition of |a,b]
and Q) is a refinement of P, then

L(f,P) < L(f,Q) < U(f,Q) <U(f, P). (3.1)

Proof. First, we see that the second inequality in (3.1) is obvious. It is sufficient
to show that
L(f,P) < L(f,Q) and U(f,Q) <U(f,P).

We may assume that

Q =A{lxo, z1], ..., [Tr_1,ul, [u, zr], . o [T, Tl

for some k = 1,2,...,m. The lower Darboux sum for P and () are the same

except for the terms involving xp_; or x;. Note that

m(f’ [mk*b xk]) < m(fa [xkflv u]) and m(f7 [wk*h wk]) < m(f> [u’ wk])



Hence, we have

m(f, [we—1, 2e])(xr — zp—1) = m(f, [zer, ) [(ze — u) + (v — 2p-1)]
< m(f, [u, z])(@r — w) + m(f, [Tr-1, u]) (w = zp-1).
Therefore L(f, P) < L(f, Q). Similarly U(f,Q) < U(f, P). H

Lemma 3.2. [J] If [ is bounded function on [a,b], and if P and @Q are partitions
of la,b], then L(f, P) < U(f,Q).

Proof. Let P and @) are partitions of [a, b], we have that PV (@ is also a partition
of [a,b]. We have that PV(Q is a refinement of P and (), we can apply Lemma 3.1

to have

L(f, P) < L(f, PVQ) < U(f, PVQ) < U(f,Q).

Theorem 3.3. [J] If [ is bounded function on [a,b], then L(f) < U(f).

Proof. Fix a partition P of [a,b]. By Lemma 3.2, L(f, P) is a lower bound of the

set
{U(f,Q) : Q is a partition of [a,b]}.
Hence L(f, P) is less than or equal to the infimum of the above set. That is
L(f,P) < U(f).
Hence U(f) is an upper bound for the set of L(f, P) and we get U(f) > L(f). O

Theorem 3.4. [5] A bounded function f on [a,b] is D-integrable if and only if for

each € > 0 there exists a partition P of [a,b] such that
U(f,P)-L(f,P) < €.

Proof. Suppose that f is D-integrable on [a,b]. Let € > 0 be given. There exists
partition P, and P; of [a, b] such that

L(f.P) > L(f) =5 and U(f)+35 > U(f. B).



Let P = PV P,, thus P is a refinement of P, and P,. By Lemma 3.1 we have
U(f.P)<U(f,Ps) and L(f,P)> L(f,P).
Hence,

U(f,P)—L(f,P) < U(f,R)—L(f, P)

< U +5- -3
= U(f)— L) +e

= €.

The last equation above holds by integrability of f on [a, b].
Conversely, suppose that for each € > 0, there exists a partition P

of [a,b] such that U(f, P) — L(f, P) < e. Then we have

U(f) < U(f,P)
< €+ L(f,P)

< e+ L(f).

That is U(f) — L(f) < e. By Theorem 3.3, since ¢ was arbitrary, we can conclude
that U(f) < L(f). Therefore, we have that f is D—integrable on [a, b]. O

Let 6 be a positive constant, [u,v] C [a,b]. Then an interval [u, v]
is said to be d-fine if |[v —u| < §. Let P = {[u;, v;]}; be a finite collection of
intervals. Then P is said to be a d-fine partial partition of [a, b] if P is a partial
partition of [a, b] and each [u;, v;] is d-fine. In addition, if P is a partition of [a, b],

then P is said to be a d-fine partition of [a, b].

Theorem 3.5. [5](Cauchy’s criterion for Darboux intgral)
A bounded function f is D-integrable on |a,b] if and only if for each € > 0, there

exists a positive constant § such that for any o-fine partition P of [a,b] we have

U(f,P) - L(f,P) < e.



Proof. First, assume that for every e > 0, there exists a positive constant ¢ such

that for any d-fine partition P of [a, b], we have
U(f,P)-L(f,P) < €.

By Theorem 3.4, f is D-integrable on [a, b].
Conversely, assume that f is D-integrable on [a,b]. Let ¢ > 0 be

given and there is a partition Py = {[t;_1,t;]}, of [a, b] such that

U(f, Bo) — L(f, Bp) < (3.2)

€
5
Since f is bounded function, there exists a positive real number B such that

|f(z)] < B for all z € [a,].

Let 6 = L, where m is a number of interval in F,. Let P =
8mB

{[xi—1, 2]}, be a d-fine partition of [a,b]. Since P is a d-fine partition of [a, b],
thus for any two points in 0-fine partition P, we have |2’ —2"| < §. Let Q = PV F,.

Since () is a refinement of P, we have

L<f7Q) - L(f>P) < 2mB|x' - ZE'H|
< 2mBé¢

€

1

By Lemma 3.1, we have L(f, Fy) < L(f, Q) and so

L(f, Ro) = L(f, P) <

A~

Similarly we have U(f, P) — L(f, Ry) < i and so
U(f,P) = L(f,P) < U(f.Fy) = L(f, Po) + 5.
Now, by an inequality (3.2), we have
U(f, P) — L(f, P) < §+§ —e

Therefore, this proof is complete. m



A finite collection {([x;_1,;],&)}, of interval point pairs is said
to be a division of [a,b] if {[z;_1,x;]}I; is a partition of [a,b] and &; € [x;_1, z]
for each i. The point &; is called a tag or an associate point of [z;_1,x;].

Let § be a positive constant. An interval point pair ([u,v], €) is said
to be 0-fine if |[v — u| < §, £ is any point in [u, v].

A division {([z;_1, x;], &)}, is said to be d-fine if each ([z;_1, 2], &)

is o-fine.

3.2 Riemann integral

Definition 3.2. A function f : [a,b] — R is said to be Riemann integrable or
R-integrable to A on [a,b] if for each € > 0, there exists a positive constant § such

that whenever D = {([x;_1,;],&)}", is a d-fine division of [a, b], we have

’S(f757D)_A| SE?

n

b
where S(f,9, D) = Z f(&)(z; — z;-1). We denoted a constant A by (R)/ fdx.

i=1

Theorem 3.6. (Cauchy’s criterion for Riemann integral)

Let f : [a,b] — R. Then f is R-integrable on |a,b] if and only if for each € > 0,
there exists a positive constant § such that whenever Dy, Dy are two d-fine divisions
of [a,b], we have

|S(f757D1)_S(f757D2)| SE-

Proof. First, we assume that f is R-integrable on [a, b]. Let € > 0 be given. There
exists a positive constant § on [a,b] such that for every D;, Dy are two d-fine
divisions of [a, b], we get

1S(f,6,D1) — Al <

N

and

‘S(fa(saDQ)_A’ <

N ™
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By triangle inequality we have that

’S(f75>Dl)_S(f75>D2)|

’(S(LﬂaaDl) _A) - (S(f75>D2) _A)‘

L c
- 2 2

€.

Conversely, we assume that for each ¢ > 0, there exists a positive

constant ¢ on [a, b] such that for every d-fine division Dy, Ds of [a, b] we have that

|S<f’57D1)_S(f757D2)| S

N

2

Let €, = — for any n € N and J,, is a positive constant on [a, b]. We may assume
n

that if m > n then 9,, < 6, for any m,n € N. Thus for every §,,-fine division on

la, b] is also a d,-fine division on [a, b]. Hence we get

|S(f75m17Dm1) _S(f75WL27Dmg)’ S

Y

S|

where mq, my > n.

We can conclude that {S(f, d,, D») }nen is a Cauchy sequence in R.
We have that {S(f, ., Dy)}nen is also a convergent sequence in R, there exists a
constant A such that nlgglo |S(f,0n, Dn) — A| = 0.

Let € > 0 be given, there exists N; € N such that for any n > Ny,
we have that

|S(f,0n, Dn) — Al <

DO ™

1
Let A < %, N = max{N;, No} and § = dy, we get
2

|S<f767D)_A| = |S(fa57D)_S(faéNaDN)+S(f76N7DN)_A|
S |S(f757D)_S(f75N7DN)|+|S(f75NaDN)_A|

1 €

< N+§

= €.

Hence f is R-integrable on [a, b]. O
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Theorem 3.7. [3] If f is R-integrable on [a,b], then f is bounded on [a,b].

Proof. Let e = 1 be given, by Cauchy’s criterion for Riemann integral, there exists

positive constant § such that whenever Dy, Dy are d-fine division of [a, b], we have
|S(f767D1) - S(f767D2)| < L.

Let Dy = {([z;i—1, x],& )}, be a fixed d-fine division of [a,b] and x be a point in
la,b], so x € [z;_1,x;] for some j. We define a new division Dy form division D

and replacing a point §; by z, we have Dy is a -fine division of [a, b]. Hence

((F(&5) = F(@)(x; —x)| = [S(f,6,D1) = S(f,0,D5)|
L.

IA

Hence we get

(L +[f(&)(x; —z-1)])

[f(2)] < @ — 2 1)
L+ D> 1)@ — z5-0)])
< =1
_— /6 b

where f = min{|z; —z,;_1|: 7 = 1,2,...,n}. Therefore, f is bounded on [a,b]. O

Theorem 3.8. [5] A bounded function f on [a,b] is R-integrable on [a,b] if and

only if it is D-integrable on [a,b).

Proof. Assume that f is D-integrable on [a,b]. Let € > 0 be given. By Theo-
rem 3.5, there exists a positive constant ¢ such that for any J-fine partition P of
la, b], we have

U(f,P)— L(f,P) < e.

Let D be a d-fine division of [a,b]. Let P be an associated partition of D. Clear
that P form a d-fine partition of [a, b]. Thus

S(f,8,D) <U(f,P) < L(f,P)+ e < L(f) + ¢ = (D)/bfda;+e,
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and

S(,6,D) > L(f,P) > U(f, P) — ¢ > U(f /fd:v—e

b
S(f,6,D) —/ fdx

R) /abfdx: (D) /abfd:c.

Conversely, assume that f is R-integrable on [a,b]. Thus for any

Hence, we have < €. We can conclude that f is R-integrable

on [a,b] and

€ > 0, there exists a constant § > 0 such that whenever D = {([z;_1, x;], &)}, is

a 0-fine division of [a, b], we have

< €.

‘S(f, .0)-(®) [ ' fdo

Let P = {[x;_1, 2]}, be a o-fine partition of [a,b]. For each k, k = 1,2,...,n

choose v € [x_1,x)] such that
Flm) <m(f, [er-1, z]) + €
Then D form a d-fine division of [a, b] such that
S(f,6,D) < L(f, P) + e(b—a).
Thus we have

L(f) > L(f,P) > S(f,6,D) —e(b—a) > /fd:v—e—eb—a)

b
We see that L(f) / fdx. Similarly, U(f) < (R)/ fdx. Since we have
L(f) < U(f), we get b '
L) =V = (R) [ fa.

Therefore, f is D-integrable on [a, b] and

/ fdz = (R / fdz.



CHAPTER 4

The Riemann-Stieltjes Integral

In this chapter, we shall (i) present the definitions of usual Darboux-Stieltjes
integral, usual Riemann-Stieltjes integral and give their properties; (ii) give the
definitions of Darboux-Stieltjes integral, Riemann-Stieltjes integral and give their
properties; (i) present the definition of regulated function, bounded variation and
prove their properties; (iv) present the definition of null set and give its properties;

(v) prove the main result.

4.1 Usual Darboux-Stieltjes and usual Riemann-Stieltjes

integral

In this section,we give the definitions of usual Darboux-Stieltjes integral and usual
Riemann-Stieltjes integral that can be found in [5]. We also give the useful lemmas
and theorems that Ross stated in [5]. However, he gave them without proof. We

provide proof with detail in this section.

Definition 4.1. Let f be a bounded function and g an increasing functions on
la,b]. For any subset [z;_1,z;] of [a,b], we use the notation the upper usual

Darboux-Stieltjes sum of f with respect to g is defined by
U(f,g,P ZM [i1, 2:]) (9(xi) — g(xi-1)),
and the lower usual Darbouz-Stieltjes sum of f with respect to g is defined by
L(f,g, P Zm (i1, 2:]) (9(z:) — g(zi-1)).
We define the upper usual Darboux-Stieltjes integral by
0(f,9) = mi{0(f.9, P)}

13
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and the lower usual Darbouz-Stieltjes integral is

L(f.9) = Sl;p{i(f,g, P)}.

We say that f is usual Darbouz-Stieltjes integrable or UDS-integrable
b
on [a, b] with respect to g if L(f,g) = U(f, ¢). In this case, we write (UDS) / fdg =
U(f.9) = L(f.9)-

Lemma 4.1. Let f be a bounded fucntion and g an increasing function on [a,b].

If P is a partition of |a,b], and Q is a refinement of P, then

L(f,g,P) < L(f,9,Q) <U(f,9,Q) <U(f,g,P). (4.1)

Proof. First, we see that the second inequality in (4.1) is obvious. It is sufficient

to show that

L(f,9.P) < L(f,9.Q) and U(f,9.Q) <U(f.g,P).

We may assume that

Q =A{lxo, z1],. .., [Tk—1,ul, [u,zx], . .. X1, Tl }

for some k =1,2,..., m. The lower usual Darboux-Stieltjes sum for P and () are

the same except for the terms involving z,_; or x;. Note that

m(f, [Te-1,2x]) < m(f, [zp—1,u]) and  m(f, [ze_1, 2x]) < m(f, [u, 24])

Hence, we have

m(f, [wr—1, a])(g(xn) = glex)) = m(f [zn-1, 2]) - [(9(2x) — g(u)) + (9(w) = g(zx-1))]
< m(f, [u, z])(g(zx) = g(u))

+m(f, [zr-1,u])(g(u) — g(zK-1))-
Therefore E(f,g, P) < E(f,g,Q). Similarly [7(f,g,Q) < U(f,g, P). O

Lemma 4.2. If f is a bounded function and g is an increasing function on [a,b],

and if P and Q) are partitions of [a,b], then f/(f,g,P) < U(f,g, Q).
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Proof. Let P and @ be partition of [a, b], we have that PV () is also a partition of
[a,b]. We have that PV(Q is a refinement of P and (). We can apply Lemma 4.1

to have
L(f,g,P) < L(f,9,PVQ) < U(f,9,PVQ) < U(f,3,Q).

]

Theorem 4.3. If f be a bounded function and g is an increasing function on [a,b),

then L(f,q) < U(f,g).

Proof. Fix a partition P of [a,b]. By Lemma 4.2, L(f, g, P) is a lower bound of
the set

{U(f,9,Q) : Q is a partition of [a, b]}.
Hence I:( f,g, P) is less than or equal to the infimum of the above set. That is
L(f,9,P) <U(f,9)-

Hence U(f,g) is an upper bound for the set of L(f, g, P) and we get U(f,g) >
L(f,9). 0

Theorem 4.4. Let f be a bounded function and g an increasing function on [a, b).
f is UDS-integrable on [a,b] with respect to g if and only if for each ¢ > 0 there
exists a partition P of [a,b] such that

U(ﬁg,P)_Z(f,g,P) < €.

Proof. Suppose that f is UDS-integrable on [a, b] with respect to g. Let € > 0 be
given. There exists partition P; and P, of [a, b] such that

L(f.9.P) > L(f.9) = 5 and U(f.9)+5 > U(f.9.Py)

Let P = PV P,, thus P is a refinement of P, and P,. By Lemma 4.1 we have

U(f,g,P) S ﬁ(f,g,Pg) and f/(f,g,P) Zi(fagapl)
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Hence,

U(f,9,P) = L(f,9,P) < U(f,g,P) — L(f,9,P))
< U(fg9)+5 (L)

= €.

)

€
2

The last equation above holds by integrability of f on [a, b].
Conversely, suppose that for each ¢ > 0, there exists a partition P

of [a,b] such that U(f, g, P) — L(f, g, P) < e. Thus we have

U(f,g) < 0(fagap)
= U(f.9.P)— L(f,9.P) + L(f. g, P)
< €+z(f7gap)

< e+ L(f9).

That is U(f,g) — L(f,g) < e. By Theorem 4.3, since ¢ was arbitrary, we can
conclude that U(f, g) < L(f, g). Therefore, we have that f is UDS-integrable on
la, b] with respect to g. O

Theorem 4.5. (Cauchy’s criterion for usual Darboux-Stieltjes integral)
Let f be a bounded function and g an increasing function on |a,b|. f is UDS-
integrable on |a,b] with respect to g if and only if for each ¢ > 0, there erists a
positive constant & such that for any o-fine partition P of [a,b] with respect to g,
we have U(f, g, P) — L(f, g, P) < e.

Proof. Assume that there exists a positive constant § such that for any J-fine
partition P of [a,b] with respect to g, we have U(f, g, P) — L(f,g,P) < €. By
Theorem 4.4, f is UDS-integrable on [a, b] with respect to g.

Conversely, assume that f is UDS-integrable on [a, b] with respect
to g. Let € > 0 be given. There is a partition Py = {[t;—1, %]}, of [a, b] such that

U(f,9,Po) = L(f,9, Ro) < 5. (4.2)

N
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Since f is bounded function, there exists a positive real number B such that
|f(z)| < B for all z € [a, b].
Let 6 = ;, where m is a number of interval in F,. Let P =
8mB
{[zi—1, x|}, be é-fine partition of [a,b] with respect to g. Thus for any two

points in d-fine partition P, we have |z' — 2| < 4.
Let Q = PV F,y. Since @ is a refinement of P, we get
L(f,9,Q) = L(f.9,P) < 2mBlz’ —a"
< 2mBd
€

By Lemma 4.1, we have L(f, g, Py) < L(f,9,Q) and so

E(fvg>P0)_E<f7g7P) <

I

Similarly, we have (j(f,g, P)— E(f,g, Py) < 2 and so
U(f.9.P) = L(f.9.P) < U(f.9.Po) = L(f, 9. Fo) + 5.
Now, by inequality (4.2) we have that
U(f.9.P) = L(f.g.P) < 5+5 =¢
Therefore, this proof is complete. n

Definition 4.2. A function f : [a,b] — R is said to be usual Riemann-Stieltjes
integrable or URS-integrable to A on [a,b] with respect to g if for each ¢ > 0,
there exists a positive constant ¢ such that whenever D = {([x;_1, 7], &)}, is a

d-fine division of [a, b] with respect to g, we have
’g(f7g7D) _A| <,
where S(f,g,D) = Zf(@)(g(x,) — g(x;—1)). We denoted a constant A by

(URS) / ’ fdg.
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Theorem 4.6. (Cauchy’s criterion for usual Riemann-Stieltjes integral)
Let f : [a,b] — R. Then f is URS-integrable on [a,b] with respect to g if and
only if for each € > 0, there exists a positive constant & such that whenever Dy, Do

are two 0-fine divisions of [a,b], we have

1S(f. g, D1) — S(f.g,D2)| <e.

Proof. First, we assume that f is URS-integrable on [a, b] with respect to g and
let € > 0 be given, there exists a positive constant ¢ on [a, b] such that for every

Dy, Dy are two d-fine divisions of [a, b] with respect to g, we get

1S(f,9, D1) — A <

DO | ™

and

|‘§(fagaD2)_A| <

NN e

By triangle inequality we have that

|‘§(f797D1) _g(fagaD2)| ’(g(.ﬂg?Dl) _A) - <‘§<f7g7D2> _A)|

o L€
- 2 2

= €.

Conversely, we assume that for each € > 0, there exists a positive
constant ¢ on [a, b] such that for every d-fine division Dy, Dy of [a, b] with respect

to g, we have that

|S(f,g,D1)—§(f,g,D2)| S

DO ™

Let ¢, = % for any n € N and ¢, is a positive constant on [a,b]. We may assume
that if m > n then ¢,, <, for any m,n € N. Thus for every d,,-fine division on
[a, b] with respect to g is also a d,-fine division on [a, b] with respect to g. Hence
we get

Y

S|

|S(fﬂgva1) _g(f?g7Dm2)’ S
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where mq, my > n.

We can conclude that {S(f, g, Dn)}nen is a Cauchy sequence in R.
we have that {g (f,9, Dyn) }nen is also a convergent sequence in R, there exists a
constant A such that nlggo |S(f,g,Dy,) — Al = 0.

Let € > 0 be given, there exists N; € N such that for any n > Ny,

we have that

S(f.9: D) — Al <

l\DIm

1
Let — < 5 N = max{N;, No} and § = dy, we get

Ny
|S(.fagaD)_A’ = \g(f,g,D)—g(f,g,DN)+S'(f,g,DN)—A|
< |’§(fagaD)_S(fagaDN)|+|§<f7g7DN)_A|
< 1 +e
- N 2
= e
Hence f is URS-integrable on [a, b] with respect to g. O

It is known that the URS-integrability criterion implies the UDS-

integrability criterion.

Example 4.1. Let s : [0, 1] — R be a step function defined by

=
-
O

<1
2’
z<1.

l\D|>—‘

We shall show that a step function s above neither UDS-integrable nor URS-

integrable with respect to s on [a, b].

Consider

n

L(s,s,P) = > m(f,[te1,tx]) - (9(te) — g(tx 1)) =01 =

i=1
and

U S S, P ZM f, tk 1,tk]) (g(tk) _g(tk—l)) =1-1=1.
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Hence, we have

U(s,s) # L(s, s).
Thus, a step function s neither U DS-integrable nor URS-integrable with respect
to s on [0, 1].

4.2 Darboux-Stieltjes integral

In this section, let f be a bounded function and g an increasing function on [a, b].

Definition 4.3. For a bounded function f, increasing function g on [a,b] and a

partial partition P = {[x;_1, z;]}},, we write

) = lim g(t) and g(z7) = lim g(t),

t—xt t—x—

g(x

and let

J(f,9,P Zf z)(g(af) = g(a7)).

The upper Darboux-Stieltjes sum is deﬁned by

U(fag7 ) f g7 +ZM flf, 17x1> (g(xz_)_g(xj_—l)>

and the lower Darboux-Stieltjes sum is defined by

L(f.g,P)=J(f.9,P Z (zio1,2)) - (g(z7) — 9(z7y)).
We define the upper Darbouz-Stieltjes integral by
U(f,g) =inf{U(f, g, P) : P is a partition of [a, ]},
and the lower Darboux-Stieltjes integral is defined by
L(f,g) =sup{L(f,g,P) : P is a partition of [a, b]}.

We say that f is Darbouz-Stieltjes integrable or DS-integrable on
b
[a, b] with respect to ¢ if L(f,g) = U(f, g). In this case, we write (DS)/ fdg =
L(f,9) =U(f,9)-
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Lemma 4.7. Let f be a bounded function and g an increasing function on [a,b).

Let P and Q be partitions of |a,b] such that Q) is a refinement of P. Then

L(f,9.P) < L(f,9,Q) <U(f,9,Q) <U(f,g,P) (4.3)

Proof. First, We see that the second inequality in (4.3) is obvious. Hence we will

show that
L(f.9,P) < L(f,9,Q) and U(f, 9.Q) < U(f, 9, P).

We may assume that
Q = {[x())ajl]a SRR [xk’—la U], [U,I'k], SRR [xm—la mm]}

for some k = 1,2,...,n. The lower Darboux-Stieltjes sum for P and () are the

same except for the terms involving xy_; or x;. Note that

m(f, (@k—1, %)) < m(f, (xr—1,u)) and m(f, (vx-1, 7x)) < m(f, (u, z1)).

Hence, we have

m(f, (@r—1,2))(9(x;) — 9(zi_y)) < mlf, (@e—r, 7)) (g(27) — g(u™))
+f (W) (g(w") = g(u™))
+m(f (@1, 7)) (9(w”) — g(x_4))

< m(f, (zr-1,u))(g(z;) — g(u™))
+f(W)(g(u’) = g(u))
+m(f (u, 1)) (g(u™) — g(y_y))
Therefore, L(f, g, P) < L(f,g,Q). Similarly U(f,g,Q) < U(f, g, P). O

Lemma 4.8. If f is a bounded function and g an increasing function on |a,b]. If

P and Q are partition of [a,b], then L(f,g,P) < U(f,g,Q).

Proof. Let P and @ be partition of [a,b]. Thus PV(Q is also a partition of [a, b].
We have that PV(Q is a refinement of P and (). We can apply Lemma (4.7) to
have that L(f,g,P) < L(f,9,. PVQ) < U(f,9,PVQ) < U(f,9,Q). O
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Theorem 4.9. For every bounded function f and increasing function g on [a,b],

we have L(f,g9) < U(f,9)

Proof. Fix a partition P of [a,b]. By Lemma 4.8, L(f, g, P) is a lower bound of
the set

{U(f,g,Q) : Q is a partition of [a, b]}.
Hence L(f, g, P) is less than or equal to the infimum of the above set. That is

L(f7g7 P) S U(f7g>'

Hence U(f, g) is an upper bound for the set of L(f, g, P) and we have L(f,g) <
U(f.9). 0

4.3 Basic properties for Darboux-Stieltjes integral

Theorem 4.10. Let f be a bounded function and g an increasing function on
la,b]. f is DS-integrable on [a,b] with respest to g if and only if for each € > 0
there exists a partition P of |a,b] such that

U(f,g,P)— L(f,9,P) <e.

Proof. Suppose that f is DS-integrable on [a, b] with respect to g. Let € > 0 be
given. There exists partition P; and P, of [a, b] such that

L(f,9.P) > L(f.9) =5 and U(f.9)+5 > U(f.g, P2)

Let P = PV P,, thus P is a refinement of P, and P,. By Lemma 4.7 we have

U(f,9,P) <U(f,9,P) and  L(f,g,P) > L(f,g, P1).

Hence,

U(f?.g?P)_L(.fagaP) S U(f,g,Pg)—L<f,g,P1)
< Ufhg)+5— (Lif.9) — 5

= €.

)
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The last equation above holds by integrability of f on [a, b].
Conversely, suppose that for each ¢ > 0, there exists a partition P

of [a,b] such that U(f, g, P) — L(f,g, P) < e. Then we have

U(f,g) < U(f,g,P)
— U(f,g9,P)— L(f,9,P) + L(f,g9, P)
< €+ L(f,9,P)

< e+ L(f,9)

That is U(f,g9) — L(f,g9) < e. By Theorem 4.9, since ¢ was arbitrary, we can
conclude that U(f,g) < L(f,g). Therefore, we have that f is DS-integrable on

la, b] with respect to g. O

Let 0 be a positive constant, [u,v] C [a,b] then an interval [u,v] is

said to be d-fine with respect to g if

l9(v7) = g(u™)] < 4.

Let P = {[u;,v;]}}_; be a finite collection of intervals. Then P is
said to be a d-fine partial partition with respect to g of [a,b] if P is a partial
partition of [a, b] and each [u;, v;] is d-fine with respect to g. In addition, if P is a
partition of [a, b], then P is said to be a d-fine partition with respect to g of [a, b].

Note that for any increasing function g on [a,b], given a positive

constant ¢, there exists a d-fine partition on [a, b] with respect to g.

Theorem 4.11. (Cauchy’s criterion for Darboux-Stieltjes intgral)

Let f be a bounded function and g an increasing function on [a,b]. f is DS-
integrable on |a,b] with respect to g if and only if for each ¢ > 0, there erists a
positive constant & such that for any o-fine partition P of |a,b] with respect to g,
we have U(f,qg,P) — L(f,g,P) <.

Proof. Assume that there exists a positive constant § such that for any J-fine
partition P of [a,b] with respect to g, we have U(f,g, P) — L(f,g,P) < €. By
Theorem 4.10, f is DS-integrable on [a, b] with respect to g.



24

Conversely, assume that f is DS-integrable on [a, b] with respect to

g. Let € > 0 be given. There is a partition Py = {[t;_1, %]}, of [a,b] such that

U(f,g,P) — L(f, g9, ) < (4.4)

l\DIm

Since f is bounded function, there exists a positive real number B such that
|f(z)| < B for all z € [a, b].

Let 0 = SmLB’ where m is a number of interval in Py. Let P = {[x;_1, 2]},
be J-fine partition of [a, b] with respect to g. Since P is a d-fine partition of [a, b]

with respect to g, for any two points in J-fine partition P, we have |2’ — 2| < .

Let Q = PV F,. Since @ is a refinement of P, we get

L(f,9,Q) — L(f,g9,P) < 2mBla’ — 2"
< 2mBé
€

By Lemma 4.7 we have L(f, g, Py) < L(f,g,Q) and so

€

L(f,9,F0) = L(f,9,P) < +.

N

Similarly we have U(f, g, P) — L(f, g, Py) < i and so
U(f.9.P) = L(f.9.P) < U(f.9. Fs) = L(f. 9, Po) +
Now, by inequality (4.4) we have that
Uf.9.P) = L{f.9.P) < 5 +5 =<
Therefore, this proof is complete. n

We shall use the short hand notation in following prove,

U'(f.g, P ZM (i1, ) (g(27) — g(271))

and
n

L'(f,9.P) =Y m(f, (i1, 2:)(g(x7) — g(ay)).

=1
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Theorem 4.12. Let f and h be bounded functions and g an increasing function
on [a,b]. If f and h are DS-integrable on |a,b] with respect to g and if o > 0,
then

(1) f+ h is DS-integrable on |a,b] with respect to g and
b b b
@) [ (7 +1)dg =(©S) [ fdg+(DS) [ hdg
(ii) af is DS-integrable on [a,b] with respect to g and
b b
(DS)/ afdg =a(DS) [ fdg.

Proof. (i) Let f and h be bounded functions on [a,b]. Assume that f and h are
DS-integrable on [a, b] with respect to g, we have

n

J(f+h,g,P) = Z(f +h) (@) (g(xF) — g(27))

= (flx) + hlx)(g(a]) — glay))

= Z fai)(g(z") = g(2)) + Z h(w:)(g(a) — g(w;))

— J(f.9.P)+ J(h.g. P)

and

U'(f+h,g,P) = ZM((f +h), (zic, @) (g(zy) — glafy))

+ZM (Tim1,x:))(g(x;) — g(xj_l))

= U'(f,g, P)+U'(h,g,P).

Similarly, L'(f + h, g, P) > L'(f, h, P) + L'(h, g, P).
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For any partition P of [a,b], we have
U(f+h,g,P) J(f+h,g,P)+U(f+h,g,P)
J(f:9,P) + I (h,g, P) + U'(f,9,P) + U'(h, g, P)
= J(f.9,P)+U'(f.9,P) + J(h,g,P)+ U'(h,g,P)

= U(f,9,.P)+U(h,g,P).

IN

Similarly, we have L(f + h,g, P) > L(f,q,P) + L(h, g, P).
Let € > 0 be given, Since f and h are DS-integrable on [a, b] with
respect to g, by Theorem 4.11, there exists a 6 > 0 such that for any J-fine

partition P of [a, b] we have

U(f,g,P>—L(f,g,P) < % and U(h’g’P>_L(hvg7P) < %

Hence we have

€ n €
2 2
= e
Theorem 4.11 implies that f 4+ h is DS-integrable on [a, b] with respect to g, and

we have

IN

U(f+h,g,P)
U(f.9.P)+U(h,g,P)
L(f,9.P)+ L(h,g,P) + ¢

b b
(DS)/ fdg+(DS)/ hdg + €

<DS{/<f+hmg

INIA

IN

and

v

L(f+h,g,P)

L(f,9.P) + L{h.g, P)

U(f.9.7) + Ulh,g.P) -

= (DS)/a fdg + (DS)/a hdg — e.

b
<DS{/<f+hug

Y

v
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Thus we have

?s) | (f + hydg = (DS) / g + (DS) / " hdg

(ii) In case of @ = 0, it clearly that

(DS)/ab()~fdg:O:O-(DS)/abfdg.

Next, we let @ > 0 be given. We consider

n

J(af,g.P) = Y af(x:)(g(z) - g(z7))

and
U'(f,9,P) = ZM(af, (i1, ) (9(2;) — 9(x24))

= « Z M(f, (wim1, 2:)) (927 ) — 9(274))
= aU'(f,g,P).
Similarly, we have L'(«af, g, P) = aL'(f, g, P).

Since f is DS-integrable on [a, b] with respect to g, by Theorem 4.11, there exists
d > 0 such that for any J-fine partition P of [a, b] with respect to g we have

U(f>g>P)—L(f,g,P)<§

Hence we have

U(af,g,P)—L(af,g,P) = OéU(f,g,P)—OéL(f,g,P)
= Oé(U(f,g,P)—L(f,g,P))

< a—

(0%

= €.
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Theorem 4.11 implies that af is DS-integrable on [a, b] with respect to g and we

have

b
(DS) / afdg < Ulaf.g.P) < Liaf.g,P) +¢
= aL(f,g,P) +e

b
< a(DS)/ fdg + €

b b
and ('DS)/ afnga(DS)/ fdg —e.

Thus we have
b b
(DS)/ afdg—a(DS)/ fdg.

]

Theorem 4.13. Let f be a bounded function and g, h be increasing functions on

la,b]. If f is DS-integrable on [a,b] with respect to g and h and o > 0, then

(i) f is DS-integrable on |a,b] with respect to g + h and
b b b
(DS) / fd(g + h) = (DS) / fdg + (DS) / fdh.
(i) f is DS-integrable on |a,b] with respect to ag and
b b
@s) [ sdtag) = a(D5) [ 15

Proof. (i) Let g and h be increasing functions on [a, b]. If f is DS-integrable on

[a, b] with respect to g and h, we have

(g+h)(z") = lim (g(t) + h(t))

t—at
- pe0 I o

= g(at) + h(x™).

Similarly, we have (g + h)(z~) = g(z~) + h(z™).
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We consider

J(f.g+h,P) = Zf(xa((gm)(xf)—(g+h><w;>>
= > f)g() + hlxh) — g(z) — ha)))
= Y f@)(g(=) = g(z)) + (=) — h(z7)))

1=1

= Z Fla)((g(a) = g(a7)) + Z fla) (") = h(x7))

= (f,g, P)+ J(f,h, P)

and
U'(fg+h Py = > M(f (wiy,2:))((g + h)(x;) = (g+ h) (a7 4))

= D> M(f (@i, 2))(g(e7) + hiay) = (9(aiy) + hiaf,))

= U'(f 9. P)+U'(f,h, P).

Similarly, L'(f.g + h, P) = L'(f.g. P) + L'(f.h. P).

For any partition P of [a,b], we have

U(f,g+h,P) = J(f

= J(f.9.P)+J(f,h, P)+U'(f,9,P) + U'(f, h, P)
= J(f.9.P)+U'(f.9,P) + J(f,h, P) + U'(f, D, P)
= U(f,9,P)+U(f, h,P).

,g+h,P)+U(f,g+h,P)

Similarly, we have L(f,g+ h, P) = L(f,q,P) + L(f, h, P).
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Let € > 0 be given, Since f is DS-integrable on [a, b] with respect to
g and h, by Theorem 4.11, there exists a § > 0 such that for any J-fine partition
P of [a,b] with respect to g, we have

ngju—uﬁgpy<gmdUuij—uﬁmPy<§

Hence we have

U(f,g—l—h,P)—L(f,g—f—h,P) = U(f,g,P)—L(f,g,P)+U(f,h,P)—L(f,h7p)

<e+e
2 2

= €.

Theorem 4.11 implies that f is DS-integrable on [a, b] with respect to g + h, and

we have

b
(DS) / fdg+h) < U(f.g+h.P)
< L(f,g+h,P)+e
= L(f7g7p>+L<f7h7P>+€'
b b
< @&/f@+@&/f%+e

and (DS) / fdlg+ h) > (DS) / fdg + (DS) / Fdh —e.

Thus we have

(DS) / (g 4 1) = (DS) / g+ (DS) /  tan,

(ii) In the case of a = 0, it clearly that

(DS)/ fd(0-g)=0=0- (DS)/ fdg.

We now let o > 0, we have (ag)(zt) = ag(a™), (ag)(x™) = ag(z™), U(f,ag, P) =
aU(f,g,P) and L(f,ag, P) = aL(f, g, P). Since f is DS-integrable on [a, b] with
respect to g, by Theorem 4.11, there exists a § > 0 such that for any J-fine

partition P of [a, b] with respect to g, we have

U(f,g,P)—L(f,g,P) < g
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Hence we have

U(f,Oég,P)—L(f,Oég,P) = OéU(f,g,P)—C(L(f,g,P)
= Oé(U(f,g,P)—L(f,g,P))

< a—

(0

= €.

Theorem 4.11 implies that f is DS-integrable on [a, b] with respect to ag and we

have

b
(DS) / Jdlag) < U(f.ag,P) < L(f,ag,P)+
= aL(f,g9,P)+e

b
< a(DS)/ fdg+e

b b
and (DS)/ fd(ag) > a(DS)/ fdg — €.

Thus we have

(DS) / ' fd(og) = a(DS) / " fdg.

4.4 Regulated functions

Definition 4.4. Let f : [a,b] — R. Then f is said to be requlated if f has one side
limits at every point of [a,b], i.e., 1im+ f(z), hrgl_ f(z), lim+ f(z) and lim f(x)
exist, for each ¢ € (a,b). The set of all regulated function defined on [a,b] is

denoted by RF|a,b).

Lemma 4.14. If f : [a,b] — R is regulated, then for every e > 0 there ezists
a partition P = {[z;_1,x;]}, such that for each i = 1,2,...,n whenever {,n €
(i—1,2;), we have

[f(&) = f(n)| <e (4.5)
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Proof. Let € > 0 be given and let B be the set of all ¢ € (a, b] such that there is a
finite sequence a = z1 < g < ... x4y = ( satisfying (4.5) for i =1,2,... k + 1.
Since f(a™) = xlirtrl1+ f(z) exists, there is ¢ > a such that for any
z € (a,()
(@) = fla)] < 5.

Then for all ', 2" € (a, () we have that

f(@) = f")] = |f(z) = fla®) = f(z") + f(a®)]
= |f(&) = fla®) + (f(a®) = f(&"))]
< |f@@) = flaD)+[f(ah) = f(2")]
= |f(@) = fl@")| +|f(=") = fa®)]
< 5+5

Hence we get

Hence, ¢ € B thus B is nonempty. Let d = sup{B}. We will show that d € B5.
Since f(d™) = xlir(rili f(z) exists, there is 0 > 0 such that for every x € (d — 9, d),
|f(x) = f(d7)] < g Let ¢ € BU(d — d,d). Since ¢ € B, there exists a finite
sequence a = 1 < Ty < ...Tpr1 = ¢ such that (4.5) holds for i = 1,2,... k+ 1.
We denote zj,5 = d, thus for any o',z € ((,d) = (¢, zr.2). Similar above we

have that

! 1" ’

F@) = fEOI < @) = Fd)] +1£(") = flaT)| < e
Thus d € B. We now suppose that d # b, i.e., d < b . Since f(d") = lirtril+ f(z)
exists, there is * > d with z* < b such that for any = € (d,z*) we have

F(2) - F(d)] < 5.

Hence for any «', 2" € (d, z*)

/

1f(2) = f@)] < (@) = F@H)] +|f(2") = f(dh)] < e
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Hence z* € B, we get contradiction with d = sup{B}.
Therefore, we can conclude that d = b. O
4.5 Bounded p-variation

Definition 4.5. Let f be a real-valued function defined on [a,b] and let 0 < p <

oo. Given a partition P = {[x;_1, z;]}1, of [a,b], let

3=

Volf, Pl b)) = [ 1F () = flain)l]7.
The p-variation of f defined by

‘/p<f7 [a7 b]) = Sgp V;?(fa Pa [CL, b]),

where supremum is taken over all partition P. We say that f € BV,a,b] if
Vo(f, [a,0]) < oco.

In this study, we consider as p = 1 and the set of all function of bounded

variation defined on [a, b] is denoted by BV|a, b].

Lemma 4.15. Let f : [a,b] — R. If f is monotonically increasing function. Then

for any partition P = {[z;, x;_1]}~, of |a,b], we have that f € BV]a,b|.

Proof. Let f is monotonically increasing function. Thus we have

n

Z |f(z:) = flzic)] = Z[f(%) — f(zi-1)]

i=1

= [fwn) = f(20)
= f(b) = f(a).

Hence f € BV]a,b. O

Theorem 4.16. If f,g € BV|[a,b] and o, 5 € R, then af + Bg € BV]a,b] and

Viaf + 8g,[a, b)) < |alV(f,[a,b]) + |5V (g, [a, b])-
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Proof. Let f,g € BV|a,b] and a partition P = {[z;_1,x;]}~, be given, we have
that

Z ((af +Bg)(zi) — (af + Bg)(zi1)]
= Z laof (i) + Bg(xi) — af (zio1) — Bg(wi1)]

= laf(@) — af(zi1) + (Bg(x:) — Bg(win))|

i=1

<Z{\aHf w:) = f(@ion)| + 18llg(z:) — glwio1)|}

|Q|Z|f z;) — f(@iza |+|ﬁ|Z|g ;) — g(@i-1)|
< IaIV( [a,0]) + 181V (g, [a, b])-
Therefore, this prove is complete. O
Lemma 4.17. If f € BV, [a,b], p > 0, then f € RF[a,b].

Proof. Assume that f ¢ RFa,b], without lost of generality, there exists zy € [a, ]
such that right limit of f at xy does not exist. Hence there exists € > 0, such that

for every ;, there exists [u;, v;] € (2o, 2o + J;) such that

|f(vi) = f(ui)| > e,

for each i. We may assume that [u;,v;],7 = 1,2,..., are pairwise disjoint. Thus

we have

1
,[a,b]) > Z|fvl u,|p]5>n%e.

for every integer n. Hence, f ¢ B‘/;,[a, b], it leads to a contradiction. Therefore,
f € RF[a,b]. O
4.6 Riemann-Stieltjes integral

Definition 4.6. Let g : [a,b] — R. g¢ is said to satisty 7-condition if for every

d > 0, there exists a d-fine partition with respect to g of [a, b].
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Let 6 < 0 be a positive constant. An interval point pair ([u,v],&)
is said to be d-fine with respect to g if |g(v™) — g(u™)| < 0 and £ is any point in
[u, v].

A division {([z;_1,x;], &)}, is said to be 0-fine of [a, b] with respect
to g if each ([z;_1,x;],&;) is d-fine with respect to g.

Definition 4.7. Let g : [a,b] — R satisfy v-condition. A function f : [a,b] — R
is said to be Riemann-Stieltjes integrable or RS-integrable to A on [a,b] with
respect to g, if for each € > 0, there exists a positive constant ¢ such that whenever

D = {([zi_1, 2], &)}, is a d-fine division of [a, b] with respect to g, we get
’S(fagaD) _A| <,

where S(f,g9,D) = J(f,g9,D) —|—zn: f(&)(g(z;) —g(xf ). We denoted a constant
i=1

b
A by (RS)/ fdg.

Lemma 4.18. If g € RF, then g satisfy vy-condition.

Proof. Let 6 > 0 be given. Since g € RF[a,b], by Lemma 4.14, there exists a
partition P = {[z;_1,x;]}; of [a,b] such that for each i = 1,2,... n, whenever
&,n € (xr;_1,x;), we have,

19(&) —g(n)| <.

Hence g satisfy y-condition. O

Theorem 4.19. Let f,g € RF[a,b]. If f is RS-integrable on |a,b] with respect

to g, then f is bounded on [a,].

Proof. Let e = 1 be given, by Cauchy’s criterion for RS-integrable, there exists
positive constant ¢ such that whenever Dy, D5 are two J-fine divisions of [a, b] with

respect to g, we have

1S(f,9,D1) — S(f,9,D5)| < 1.

Let Dy = {([wi—1,2:],&) ", be a fixed d-fine division of [a,b] with respect to g

and x be a point in [a,b], so x € (x;_1, ;) for some j. We define a new division



36

D, form division D; and replacing a point §; by z, we have D, is a 0-fine division

of [a,b] with respect to g. Hence

(f(&) = f@)g(zy) —g@))l = |S(f,9.D1) = S(f, 9, Da)|
1

IN

Hence we get

(1+ (&) g(a;) — g(@1))])

) (6(03) — 9070)
(LD ) (9(a;) = glzf))D)
< i=1 7
B G
where 8 = min{|g(z}) — g(z]_,)| : j = 1,2,...,n}. Therefore, f is bounded on
[, 0]. O

4.7 Basic properties for Riemann-Stieltjes integral

For the proof of Theorems 4.20 - 4.21, we shall use the shorthand

notation

$'(£.9.0) = Y FE)glw) — gla)

Theorem 4.20. Let « € R. If f,h: [a,b] — R are RS-integrable on [a,b] with
respect to g, then

(i) f+h is RS-integrable on |a,b] with respect to g and
(RS) / (F+ g = (RS) / g+ (RS) / ' hdg.
(i) af is RS-integrable on |a,b] with respect to g and
(RS) /b afdg = a(RS) /b fdg.

Proof. (i) Let € > 0 and assume that f, h are RS-integrable function on [a, b] with

respect to g such that
b
(RS) / fdg=A
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and
b
(RS) / hdg = B.

Then there exist a positive constant d; and d, such that

15(f,9,D1) — Al <

9

DO ™

and

S(h,g.D2) = B| < .

for every 07, do-fine division Dy, Dy of [a, b] with respect to g, respectively.
Let = min{dy,d2}. Then, for every d-fine division D of [a, b] with
respect to g, we have |S(f,g,D)—A| < g and |S(h,g,D)—B| < % We have that

n

S'(f+h,g.D) = Z(f +h) (&) (g(x7) — g(aiy))

= Y (f(&) + &) (g(a;) — gl )

=1

= Z F&)(g(x;) — g(ay)) + Z h(&)(g(x;) = g(z"y))

— S(f.9.D) +S'(h.9. D)

and
J(f+h,g,D) = Z(f +h) (i) (g(x]) — g(x;))
= Z f@a)(g(xf) —g(=;)) + Z h(z:)(g(z) — g(z;))
= J(f,9,D)+ J(h,g,D).
Hence

S(f+h,g,D) = S(f+h,g,D)+J(f+h,g D)
= S'(f,9,D)+ S (h,g,D) + J(f,9, D)+ J(h,g, D)
= S(f,9,D)+ S(h,g,D).
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Thus

|S(f+h,9,D) = (A+ B)| 15(f,9, D)+ S(h, g, D) = (A+ B)|

15(f,9, D) = Al + [S(h, g, D) — B

IN

e+e
2 2

€.

IN

Hence f + h is RS-integrable on [a, b] with respect to g and

(RS) / (F 1+ g = (RS) / g+ (RS) / ’ hdg.

(ii) It is clearly that

b b
(RS)/ O-fdg:O:O-(RS)/ fdg.

Assume that o # 0 and let € > 0 be given, then there exists a positive constant §

such that for every d-fine division D of [a, b], we have

b
1S(f,g9,D) — A| < i, where A = (725)/ fdg.

o
We know that
S(O[f,g,D) :QS(f,g,D)

Thus

’S(Oéf,g,D)—OéA’ = |O./S(f,g,D)—OéA’

lal(=)

= €.

IN

|

Hence af is RS-integrable function on [a, b] with respect to g and

®$) [ wsto=a-®s) [ iy
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Theorem 4.21. Leta € R. If f : [a,b] — R is RS-integrable on [a,b] with respect
to g, h, then

(i) f is RS-integrable on [a,b] with respect to g + h, and
b b b
(RS)/ fd(g+h) = (RS)/ fdg+(RS)/ fdh.
(i) f is RS-integrable on [a,b] with respect to ag, and

b b
(RS) / fd(ag) = a(RS) / fdg.

a

Proof. (i) Let € > 0 and assume that f, h are RS-integrable function on [a, b] with

respect to g such that
b
(RS)/ fdg=A
and
b
(RS)/ fdh = B.

Then there exist a positive constant d; and do such that

‘S(fagaDl)_A’ <

[\Dlm

and

|S(f7haD2)_B| <

[\Dlm

for every 0y, do-fine division Dy, Dy of [a, b] with respect to g, respectively.

Let 6 = min{dy, d2}. Then, for every J-fine division D of [a, b] with
respect to g, we have |S(f,g,D) — A| < % and |S(f,h,D) — B| < g We know
that

S(fg+hD) = > fE&)(g+n)(7) = (g+h) k)
= L@ +he) —glol) — ()
= Zf& (27) = g(a0) + h(a7) = h(ziy))

= foz ;) —glely) +foz — h(zy))

= S/(f,g, D)+ S'(f,h, D)
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and

J(f.g+h.D) = > (fF&)g+n) () = (g+h)(z}))

= Z(f(&))(g(ﬁ) — g(wy) + hla) = h(z;))

= D (FEN(9(x) —gar) + D _(f(€))(h(zf) = h(z))

i=1 i=1

= J(f,g,D)+ J(f, h,D).
Thus
S(f,g+h,D) = S'(f,g+h D)+ J(f,g+h,D)

= S'(f,9, D)+ 5'(f,h, D)+ J(f,9,D) + J(f, h, D)
= S(f,9,D) + S(f.h. D).

So we have that

1S(f,9+h,D) — (A+ B)| 15(f,9, D) + 5(f,h, D) — (A+ B)|

|S<f7g7D)_A|+|S(f7h7D>_B|

IN

€

< 4
-2 2
€.

Hence f is RS-integrable on [a, b] with respect to g + h and

(RS) / (g 4 h) = (RS) / g+ (RS) / " an.

(ii) It easy to see that

b b
(RS)/ de-g:O:O-(RS)/b fdg.

Assume that o # 0 and let € > 0 be given, then there exists a positive constant ¢
such that for every d-fine division D of [a, b], we have

b
1S(f,9.D) — A] < —, where A = (728)/ fdg.

|
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We know that

S(f,ag,D) = S'(f,ag, D)+ J(f,ag,D)
= aS'(f,9,D) +alJ(f,9,D)
= a[S'(f,9,D) + J(f, g, D)]
= aS(f,g,D).

Then
‘S(f,ozg,D)—ozA‘ = }aS(f,g,D)—aA‘

|
a_
o]

= e
Therefore, f is RS-integrable function on [a, b] with respect to ag and

(RS) / ’ fdag = a - (RS) / b fdg.

Theorem 4.22. (Cauchy’s criterion for Riemann-Stieltjes integral)
Let f : [a,b] — R. Then f is RS-integrable on [a,b] with respect to g if and only
if for each € > 0 there exists a positive constant § such that whenever Dy, Doy are

two 0-fine divisions of [a,b] with respect to g, we have

1S(f,9.D1) — S(f,9,Ds)| <e.

Proof. First, we assume that f is RS-integrable on [a,b] with respect to g and
let € > 0 be given, there exists a positive constant ¢ on [a, b] such that for every

D1, Dy are two d-fine divisions of [a, b] with respect to g, we get

’S(fagaDl) _A’ <

DO | ™

and

S(f.9.D2) = Al < .
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By triangle inequality we have that

1S(f, 9, D) = S(f, 9, D2)] (S(f, 9, D1) = A) = (5(f, 9, D2) — A)]

< |S(f,9,D1) — A[+[5(f,9, D2) — Al
< € i €
-2 2

€.

Conversely, we assume that for each ¢ > 0, there exists a positive
constant ¢ on [a, b] such that for every d-fine division Dy, Dy of [a, b] with respect

to g, we have that

€
|S(fagaD1) - S<f>g7D2)| < 5
2
Let €, = — for any n € N and 4,, is a positive constant on [a,b]. We may assume
n
that if m > n then 9,, < ¢, for any m,n € N. Thus for every ¢,,-fine division on
[a, b] with respect to g is also a d,-fine division on [a, b] with respect to g. Hence
we get

|S(f’g’Dm1) _S(f7g7Dﬂ’L2)’ <

Y

S|

where mq, my > n.

We can conclude that {S(f, g, D,)}nen is a Cauchy sequence in R.
we have that {S(f, g, Dn)}nen is also a convergent sequence in R, there exists a
constant A such that 7}13)10 |S(f,9,Dn) — Al =0.

Let € > 0 be given, there exists N; € N such that for any n > Ny,
we have that

DO | ™

1
Let A < %, N = max{Ny, No} and § = Jy, we get
2

|S<fvgvD)_A| = |S(fagaD)_S(fagaDN)+(S(f>g>DN)_A”
< |8(f,9.D) = S(f,9,Dn)| +|S(f, 9, Dn) — A
< Lo¢
- N 2

€.

Hence f is RS-integrable on |a, b]. O
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Theorem 4.23. Let f be a bounded function and g an increasing function. f is
RS-integrable on [a,b] with respect to g if and only if it is DS-integrable on |a, b]

with respect to g.

Proof. Assume that f is DS-integrable on [a,b] with respect to g. By Theorem
4.11, there exists a positive constant ¢ such that for any J-fine partition P of [a, b]

with respect to g, we have

U(f,9,P) = L(f, 9, P) <e

Let D be a d-fine division of [a,b] and P an associated partition of D. We have

that P form d-fine partition of [a, b] with respect to g. Thus

S(f,g,D) < U(f,g,P)
< L(f,9,P)+e¢
< L(f,g) +e
b
- (DS)/fdg+e
and
S(f,g,D) > L(f,g,P)
> U(f,g,P)—¢
> U(f,g)_€

(DS) / ’ fdg —e.

Hence we have
b
5(1.9.D) - (0S) | fdg‘ <e

We can conclude that f is RS-integrable on [a, b] with respect to g and

(RS) / ' fdg = (D) / " fdg.

Conversely, assume that f is RS-integrable on [a, b] with respect to

g. Thus g is satisfy y-condition and for any € > 0, there exists a constant ¢ > 0
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such that whenever D = {([z;_1, x;],&)}, is a d-fine division of [a, b] with respect
to g, we have

S(f.9.D) — (RS) / fdg

< €.

Let P = {[x;_1, ]}, be a d-fine partition of [a, b] with respect to g. For each k,
k=1,2,...,n. We choose v € (z)_1, 1) such that

fve) <m(f, (zr—1,7x)) + €
Then D form a d-fine division of [a, b] with respect to g such that
S(f,g.D) < L(f,9,P) + e(b—a).

Thus we have

L(fag)zL(fa.%P) > S(f7g7Db)_€<b_a)
> (RS)/ fdg —e—¢€(b—a).

b b
We have that L(f,g) > (RS)/ fdg. Similarly, U(f,g) < (RS)/ fdg. Since
we have L(f,g) < U(f,g), we get ’

b
L(f.g) = U(f.9) = (RS) / fdg.

Therefore, f is DS-integrable on [a, b] with respect to g and

os) [ ' fdg = (RS) / " fdg.

4.8 Null set

In this section, we follow ideas of Chew, see [3], to prove the results.
Definition 4.8. Let F C [a,b]. Denote the characteristic function of E by

1, xe€FE;
0, z€la,b]\E.
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Then E is said to be null set if Iy is RS-integrable on [a, b] with respect to g.
b
and (728)/ Ipdg = 0.

It is clear that any subset of null set is a null set.

Lemma 4.24. Let E be a null subset of [a,b] and f : [a,b] — R a bounded function.
b
Then fIg is RS-integrable on [a,b] with respect to g and (RS)/ fIgdg = 0.

Proof. Let E be a null set and f : [a,b] — R a bounded function. We have that

€
< =
< MM

= 67

where M = sup|f|. Thus fIg is is RS-integrable on [a, b] with respect to g and
b

(RS) / Flpdg = 0. 0
Corollary 4.25. Let f be RS-integrable on [a,b] with respect to g and E a null
subset of [a,b]. Then fl,u\ g is RS-integrable on [a,b] with respect to g and

b b

(RS)/ f[[a,b]\Edg = (RS)/ fdg

Proof. We know that

J = [lapp\e + flE.

By assumption and Lemma 4.24, we have that flj, ;g is RS-integrable on [a, b]
with respect to g and

b b
(RS)/ Jap\edg = (RS)/ fdg.
]

Theorem 4.26. Let f,h: [a,b] — R and f = h except on a null set E. Suppose
f is RS-integrable on |a,b] with respect to g. Then h is RS-integrable on [a, b
with respect to g.
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Proof. Assume that f is RS-integrable on [a,b] with respect to g. Let f = h

except on a null set E. We have that

b b

(RS) / jdg = (RS) / Fliuedo
b

= (RS)/ hIa )\ 2dyg

b
= (RS) / hdg.
Hence h is RS-integrable on [a, b] with respect to g. O

Definition 4.9. A property is said to hold almost everywhere (abbreviated a.e.)

if the set of points where it fails to hold is a null set.

4.9 Integrable functions

Lemma 4.27. If f € RF[a,b] and g is an increasing function, then f is DS-

integrable on [a,b] with respect to g.

Proof. Let f € RF[a,b], we may assume that f is bounded. Let g be an increasing
function. by Lemma 4.14, we have that for every € > 0, there exists a partition
P = {[z;_1,x;]}, of [a,b] such that for each ¢ = 1,2,...,n whenever {,n €

(zi—1,x;) we have

Then we have

Hence
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Since ¢ is an increasing function,

Thus

Hence, we have
U(f?.g?P) —L(f,g,P> <€
Therefore, by Cauchy’s criterion for Darboux-Stieltjes integral, f is DS-integrable

on [a, b] with respect to g. O
Corollary 4.28. If f € RF|a,b] and g an increasing function, then f is RS-
integrable on [a,b] with respect to g.

Proof. By Lemma 4.27 and Theorem 4.23, we have this prove. O

Theorem 4.29. If f € BVa,b], then the function V(f,[a,z]) and V(f,|a,x]) —

f(z) are both increasing function on [a,b].
Proof. Let a < z1 < 29 < b and assume that V(x) = V(f,|a,z]). Since [a,z1] C
la, z5], we have

Vi) =V ([, la, 21]) S V([ la, 22]) = V(22).

Thus

= (fv [ava]) _f<x2) _V(fv [avxl])+f(xl)
=V ([, [a,z2]) = V(f, [a, 2:1]) — [f(22) — f(z1)]
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So the inequality [V (z2) — f(x2)] > [V (x1) — f(z1)] follows from

) = fla)l = Y 1f @) = flzimn)] < VS, 21, 22).

{z1,22}

[]

Theorem 4.30. The function f € BV]a,b] if and only if it is the difference of

two increasing functions.

Proof. First, assume that f € BV|a,b| then

f(x) = V([ la,2]) = V(] [a, 2]) = f(z)].

By Theorem 4.29 we have that f is the difference of two increasing functions.
Conversely, assume that f is the difference of two increasing func-

tion, thus we have
f =g - h7
where g, h are increasing functions.

By Lemma 4.15 and Theorem 4.16, we have that g,h € BV]a,b] and ¢ — h €
BVla,b]. O

Theorem 4.31. If f € RF|a,b] and g € BV]a,b], then [ is RS-integrable on
[a,b] with respect to g .

Proof. Let f € RF|a,b] and g € BV]a,b]. Since g € BV][a,b], by Theorem 4.30,
we have that g is the difference of two increasing functions. By Theorem 4.21 and

Corollary 4.28, we have that f is RS-integrable with respect to g on [a,b]. m
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