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(Gamma-semigroups)

In 1981, the notion of I" -semigroups was introduced by M. K. Sen (See [5], [6] and {7]).
Let M and T be any two nonempty sets. If there exists a mapping M xI'x M — M, written
(@, v, b) by ayb, M is called a T - semigroup if M satisfies the identities (ayb)Lc = ay(blLc)
foralla, b,c € Mand y,u € I'. Let XK be a nonempty subset of M. Then K is called a sub[ -
semigroup of Mifayb € Kforalla,b e Kand y € T".

Example 1.1. Let S be a semigroup and I' be any nonempty set. Define a mapping
SxI'xS —> 8§ byayb=abforalla,b e Sand y € I"'. Then Sisa I' -semigroup.
Example 1.2. Let M ={0,1] and

1, . e
' = { —| nis a positive integer }.
n

Then M is a I -semigroup under the usual multiplication. Next, let K = [0, % ]. We have that K

is a nonempty subset of M and ayb € K foralla, b € Kand y € I'. Then K is a subI -
semigroup.

From example 1.1, we have that every semigroup is a I'-semigroup. Therefore, T'-
semigroups are generalizations of semigroups.

1.1 Quasi-gamma-ideals

Let S be a semigroup. A nonempty subset O of S is called a quasi-ideal of Sif SQ N QS
Q. Let O be a quasi-ideal of S. Then Q2 c SO N S c Q. Hence Q is a subsemigroup of S.
The concept of quasi-ideals in semigroups was introduced in 1956 by O. Steinfeld (see [1]).
The author have studied some properties of quasi-ideals in semigtoups (See [2] and [3]).

Example 1.3. Let S = [0, 1] . Then S is a semigroup under usual multiplication. Let O = [0,
%]. Thus SQ N OS =[O0, %] c Q. Therefore, Q is a quasi-ideal of §.

A nonempty subset L of S is called a left ideal of Sif SL < L and a nonempty subset R of S is

called a right ideal of S if RS < R. Clearly, every left ideal and every right ideal of a
semigroup S is a subsemigroup of S. Next, let L and R be a left ideal and a right ideal of a
semigroup S. By the definition of quasi-ideals of semigroups, it is easy to prove that L N Ris
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a quasi-ideal of S (See [4]). Let O be a quasi-ideal of a semigroup. Then @ = (Q v SQ) N (Q
W 08). It is easy to show that (Q w SQ) is a left ideal of Sand Q U (S is a right ideal of S.

Then every quasi-ideal Q of S can be written as the intersection of a left ideal and a right
ideal of S.

Example 1.4. Let Z be the set of all integers and M>(Z), the set of all 2 x 2 matrices over Z.
We have known that M>(Z} is a semigroup under the usual multiplication. Let

r=¢|*° zZ
{yolx,ye }

and

R={|:; ﬂu,ye 7).

Then L is a left ideal of M>(Z), R is a right ideal of M>(Z) and
0
LnR={ x |xe Z}
00
is a quasi-ideal of M>(Z).

In this section, we generalize some properties of quasi-ideals of semigroups to some
properties of quasi-I” -ideals in I” -semigroups.

Let M be a T -semigroup. A nonempty subset Q of M is called a quasi-T" -ideal of M if
MI'Q n OI'M < Q. Let O be a quasi-TI"-ideal of M. Then QT Q <« MT QO n QT M c Q.
This implies that (0 is a subI" -semigroup of M.

Example 1.5. Let S be a semigroup and I" be any nonempty set. Define a mapping
SxI'xS > S byayb=abforalla, b € Sand y € T. From example 1.3, Sisa I'-
semigroup. Let O be a quasi-ideal of §. Thus SO0 N 05 < Q. We have that ST Q n Q'S =
SO n OS < Q. Hence, ( is a quasi-I -ideal of S.

Example 1.5 implies that the class of quasi-I"-ideals in I' -semigroups is a generalization
of quasi-ideals in semigroups.

Theorem 1.1. Let M be a I" -semigroup and Q; a quasi-I" -ideal o\f Mforeachi e L If ﬂQ,. is
iel
a nonempty set, then nQ,. is a quasi- " -ideal of M.

iel

Proof. Let M be a I -semigroup and Q; a quasi-I" -ideal of M for each i € I. Assume that
ﬂQI is a nonempty set. Take any a, b € nQ‘. ,m,m € Mand y, p € T suchthatm pb

ief ief

=aymy. Thena, b € Q; foralli € I Since (; is a quasi-I-ideal of M for alli e I, mpb=

aym € MI'O: n O; TM < Q; for all i € I. Therefore miub = aym; € ﬂQi. Thus
ief

MT (@ n (1@ TM c Q. Hence, [0, is aquasi-T -ideal of M. a

ief iel ief iel
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In Theorem 1.1, the condition nQ,. is a nonempty set is necessary. For example, let N be
iel

the set of all positive integers and I" = {1}. Then M is a I" -semigroup. Forn € N, let @, =

{n+l,n+2,n+3, ..} Itiseasytoshow that each O, is a quasi-I"-ideal of M foralln € N
but (1)@, is a empty set.

neN

Let 4 be a nonempty subset of a I' -semigroup M and 3 = { Q] Q is a quasi-I" -ideal of M
containing 4}. Then 3 is a nonempty set because M € 3. Let (4), = nQ . It is clear to see
QCe3
that 4 < (A4),. By Theorem 2.1, (4), is a quasi-T" -ideal of M. Moreover, (4), is the smallest
quasi-I" -ideal of M containing A4. (4),is called the quasi-T" -ideal of M generated by A.

Theorem 1.2. Let A be a nonempty subset of a I'-semigroup M. Then
A)g=4 v (MT A N AT M).

Proof. Let A be a nonempty subset of a I' -semigroup M. Let Q=AU (MT'A N AT M). It is
easy to see that 4 < Q. We have that
MUONQOTM=MI'[AVMEPANAT M)] N [AVMTANAT M)]IT M
MIEAOUMIAN[AVUATMTM cMIAn ATMc Q.

Therefore, Q is a quasi-I" -ideal of M.

Let C be any quasi-I"-ideal of M containing 4. Since C is a quasi-I" -ideal of M and 4 c
C, MTA N AT M < C. Therefore, @ =4 v (MT A n AT M) c C.

Hence, Q is the smallest quasi-I'-ideal of M containing A. Therefore,

A=A VMI'A N AT M),

as required. a

Example 1.6. Let N be the set of natural integers and I' = {5}. Then N is a I" -semigroup
under usual addition.
(i) Let A= {2}. We have that
A),= {2} v {8,9,10,...}.
(ii) Let 4 = {3, 4}. We have that
(Ag={3,4} v {9,10,11, ...}.

Let M be a I -semigroup. A subI -semigroup L of M is called a left I -ideal of Mif MT L
c L and a subI -semigroup R of M is called a right I -ideal of M if RT M < R. The
following theorem is true.

Theorem 1.3. Let M be a I"-semigroup. Let L and R be a left I"-ideal and a right T -ideal of
M, respectively. Then L m R is a quasi-T -ideal of M.

Proof. Let L and R be any left I'-ideal and any right I -ideal of a I -semigroup M,
respectively. By properties of L and R, we have RL < L m R. This implies that L » Risa
nonempty set. We have that

MULNARNULNARTMcMIULARTMc L N R.
Hence, L m R is a quasi-I" -ideal of M. O
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Theorem 1.4. Every quasi-I" -ideal Q of a I -semigroup M is the intersection of a left [ -ideal
and a right I -ideal of M.

Proof. Let Q be any quasi-I"-ideal of a I" -semigroup M. Let
L=QuMI@QandR=0 u OI'M.

Then MTL=MI{Q o MT Q)= MTQ U MI'MI'Q c MI'Q ¢ Land RTM=(Q v
OQIrmIrm= QIrMmu QrmMrM c QM c R. Then L and R is a left I"-ideal and a right
I" -ideal of M, respectively.

Next, we claim that Q= L " R. [tiseasytoseethat Q < (O w M O) n (Q v OI' M)
c L n R Conversely, LN R=0QUMIQO)n (Quodl'Myc Qv MFOnQOI'M) c
Q. Hence, =1 N R. (1

Let M be a " -semigroup. M is called a quasi-simple I -semigroup if M is a unique quasi-
I'-ideal of M. A quasi-I"-ideal Q of M is called a minimal quasi-1" -ideal of M if Q does not
properly contain any quasi-I" -ideals of M.

Example 1.7. Let G be a group and I' = {eg}. It is easy to see that G is a unique quasi-I"-
ideal of G under the usual binary operation. Then G is a quasi-simple I' -semigroup.

Theorem 1.5. Let M be a I' -semigroup. Then M is a quasi-simple I -semigroup if and only if
MImnn mIPM=Mforalime M.

Proof. Let M be a I -semigroup.

The proof of (—) : Assume that M is a quasi-simple I" -semigroup. Take any me M. First,
we claim that MI'm n mI M is a quasi-ideal of M. We have that mI'm e MI'm n mT' M,
this implies MI'm n mI M is a nonempty set. Moreover, ML (MT'm n mT'M) n (MTm
N mIMTM c MT(MIm) o (imTMTM =(MTM}yTm mn mIUC(MT'M) ¢ MTm n
mI" M. Therefore, MI'm n mI'M is a quasi-I"-ideal of M. Since M is a quasi-simple I'"-
semigroup, MICmnmIT M= M.

The proof of («) : Assume that MT'm nmI' M= M for all m € M. Let Q be a quasi-I"-
ideal of M and ¢ € Q. By assumption, M = MT'g n gI" M. Since Q is a quasi- I -ideal of M,
M=MTI'gmngI'M c M Q n QT' M c Q. Therefore ¢ = M. Hence, M is a quasi-simple I'-
semigroup. O

Theorem 1.6. Let M be a I' -semigroup and @ a quasi-I" -ideal of M. If Q is a quasi-simple I -
semigroup, then ¢ is a minimal quasi-I" -ideal of M.

Proof. Suppose M be a I'-semigroup and Q a quasi-I"-ideal of M. Assume that @ is a quasi-
simple I" -semigroup. Let C be a quasi-I" -ideal of M suchthat C ¢ Q. Then QI'C n CT'Q <
MI'C n CT'M c C. Therefore, C be a quasi-I"-ideal of (. Since Q is a quasi-simple I'-
semigroup, C = (. Then ( is a minimal quasi-I" -ideal of M. 0



1.2 Bi-gamma-ideals

Let M be a [-semigroup. A subI'-semigroup B of M is called a bi-T-ideal of M if BIMIB
c B.

Example 1.8. Let S be a semigroup, and I' = {1}. Define a mapping Sx I' x § - Sbyalb=
ab for all a, b € S. From Example 1.4, we have known that S is a I'-semigroup. Let B be a bi-
ideal of a semigroup S. Thus BSB < B. Since ' = {1}, BTSTB = BSB ¢ B. Hence B is a bi-['-
ideal of S.

Example 1.8 implies that bi-T-ideals in [-semigroups are a generalization of bi-ideals
in semigroups ( for a suitable I').

Theorem 1.7. Let M be a [-semigroup and B; a bi-I-ideal of M for all { € 1. If ﬂB,. # J,
iel
then (1) B, is a bi-T-ideal of M.

ief

Proof. Let M be a I'-semigroup and B; a bi-I-ideal of M for all / € 1. Assume that ﬂB,. + 0.
leta, b e nB: ,meMandy,neTI.Thena, be B, foralli e I Since B;is a bi-lle"f-ideal of
M for all i ‘:r[, ayb € B; and aympb € B;TMI'B; c B; for all i € 1. Therefore ayb € ﬂBi and
aympb € (| B, . Hence [|B, isabi-T-ideal of M. [l ”

ief iel

In Theorem 1.7, ﬂBi # & is a necessary condition. Let M= (0, 1} and T = {1}. Then
ief

M is a I'-semigroup under the usual multiplication. Let N be the set of all positive integers.

Forne N,let B, = (0,1). It is easy to prove that B, is a bi-I'-ideal of M for all n € N but
n

(B.=2.

neN

Let 4 be a nonempty subset of a [-semigroup M. Let 3 = { B | B is a bi-[-ideal of M
containing 4}. Then J # & because M € 3. Let (4) = nB . It’is clearly seen that 4 < (A),.

Bel

By Theorem 1.7, (4)s is a bi-T-ideal of M. Moreover, (4), is the smallest bi-I'-ideal of M
containing A. {A),is called the bi-I-ideal of M generated by A.
Theorem 1.8. Let A be a nonempty subset of a I'™-semigroup M. Then

(Ao =AVATA U AUMT'A.

Proof. Let A be a nonempty subset of a I'-semigroup M. Let B = 4 A4 U ATMT'A4.
Clearly, 4 — B. We have that BTB = (4 ATA W ATMTA)T(A v ATA W ATMTAy c ATA Y
ATMT A c B. Hence B is a subl"-semigroup of M. Since M is a I'-semigroup, all elements in
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BIMTB = (A U AT4 U ATMTA)TMT (A W ATA v ATMI'A) are in the form of a;ympa; for
some ay, a; € A, Y, p € Tand m € M. Thus BTMI'B ¢ ATMI'A < B. Therefore B is a bi-I'-
ideal of M.

Let C be any bi-I'-ideal of M containing 4. Since C is a sub-I"-semigroup of M and 4
c C, ATA c C. Since C is a bi-I'-ideal of M and 4 < C, ATMI'A < C. Therefore B=A4 U
ATA UV ATMITAc C.

Hence B is the smallest bi-I'-ideal of M containing 4. Therefore (A)p =B =AU ATA U
ATMT A, as required. O

Example 1.9. Let N be the set of all positive integers and I' = {5}. Then N is a I'-semigroup
under usual addition.

(i) Let A4 = {2}. We have that (4), = {2} U {9} U {15, 16, 17,...}.
(ii) Let 4 = {3, 4}. We have that (4), = {3,4} U {11,12, 13} U {17,18,19,...}.

Theorem 1.9. Let M be a I'-semigroup. Let B be a bi-I"-ideal of M and 4 a nonempty subset of
M. Then the following statements are true.

(i) BI'A4 is a bi-I'-ideal of M.

(ii) AT'B is a bi-I'-ideal of M.

Proof. (i) We have that (BT A)[(BT'A) = (BT AI'B)["4 and (BT A)l MT'(BI'A) = (BTATMI'B)T'A.
Since B is a bi-I'-ideal of M, (BTA)[(BL'A) = (BITATB)I'A < BI'4 and (BTA)YTMI'(Bl'4) =
(BTATMI'B)A < (BTMTB)I'4 < BI'A.Therefore BI'A is a bi-I'-ideal of M.

The proof of (ii) is similar to the proof of (i). O

Corollary 1.10. Let M be a ['-semigroup. For a positive integer n, let By, Bs, ..., B, be bi-I'™-
ideals of M. Then B\I'B,I'...I'B, is a bi-I"-ideal of M.

Proof. We will prove the corollary by mathematical induction. By Theorem 1.8, BI'B; is a bi-
I'-ideal of M. Next, let n be any positive integer such that & < # and assume B\I'B,I"...I'B;is a
bi-I'-ideal of M. We have that B\IBoI".. . I'BilByy = (BiIUBol™.. .I'B) By is a bi-I'-ideal of M
by Theorem 1.8. a

Let M be a I'-semigroup. M is called a bi-simple I-semigroup if M is the unique bi-T'"-
ideal of M. A bi-I'-ideal B of M is called a minimal bi-I-ideal of M if B does not properly
contain any bi-I"-ideal of M.

Example 1.10. Let Gbe agroupand I' = G. Then G" = G and gG = G = Gg for all g € G.
Then G is a I'-semigroup under the usual binary operation. It is easy to see that G is the
unique bi-I'-ideal of G. Then G is a bi-simple I'-semigroup.

Theorem 1.11. Let M be a I'-semigroup. Then M is a bi-simple I"-semigroup if and only if M
=mlCMUm for all m € M, where mUMI'm means {m}I'MI {m}.

Proof. Let M be a I'-semigroup.
Assume that M is a bi-simple I'-semigroup. Let m € M. By Theorem 2.3, mI'MI'misa
bi-I"-ideal of M. Then M = mI"'MI'm.
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Assume that M = mI’'MT'm for all m € M. Let B be a bi-I'-ideal of M. Let b € B. By
assumption, M = bI'MI'b ¢ BI'MI'B < B. Hence M = B. Therefore M is a bi-simple I'-
semigroup. 0

Theorem 1.12. Let M be a '-semigroup and B a bi-I'-ideal of M. Then B is a minimal bi-I"-
ideal of M if and only if B is a bi-simple I"-semigroup.

Proof. Let M be a I'-semigroup and B a bi-["-ideal of M.

Assume that B is a minimal bi-I'-ideal of M. Let C be a bi-I"-ideal of B. Then CTBI'C
< C. Since B is a bi-I'-ideal of M, by Theorem 2.3, CT'BI'C is a bi-I"-ideal of M. Since B is a
minimal bi-I'-ideal of M and CT'BI'C ¢ B, CT'BI'C = B. Hence B = CT'BI'C < C, this implies
B =C. Then B is a bi-simple I"-semigroup.

Assume that B is a bi-simple I'-semigroup. Let C be a bi-I"-ideal of M such that C c B.
Then CTBI'C ¢ CTMI'C ¢ C. Therefore C is a bi-I'-ideal of B. Since B is a bi-simple I'-
semigroup, C = B. Hence B is a minimal bi-I"-ideal of M, as required. O



