4. The Schwinger’s oscillator realization of a coupled tensor operator

At this stage, the way is cleared for constructing an SO(9) operator for general and
special purposes.

In a Lie algebra, a tensor operator T¢ with a number of components equal to the
dimension of £ is defined through commutation relations of its components with the
Lie algebra generators [11],

(H,T¢] = &7, (24a)

[BF, T¢) =<€.6 + or| X6, 6> Tf 4q, - (245)

Similarly to the method of generating the other irreps from the tensor product of 9-
vector and 16-spinor, a coupled tensor operator can be constructed from the 9-vector
and 16-spinor operators. In practice, it is more efficient to realize the tensor operators
and their components in terms of Schwinger’s bosonic oscillators [12, 13].
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4.1. The Schwinger’s 9-vector operators

Let ag: and af, where ! = %1, -.-,%4, be the Schwinger’s bosonic oscillators
associated with the l-scalar and 8-vector, respectively. The non zero commutation
relations of these oscillators are

lag.ag] =1, [a7. 3] = diar o (25)
The creation and annihilation oscillators are related to each other by an adjoint action
such that

o =(a) . oF=(a) (26)
and the actions of these oscillators on a vacuum state [{2> are defined as

g =at|>, a5l0>=0, € =<Qa;, <Qlaj =0,

& =at|>, a|>=0, ¢ =<Qa7, <Qaj =0
where £ and & are the weights labeled in Fig. 1(a). In other words, these oscillators
create the States which correspond to the weights of the 9-vector irrep.

The negative simple root generators for the 9-vector irrep can be written in terms
of these oscillators as:

Ef =aja”, +alja7, By =ajal, +alsag,

(27)

28a
Ey =afa’;+a'ja;, E;y =aja’,+al,a5. (289
The adjoints of {28a} are:
El =afas,+at,a;, EF =ajalj+alsag,
bt bt - (28b)
Ef =aja’,+ala], Ef =ajag +aja;.
The Cartan subalgebra generators are as follows:
Hy=afaZl, ~ajal, +ala; —alia],
Hy=ata~,—ala_;+al,a; —at,a7,
2 =88 95— 838_3 -3%3 _28g (28¢)

-— pu— + — pu—
Hy=a}a ,—ala_,+at,a; —atja7,
+ —_ —
Hy =2(afa”, —a¥,a]).

The commutation relations among these generators are similar to (9a) and (94) and
those of the Cartan subalgebra and simple root generators with a?: are as follows:

(A,af| & oo =0, [H,af] =&aff, (29q)
(Ef %) = 4a3, [Ef,sf] = af, .
{E:’afr] = ia:f(r-n)? [E:‘!a'i:-i-l] = ia’f! r=12.3. (299)

The adjoints of (294) result in the actions of ES on the oscillators af. Equation
(29a) means that the oscillators a.,* behave like the 9-vector operator components,
and (29b) and its adjoints describe how the oscillators or operator components ajk are

transformed under the actions of the peositive and negative simple root generators.



Schwinger’s oscillator realization of an SO(8) coupled tensor operator 11

4.2. The Schwinger’s 16-spinor operators

Let b,i and cf, where | = +1, -..,%4, be the Schwinger’s bosonic oscillators
associated with the 8-spinor and 8-cospinor, respectively. The non zero commutation
relations of these oscillators are

[bl_,b;] = [C!_,C?;; =840 00 (30)
and the actions of these oscillators on the vacuum state [{¥> are defined as
Yiey = bF 10>, by [>=0, ¢, =<0, <Qbf =0,

(31)
Yoy = >, o |>=0, ¥}, =<, <Qlef =0,

where 1)y) and (o) are the weights labeled in Fig. 1(b). This means that these

oscillators create the states which correspond to the weights of the 16-spinor irrep.
The negative simple root generators for the 16-spinor irrep can be written in

terms of these oscillators as:

Ef = chZB + cfac:4 + bf4b:3 + bfsb:4,

E7 =c¥eZ, + ¢ty +bIbI, + bisby,

32a
Ey =c}cZ; +¢fc; +bigby +bibI;, (322)
Ef =bFer +bteT, +blel, +btcr +ctbl; +ctby + et by +cfbl,.
The adjoints of (32a) are:
Ef =cicg +cfcy +bib; +bfb3,
Ef =clcTy+c¢t,c; +bibl; + b bs,
2 2C_3 aC2 2 D_g+b_3b, (320)

Ef =cfeZy+ ¢ty +bt by +bibT,,
Ef =ct by +¢fbT, +cfbT, + ¢t by +bye; +blyes +biaey +bfe,.
The Cartan subalgebra generators are:
Hy =cteZy — c¢yes +cfel, —ctyer + bbbz, — btsby + bbb, — bi,by,
Hy=c}el, —ctyeg +ctaey —efe; +bibl, —bhyby + bisby - bib,,
Hy=cteo, —ctef +ctpeg —¢feTy #bb; —biby +bl,by —bibZ,,  (32¢)
Hy=clicy —cfel; +ede, —ctper +edesy —chaeq +etyey —cfel,

+bfb>, —b¥,by + bi,b; —blbT, + b;by ~bIb; +bibI, — bt b,
The commutation relations among these 16-spinor generators are similar to (9e¢) and

(95) and those of the Cartan subalgebra and simple root generators with bf are in
the forms similar to (284) and (29b).

4.8. The coupled tensor operators

The other SO(9) tensor operators can be constructed from products of 9-vector and
16-spinor operators such that their components are generally written as

78 - Yot &
1,J
where C’f 's are CGCs. Next, some coupled tensor operators are presented here. Only

their top components are shown, the rest of their components can be obtained by an
action of the type [E, - ].
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e The scalar operator C(?) = 70000).
For C'°}, there is only one component. It can be constructed in general from a
linear combination of 9-vector and 16-spinor operator components as,

1
CO%F = . (aFa¥, — afa¥, + afaF, — afa¥, + afal — a%,af +at,af

1
-a§2a§-+aflaf)+-——5(bfbf]4—b§bfz-b§bf3-bfbf4

42
—b%,bF — bE,bF + bE,bT + bE bF — cfcF, + e, — cfcF,
+cgeTy +eXef - cZgef +eyef — o). (34)

Note that the operators C{OFF are hermitian, but C{®%% that are constructed
from those pairs of creation and annihilation operators are not.

e The vector operator of the first kind V = 71000,
As can be seen from (185), the 9-vector irrep is produced from the symmetric
product of two 16-spinor irreps. In the same manner, from the products of 16-
spinor oscillators bti with the same sign, one obtains the vector operators V*,
whose top components at the 4-th level are

1
Vit = 5(bcE — oFbf + cFbE — cfbE). (35)

Note that the operators V* are not hermitian. When ail V* components act on
the vacuum, they create the 9-vector states.

e The vector operator of the second kind A = T{1000);
From the products of 16-spinor oscillators bf with alternating signs, one obtains
the vector operators A, whose top components at the 4-th level are
1
Af = —=(bfcT - bicF + cfbf —~ ctbf + bfc] — bfcl + cfbf — cFbT). (36)

2v2
Note that the operators A% are hermitian.
o The coupled spinor operator ¥(1/2) = {(0001).
As can be seen from (15b), the coupled spinor operators can also be constructed
from the vector-spinor product and nave four types according to the signs of a{¥)
and of b{¥), their top components at the 5-th level are
1/2)(+ 1 (1) +) (& +) (& 1) ( ) (&
W) 2 L D oD I 4 ) ()
One can also use the sperators either AT or V¥ instead of a£. When all (1/2)++
components act on the vacuum state, they create the 16-spinor states.
¢ The second rank symmetric and traceless tensor operator G(2) = 7(2000);
The operators G(**%) are constructed from the symmetric product of the
oscillators a'®) with all possible combination of signs, their top components at
the 8-th level are
G;z)(ii) = agi)agi). (38}

Notice that the operators G(¥*F are by themselves the hermitian ones. While
the operator G2+ is not hermitian by itself, but is conjugate to G®)~~ by the
adjoint. However, if one constructs G(® either from the symmetric product of A%
or from the symmetric product of V+ and V—, one will obtain the hermitian G(%
operators. When all G®++ components act on the vacuum state, they create
the 44 graviton states.
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¢ The second-rank antisymmetric tensor operator of the first kind V{2 = 7(0100),
The operators V1% are constructed from the antisymmetric products of two
copies of the oscillators a.,i and bf, all with the same sign, and their top
components at the 7-th level are

1
Vit = ~(atait - ault) + —=(bFbEt - bEBEE + et - o). (39)
2V2
When all VI2+ components act on the vacuum state, they create 36 states of the
adjoint irrep.

e The second-rank antisymmetric tensor operator of the second kind Al¥ = 70100,
The operators A2I% are constructed from the antisymmetric products of the
oscillators aj" and bf‘: with the alternating signs, their top components at the
7-th level are

1 .
AlE = (a afa¥F) + —=(bEbF — bELF + cEcF - cf ). (40)

2v2

Note thit the operators Al%£ are hermitian.

e The third-rank antisymmetric tensor operator of the first kind V¥ = (0010
The operators V3% are constructed from the antisymmetric products of three
copies of ai‘: and of two copies of bjt, all with the same sign, and their top
components at the 9-th level are

V[3]'-‘t 1 + 1k nt &+ 1 nt 1t
} (

— + + nt
= 5731 9 — afafal® + o7 a5 al* — ayafag

|

S

, 1
+afatast — aFaffal®) + ‘é(bitc’li - ¢y bit). (41)

When all VIt components act on the vacuum state, they create 84 states of the
three-form irrep.

o The third-rank antisymmetric tensor operator of the second kind A% = 7000);
The operators APt are constructed from the antisymmetric products of three
copies of a‘i and of two copies of b,:tT all with the alternating signs, and their top
components at the 9-th level are

A[3] * _ +

afafaf + aFafaf — afafaf

2\/-(01 af ‘13
1

+ aXaFad — afafaf) + Z(bfcF — FbT). (42)
& 2

Note that when using A% instead of a%, the operators API% are hermitian.

e The vector-spinor tensor operator ¥(3/2) = T(1001);
The couples of a¥) with b'®) result in the operators W(3/2/(&%} which have four
types according to the signs of the coupled oscillators. Their top components at
the 9-th level are

PIDEL a(]fc)b(lt)_ (43)

One can use either A®) or V(%) instead of a¥). When all ¥(3/2++ components
act on the vacuum state, they create the 128 Rarita-Schwinger states.
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4-4. The SO(9) operators for generating four-fold infinite iriplet families

The SO(9) irreps have a remarkable property in that there are three irreps, A(V, A(2),
and A(®), such that the dimension of A" is equal to the sum of the dimensions of A(?)
and A®, and all three irreps have the same quadratic Casimir value. The simplest
one is the supergravity triplet (the lowest level triplet shown in Fig. 3), consisting of a
Rarita-Schwinger spinor vector ¥/2), a graviton G*?) and a third rank antisymmetric
tensor A%l as the physical degrees of freedom of N=1 supergravity in 11 dimensions.
In [8], four-fold infinite triplet families are classified and are generated by four types
of basic cperators acting on the supergravity triplet. Next, the triplet generating
operators, constructed by using the tensor operators from the previous section, are
listed:
o Ap = VEFQEDADT L AP0 4 AP
The operator A; increases the Dynkin labels of all three irreps by (0100) i.e.
[, A3 248 = (AN 4G9, AB) + 89, AB) 4 ), (44)
¢ A= 715(1/1[2]4"/2[2]4' _ V2[2]+V1[2]+)(,\§1)Agl)f + ,\52)/\(12” + /\?))\(13”)3
The operator Az increases the Dynkin labels of all three irreps by (1010) i.e.
Az(AM A ABy = (A 4 Gy 4 g, AP + G + @3, AP + 5y + i) (45)
o 8a = W/TOPADT AP + Jlad + VHAPAD:
The operator Aj increases the Dynkin labels of A(Y) and A3} by (0001) and of
A) by (1000) i.e.
Az(AM AP AG)Y = D 1 5 AP 4 0 A8 1 0y). (46)
o Ay = WE/DHHRDADE L@@ Bl
The operator A4 increases the Dynkin labels of AV and A(®) by (1001) and of
A} by (0010) i.e.

A Ay = (D 4 Oy 4 00, AD 4Oy + D, XD 4 0y). (47)

The actions on the triplets of Aj are represented by the up-right arrows and of A4 by
the up-left arrows as shown in Fig. 3. The operators A, 2 act on all triplets and yield
two more triplet layers (not shown in the picture).





