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AsstRACT: The concept of quasi-ideals in semigroups was introduced in 1956 by O. Steinfeld. The class of
quasi-ideals in semigroups is a generalization of one-sided ideals in semigroups. It is well-known that the
intersection of a left ideal and a right ideal of a semigroup § is a quasi-ideal of § and every quasi-ideal of $ can
be obtain in this way. In 1981, M. K. Sen have introduced the concept of I-semigroups. One can see that I'-
semigroups are a generalization of semigroups. In this research, quasi-I™ideals in [-semigroups are introduced
and some properties of quast-I'-ideals in ['-semigroups are provided.
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INTRODUCTION

Let S be a semigroup. A nonempty subset Q of S is
called aquasi-ideal of S if S@ MYS < Q. Let Q@ be a quasi-
ideal of S. Then @2 € SQ@ M QS c Q. Hence Q is a
subsemigroup of $. The concept of quasi-ideals in
semigroups was introduced in 1956 by O. Steinfeld
(see [1]). The author has studied some properties of
quasi-ideals in semigroups (See (2] and [3]}.

" Example 1.1.1etS=[0, 1] . Then Sisa semigroup
under usual multiplication. Let @ = [0, A]. Thus S@ n
QS = [0, %] € Q. Therefore, Q is a quasi-ideal of S.

A nonempty subset L of S is called a left ideal of 5 if
SLg Land anonempty subset R of § is called a right
ideal of Sif RS R. Clearly, every leftideal and every right
ideal of a semigroup Sis asubsemigroup of S. Next, let
Land R be a left ideal and a right ideal of a semigroup
S. By the definition of quasi-ideals of semigroups, it is
easy to prove that L N R is a quasi-ideal of § (See [4]).
Let Q be a quasi-ideal of a semigroup. Then @ = (QW
SN (QuQS). ltis easy to show that (Q U SQ) isaleft
ideal of 5 and Q@ W QS is a right ideal of S. Then every
quasi-ideal Q of S can be written as the intersection of
a left ideal and a right ideal of S.

Example 1.2. Let Z be the set of all integers and
M,(Z), the set of all 2 x 2 matrices over Z. We have
known that M(Z) is a semnigroup under the usual
multiplication. Let

X 0I
L={ y 0 x,yelZ}

and

x y
R=[|:0 0]|x,y ez}

Then Lis a left ideal of M (Z), R is a right ideal of
M(Z)and [x 0
LNR={ 0 0 I xe Z} isa quasi-ideal of M (Z).

In 1981, the notion of Fsemigroups was introduced
by M. K. Sen (See [5], [6] and {7]). Let M and T be any
two nonempty sets. If there exists a mapping M xT x
M— M, written (a,¥,b) by ayb, Mis called a '=semigroup
if M satisfies the identities (ayb)uc = ay(byc) foralla, b,
ce Mand y,u e I". Let K be a nonempty subset of M.
Then Kiscalled asub T'—emigroup of M if aybe Kforali
a.be Kandye T

Example 1.3. Let S be a semigroup and I be any
nonempty set. Define a mapping S$xI"'x5 — Sby ayb
=abforalla,be Sandye I'. Then Sisal'—semigroup.

Example 1.4. Let M =[0,1] and

1
T={ ;l n is a positive integer }.

Then M is a I'=s@migroup under the usual
multiplication. Next, let K= [0, %4]. We have thatKisa
nonempty subset of M and ayb € Kforalla,be Kand
ye . Then K is a sub I'-semigroup of M.

From example 1.3, we have that every semigroup
is a T—semigroup. Therefore, T—semigroups are a
generalization of semigroups.

In this research, we generalize some properties of
quasi-ideals of semigroups to some properties of quasi~
I-ideals in I'—semigroups.
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MAIN ResuLts

Let M be a F'—semigroup. A nonempty subset Q of
Miscalled a quasi-TI'—ideal ol MifMTQNOTM c Q. Let
Qbe a quasi-~T—ideal of M. Then Qg c MIC'Q N QI'M
C Q. This implies that Q is a subI'—semigroup of M.

Example 2.1. Let S be a semigroup and I' be any
nonempty set. Define a mapping $xI'x5 — S by ayh
=abforalla,be Sandye T From example 1.3,Sisa
I'—semigroup. Let @ be a quasi-ideal of $. Thus SQ M QS

< Q. We have that STQ N QI'S =59 N QS < Q. Hence,
Q is a quasi—I™—ideal of S.

Example 2.1 implies that the class of quasi—T—ideals
in T—semigroupsisa Generalization of quasi-ideals in
semigroups.

Theorem 2.1. Let M be a I'-semigroup and Q, a
quasi~T—ideal of M foreachie 1. If QQ-‘ isanonempty
set, then QQi is a quasi—T'—ideal of M.

Proof. Let M be a'—semigroup and Q, a quasi-I'-
ideal of M foreachie I. Assume that ng isanonempty
set. Takeanya,be QQi ,m,,m,€ Mand¥, e I'such
thatm b =aym, Thena,be Q forallie 1. Since @, is
aquasi-T-ideal of Mforalli € I, m ub =aym,e MI'Q,
NQI'Me Q forallie . Thereforem pb=aym, e gQi .
Thus MI‘QQi ngQi T™Me Q,Qi . Hence, gQ, isa
quasi—I'—ideal of M.

InTheorem 2.1, the condition QQl isa nonempty
set is necessary. For example, let N be the set of all
positive integersand = {1). Then Misa T'—semigroup.
Forne N let @ = {n+l,n+2,n+3, ...} Itiseasyto
show that each @ isaquasi-T-idealof M forallne N
but QNQ.. is a empty set.

Let A be a nonempty subset of a F'—semigroup M
and J ={QIQisaquasi—-I—ideal of M containing A}.
Then 3 isanonempty set because Me 5 . Let (A),=
QOSQ -Itis clear to see that A £ (A) . By Theorem 2.1,
(A)qis aquasi—T—idealof M. Moreover, (z‘t)‘r isthe smallest
quasi-I'-ideal of M containing A. (A) iscalled the quasi—
I—ideal of M Generated by A.

Theorem 2.2. Let A be a nonempty subset of a '—
semigroup M. Then
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(A)q =AUMTANATM).

Proof. Let A be anonempty subset of a '—semigroup
M. Let @=AU(MI'ANATM). Itiseasytoseethat AC Q.
We have that MIT'QNQIIM=MI" [AU(MTANATM)] N
[AUMIANATM) TMCMIT(AUMITA) M [AU(AT M)
TMcMTANATM c Q. Therefore, Q isa quasi—I'—ideal
of M.

Let Cbe any quasi—I'—ideal of M containing A. Since
Cisaquasi-T'—idealof Mand Ac C, MTANATM C
C. Therefore, @ =AU (MIFANATM)cC.

Hence, Q is the smallest quasi—-I'-ideal of M
containing A. Therelore,

(A)q =AU (MI'A NATM), as required.

Example 2.2. Let N be the set of natural integers
and " = {5}. Then N is a I'-semigroup under usual
addition.

(1) Let A ={2}. We have that

(A) ={2}u(8,9,10,...}.

(ii)qLet A= {3 4). We have that

(“’a)ﬂ~~= {3,4}0(9,10,11, ...}.

Let M be a"'=semigroup. A subl'—semigroup Lof M
is called a left T'—ideal of M if MT'L ¢ L and a subl'-
semigroup R of M is called a right I'~ideal of M il RI'M
< R. The following theorem is true.

Theorem 2.3. Let M be a F—semigroup. Let L and
Rbealeft '-ideal and a right I'—ideal of M, respectively.
Then LN R is a quasi—T~ideal of M.

Proof. Let Land Rbe any lefi T—ideal and any right
I"ideal of a '—semigroup M, respectively. By properties
of L and R, we have RTL ¢ L N R. This implies that L N
R is a nonempty set. We have that

MTI(LNR) N {LNARYTMCMILARTM C LN R

Hence, L N Ris a quasi—-T'—ideal of M.

Theorem 2.4. Every quasi-T—ideal Q of a I'-
semigroup M is the intersection of a left '-idealand a
right T=ideal of M.

Proof. Let @be any quasi—I"—ideal ofa I'—semigroup
M letL=QuUMIQandR=QuUQIM.

Then MI'L = MT (QUMI'Q) = MT'Q UMI'MTQ =
MIQcLand REM =(QUOTM)TM = QTMuUQI'MI'M
c QUM c R Then L and Ris a left I'—ideal and a right
I"—ideal of M, respectively.

Next, we claim that @ = LN R. Ttis easy to see that
QC (QUMIN(QUITM)C LN R, Conversely, L

NR=QUMIAN(QUITM)COUMIYNITMIc
Q. Hence, @=LNR.
Let M be a T—semigroup. M is called a quasi-simple
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I'=semigroup if M is a unique quasi—T'—ideal of M. A
quasi~I'—ideal Q of M is called a minimal quasi—T"—ideal
of M if © does not properly contain any quasi—I'—ideals
of M.

Example 2.3.Let Gbeagroupand I'={e_}. Itiseasy
tosee that I'is a unique quasi—-I'—ideal of T'under the
usual binary operation. Then G is a quasi-simple I'—
semigroup.

Theorem 2.5. Let M be al—semigroup. Then M is
aquasi-simple I'-semigroupifand only it MI'm nmI'M

=Mforallme M.

Proof. Let M be a '—semigroup.
The proof of (—} : Assume that M is a quasi-simple

F—semigroup. Take any me M. First, we claim that MT'm

nmI'Misaquasi-ideal of M. We havethatmI'me MI'm
nmI'M, this implies MI'm M mT'M is a nanempty set.
Moreover, M (MITmmI'M) niMImnmI’M)TM C
ME(MImIN(mTM)TM = (MTM)TmmE (MEM) <
MD'm mmI'M. Therefore, MI'm nmI'M is a quasi-T—
ideal of M. Since Misa quasi-simple I'~semigroup, M'm
NmIM=M.

The proof of (&) : Assume that MT'mymI'M = M
forallme M. Let @ be a quasi~I—ideal of Mand g€ Q.
By assumption, M = MT'q  gI"M. Since Q is a quasi—
I'-ideal of M. M= Mg "M c MO N QTM < Q.
Therefore Q = M. Hence, M is a quasi-simple T'-
semigroup.

Theorem 2.6. Let M be a '—semigroup and Q a
quasi—T—ideal of M. If Q@ isa quasi-simple '-semigroup,
then Q is a minimal quasi—-I—ideal of M.

Proof. Suppose M be aI'-semigroup and Qa quasi~-
I'-ideal of M. Assume that Q is a quasi-simple I'—
semigroup. Let Che a quasi—I'—ideal of M such that C
Q. Then QTCN I cMI'CNCIrM < C. Therefore,
Cbeaquasi-T—ideal of Q. Since Qisa quasi-simple '-
semigroup, C = Q. Then Q is a minimal quasi—I'—ideal
of M.
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On bi-I'-ideals in I'-semigroups
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Abstract
Chinram, R. and Jirojkul, C.
On bi- I'-ideals in I'-semigroups
Songklanakarin J. Sci. Technol., 2007, 29(1) :

In 1952, R. A. Good and D. R. Hughes introduced the notion of bi-ideals of semigroups and in 1981,
the concept of '-semigroups was introduced by M. K. Sen. We have known that I'-semigroups are a generali-
zation of semigroups. In this research, the notion of bi- T-ideals in I'-semigroups is introduced. We show that
bi- I-ideals in T-semigroups are a generalization of bi-ideals in semigroups and we give some properties for
bi- I'-ideals in I'-semigroups. We give the two definitions as follows : A I'-semigroup M is called a bi-simple
T-semigroup if M is the unique bi-I'-ideal of M and a bi- T-ideal B of M is called a minimal bi- I'-ideal of M if
B does not properly contain any bi-T-ideal of M. We show that a bi-T-ideal B of a I'-semigroup M is a minimal
bi- T-ideal of M if and only if B is a bi-simple I'-semigroup.

Key words : bi- I'-ideals, I'-semigroups, bi-simple I'-semigroups, minimal bi- -ideals
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Preliminaries

In 1952, R. A. Good and D. R. Hughes have
introduced the notion of bi-ideals of semigroups
{(Good and Hughes, 1952). The first author has
studied some properties of bi-ideals in semigroups
(Chinram, 2005). Let § be a semigroup. A sub-
semigroup B of S is called a bi-ideal of S if BSB
c B.

Example 1.1. LetS=[0,1].ThenSisa ser{li-
group under the usual multiplication. Let B =[0, -2-].
Then B is a subsemigroup of §. We have that BSB

=[0,% ] © B. Therefore B is a bi-ideal of §.

Example 1.2. Let N be the set of all posi-
tive integers. Then N is a semigroup under the usual
multiplication. Let B = 2N. Thus BNB =4N < 2N
= B. Hence B is a bi-ideal of N.

In 1981, the concept of I'-semigroups was
introduced by M. K. Sen. Let M and I be any two
nonempty sects. If there exists a mapping M x
I'x M —— M, written the image of (a,7, b) by
ayb, M iscalled a I'- semigroup if M satisfies the
identities (a yb)uc = a ¥(bjlc) foralla, b,c € M
and 7, € [(Sen, 1981, Sen and Saha, 1986, Saha,
1987). Let K be a nonempty subset of M. K is called
asub I'- semigroup of Mifayb e Kforalla, b €
Kand ye T.

Example 1.3, Let M = [0,1] and T" =
{ ;l;ln is a positive integer}. Then M is a I'-semigroup
under the usual multiplication. Next, let K = {0, -2-].
We have that K is a nonempty subsetof M anda Y5

€K foralla,b e Kand ye . ThenKisasubI-
semigroup of M.

Example 1.4. Let § be a semigroup and I
={1}.Defineamapping § xI' x §——§ byalb
=ab for all a, b € §. Then S is a ['-semigroup.

From Example 1.4, we have seen that every
semigroup is a ['-semigroup where I' = {1}. Then
I"-semigroups are a generalization of semigroups.

In this research, we generalize bi-ideals of
semigroups to bi-I'-ideals in I'-semigroups.

Main results
Let M be a'-semigroup. Asub I'-semigroup
B of M is called a bi-Iideal of Mif BTMTB cB.

Example 2.1. Let S be a semigroup, and
I'= { 1}. Define a mapping S xI'x § — S byalb
= ab for all a, b € §. From Example 1.4, we have
known that § is a I'-semigroup. Let B be a bi-ideal
of a semigroup §. Thus BSB < B.Since I'= {1},
BI'ST'B = BSB c B. Hence B is a bi- ['-ideal of §.
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Example 2.1 implies that bi- I'-ideals in I'-
semigroups are a generalization of bi-ideals in
semigroups (for a suitable T).

Theorem 2.1. Let M be a I'-semigroup and
B,abi-T-ideal of M foralli € 1.1 { 1B, # @ then
ﬂ B, is a bi-I'-ideal of M.

Proof. Let M be a I'-semigroup and B, a bi-
I"-ideal of M for all i € I. Assume that ﬂ B #0.
Leta,be [1B.me Mand y.p € I' Thena, b
€ B, for all 1 € I. Since B, is a bi-I'-ideal of M for
allie [,aybeB andaympb e B FMFB c B,
foralli € I. Therefore aybe ﬂ B and aympb € ﬂ
B. Hence ﬂ B is a bi- F—;deal of M.

In Theorem 2.1,0 B # @ is a necessary
condition. LetM = (0, DandI'={1}. ThenMisa
I"-semigroup under the usual multiplication. Let N
be the set of all positive integers. For n € N, let

B =(0, —) It is easy to prove that B_is a bi-I"
ideal of M for all 1 €N but = N3-=0.

Let A be a nonempty subset of aI™-semigroup
M.Let3 = | B/ B is a bi-I'-ideal of M containing
A).Then 3 # @ because M € 3. Let (4), =[] B.
It is clearly seen that A ¢ (A),- By Theorem 2.1,
(A),is a bi-I"-ideal of M. Moreover, (A), is the
smallest bi-I'-ideal of M containing A. (A ),is called
the bi-T-ideal of M generated by A.

Theorem 2,2, Let A be a nonempty subset
of a I'-semigroup M.Then

(A), =AUATA VAI'MI'A.

Proof. Let A be a nonempty subset of a I'-
semigroup M. Let B = A » Al'A w AT'MTA.
Clearly, A ¢ B. We have that BI'B = (A «u ATA
VATMIA)I(A w ATA U ATMTA) c ATA U
AT'MT'A c B.Hence B is a sub I'-semigroup of M.

Since M is a I'-semigroup, all elements in
BI'MYI'B=(A W ATA UATMIA)TMTI(A U ATA
u ATMT'A) are in the form of a,ynpa, for some

a,a,€ A,y,ue€land m e M. Thus BIMI'B c

AI'MT'A < B. Therefore B is a bi-I'-ideal of M.

Let C be any bi-I'-ideal of M containing A.
Since C is a sub-I"-semigroup of M and A cC,
AT'A < C. Since Cisabi-I'-idealof M and A c C,
ATMTA c C. Therefore B = AUATA u ATMTA
cC.

Hence B is the smallest bi-I"-ideal of M
containing A. Therefore (A}, =B =A U Al'A u
ATMT'A, as required.

Example 2.2. Let N be the set of all posi-
tive integers and I' = {5}. Then N is a I'-semigroup
under usual addition.

(i) LetA ={2}. We have that (A), = (2} v {9} U
{15, 16, 17,...}.

{3,4}. We have that (A), = (3,4} u
{11,12, 13} w {17, 18, 19,...}.

Theorem 2,3, Let M be a I'-semigroup. Let
B be a bi-I'-ideal of M and A a nonempty subset of
M. Then the following statements are true.

(i) BI'A is a bi-I'-ideal of M.
(i) AT'B is a bi-T"-ideal of M.

Proof. (i) We have that (BT A)T(BTA) =
(BUAI'B)TA and (BT'A)TMI'(BI'A) =(BI'AT
MIB)T'A. Since B is a bi-I-ideal of M, (BT A)I"
(BTA) = (BTAI'B)TA < BT'A and (BT A)IMIT
(B'A) = (BTATMI'B)TA < (BTMI'B)TA ¢
BI'A . Therefore BI'A is a bi-I"-ideal of M.

The proof of (ii) is similar to the proof of (i).

Corollary 2.4. Let M be a I™-semigroup.
For a positive integer n, let B8, B,,..., B, be bi-I'-
ideals of M. Then BTBI'..I'B is a bi-I'-ideal of
M.

(i) Let A =

Proof. We will prove the corollary by
mathematical induction. By Theorem 2.3, BII‘B2 is
abi ["-ideal of M. Next, let n be any positive integer
such that k < n and assume BI'BI.I'B, isabi-I'-
ideal of M. We have that BI'BI'..I'BIB, =
(8B I...ITB)I'B, is a bi-I'-ideal of M by
Theeorem 2.3,

Let M be a I'-semigroup. M is called a bi-
simple I'-semigroup if M is the unique bi-I"-ideal
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of M. Abi-I'-ideal B of M is called a minimal bi-T-
ideal of M if B does not properly contain any bi-I"-
ideal of M.

Example 2.3. LetGbeagroupand ' =G.
Then G’ =G and gG = G = Gg forallg € G.Then
G is a I-semigroup under the usual binary opera-
tion. It is easy to see that G is the unique bi-I"-
ideal of G. Then G is a bi-simple I"-semigroup.

Theorem 2.5. Let M be a I'-semigroup. Then
M is a bi-simple I'-semigroup if and only if M =
mI'MI'm for all m € M, where mI'MI'm means
{m}TMI'{m).

Proof. Let M be a I'-semigroup.

Assume that M is a bi-simple I'-semigroup.
Let m € M. By Theorem 2.3, mI'MI'm is a bi-I™-
ideal of M. Then M = mI'MI'm.

Assume that M = m['MI'm forallm € M.
Let B be a bi-I"-ideal of M. Let b € B. By assump-
tion, M = BIMT'h < BTMI'B < B. Hence M = B.
Therefore M is a bi-simple I"-semigroup.

Theorem 2.6. Let M be a I'-semigroup and
B a bi-I'-ideal of M. Then B is a minimal bi-I"-ideal
of M if and only if B is a bi-simple I'-semigroup.

Proof. Let M be a I'-semigroup and B a bi-
I"-ideal of M.

Assume that B is a minimal bi-I"-ideal of M.
Let C be a bi-T-ideal of B. Then CI'BI'C ¢ C.
Since B is a bi-I"-ideal of M, by Theorem 2.3,

CI'BI'C is a bi-I'-ideal of M. Since B is a minimal
bi-I'-ideal of M and CT'BI'C < B, CT'BI'C = B.
Hence B = CI'BI'C < C, this implies B = C. Then
B is a bi-simple I"-semigroup.

Assume that B is a bi-simple I'-semigroup.
Let C be a bi-I"-ideal of M such that C ¢ B. Then
CI'BI'C c CTMI'C c C. Therefore C is a bi-T'-
ideal of B. Since B is a bi-simple [™-semigroup,C =
B. Hence B is a minimal bi-I'-ideal of M, as re-
quired.
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