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/6]'$+ AE!+ (&''$()4+ ):$+ (&;4)#)8)#@$+ *$'6)#&;4+ &-+ $6(:+ ,6#*+ &-+ (:&4$;+

#;G$,$;G$;)+@6*#6]'$4E+U*&2+):$+)6]'$Q+*+6;G+$+6*$+j./0H,105!0J02.=12H3.=-1KH2!0;;1210K.k+

6;G+0+6;G+/+6*$+j./0H,105!0J02.=12H3.=033H2!0;;1210K.kE

/6]'$+AE!+"#$%&$'$()*#(+(&$--#(#$;)4

"#$%&$'$()*#(

(&$--#(#$;)
L$-#;#)#&;

+ + +K M
+ + +K M

*10J02.=12 *13,J-20)0K. *0L0J!,0* 7
-,,J10* )02/-K12-J 3.=033 σ

+++++++++++K9 =2!K3.-K.M
*

K9QHσM + K M
+ K M

3.=-1K *0L0J!,0* B
-,,J10* ;10J* 9

+++++++++++++++++++++++++++++++++++++++++Kσ = 2!K3.-K.M

+ K M
+ + K M

;10J* *0L0J!,0* 9
-,,J10* )02/-K12-J 3.=033 σ

++++++++++++++++++++++++K7 =2!K3.-K.M
$

K7QσM + K M
+ + K M
3.=-1K *0L0J!,0* B

-,,J10* *10J02.=12 *13,J-20)0K. 7
+++++++++++++++Kσ = 2!K3.-K.M
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/6]'$+AE!+K(&;)#;8$GM+"#$%&$'$()*#(+(&$--#(#$;)4

"#$%&$'$()*#(

(&$--#(#$;)
L$-#;#)#&;

+ + K M
+ K M

*10J02.=12 *13,J-20)0K. *0L0J!,0* 7
-,,J10* 3.=-1K B

+++++++++++K9+g+2!K3.-K.M
0

K9QHBM + K M
+ K M

3.=033 *0L0J!,0*
-,,J10* ;10J* 9

σ
++++++++++++++++++++++++++++++++++++++++++KB+g+2!K3.-K.M

+ K M
+ K M

;10J* *0L0J!,0* 9
-,,J10* 3.=-1K B

+++++++++++++++++++++++++++++++++++++++++++K7Hg+2!K3.-K.M
/

K7QHBM + K M
+ + K M
3.=033 *0L0J!,0*

-,,J10* *10J02.=12 *13,J-20)0K. 7
σ

++++++++++++++++KB+g+2!K3.-K.M

/:$+(&2]#;6)#&;4+&-+):$+$'64)#(+@6*#6]'$4+K4)*$44Q+4)*6#;M+6;G+G#$'$()*#(+@6*#6]'$4+

KG#$'$()*#(+G#4,'6($2$;)Q+$'$()*#(+-#$'GM+G$-#;#;<+-&8*+(&$--#(#$;)4+*QH$QH0Q+6;G+/+#;G#(6)$+

#;+U#<8*$+AEA

U#<8*$+AEA+L$-#;#)#&;+&-+):$+,#$%&$'$()*#(+(&$--#(#$;)4
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KAEA\M+6;G+KAEAXMQ+*$4,$()#@$'1E

1 18# 8#7 * σ= KAEA\M

8# 18# 1B * 9= 1Q8Q#Hg+!QAQC KAEAXM

>#;($+*18#+ #4+4122$)*#(6'+ #;+ 8+6;G+#+ K+*18#Hg*1#8HMQ+ ):$+;82]$*+&-+ #;G$,$;G$;($+
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!! !

AA A

CC C

ACQCA W

!CQC! Z

!AQA! \

σ18 h ++R/0K 1 8= σ, h , g!QAQC

σ18 h ++R/0K 1 8≠ σ, h , gWQZQ\

B18 h ++R/0K 1 8= B, h , g!QAQC

B18 h ++R/0K 1 8≠ !
A
B, h , gWQZQ\

18#* h ++R/0K 1 8= 1,* h , g!QAQC

18#* h ++R/0K 1 8≠ !
A 1,* h , gWQZQ\
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KG#4,'6($2$;)+)#2$4+$'$()*#(+-#$'GM+<#@$4+):$+*$'6)#&;f

A
A

9 C
*#
3 ε

= KAECBM



C\

@DG! 25-E*-,-'$%5'3'*-665'5-)$30-&#9%-0-)$#

!ECE!!>)6)#(+6;G+R864#S4)6)#(+2$):&G4

/:$+ $6*'#$4)+ ,#$%&$'$()*#(+ 2$648*$2$;)+ &-+ ):$+ (*14)6'4+ #4+ 26G$+ ]1+ G#*$()+
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;-E
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=; 6;G+ ;-+ (6;+ ]$+ 84$G+ )&+ (6'(8'6)$+ ):$+ $'$()*&2$(:6;#(6'+ (&8,'#;<+ -6()&*+ Q#E+

/:$+-6()&*+#+G$,$;G4+&;+):$+2&G$+&-+@#]*6)#&;+6;G+):$+4:6,$+&-+):$+($*62#(+$'$2$;)E+D+

*$'6)#&;4:#,+]$)7$$;+#Q+;=+6;G+;-+-&*+6+($*62#(+,'6)$Q+6+G#4(+K48*-6($+G#2$;4#&;4+'6*<$Q+
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A
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 

KAECAM
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π π    −   =              
KAECCM

A
A CC
CC 9 C
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3 ε

= KAECWM

!ECEC!_;)$*-$*&2$)*#(+)$(:;#R8$

/:$+]64#(+,*#;(#,'$+&-+):$+'64$*+#;)$*-$*&2$)$*+#4Q+-&*+6+2&;&(:*&26)#(+'#<:)+&-+

76@$'$;<):+λ #;)$*-$*$4+7#):+ 6+ *$-$*$;($+]$62Q+ ):$+ #;)$*-$*$;($+ '#<:)+ #;)$;4#)1+ 6)+ ):$+

G$)$()#&;+,&#;)+K_ME+K.:6;<Q+![YYM

! A ! A
WA (&4 *< < < < < π

λ
∆ = + +   

KAECZM
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U*&2+ $R86)#&;+ KAEC\MQ+ ):$+ 26I#282+ (:6;<$+ #;+ #;)$;4#)1+ &((8*4+ 7:$;

W(&4K M B*π
λ
∆ = E+/:$+(&**$4,&;G#;<+∆*+#4f

+ ( )! A !
A W

* K λ∆ = + 7:$*$+K+g+BQ!QAQCQJE KAECXM

/:$+ 4#)86)#&;+ G$4(*#,)#&;+ &-+ $R86)#&;+ KAECXM+ #4+ &-)$;+ *$-$**$G+ )&+ 64+ ):$+
W
λ

(&;G#)#&;E+/:$+ #;)$;4#)1+ 6)+ ):$+ ($;)$*+ &-+ ):$+ #;)$*-$*$;($+ ,6))$*;+ -*&2+ #;)$*-$*&2$)$*+

,'&)+64+6+-8;()#&;+&-+,6):S'$;<):+G#--$*$;($+4:&74+#;+U#<8*$+AEY

U#<8*$+AEX+/:$+ #;)$;4#)1+6)+ ):$+($;)*$+&-+ ):$+ #;)$*-$*$;($+,6))$*;+ -*&2+ #;)$*-$*&2$)$*+
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W
λ  (&;G#)#&;E

D;+D3+@&')6<$+ 6,,'#$G+ 6(*&44+ ):$+ 462,'$+ ,*&G8($4+ ):$+ ,#$%&$'$()*#(+ 4)*6#;E+

/:$+4)*6#;+#;+):$+462,'$+,*&G8($4+6+426''+2&@$2$;)+&-+):$+462,'$i4+*$-'$()#;<+48*-6($+

64+4:&74+#;+U#<8*$+AEY+/:$+426''+(:6;<$4+ #;+ #;)$;4#)1+6)+ ):$+G$)$()&*+ #;G8($G+]1+ ):$+

462,'$+ 48*-6($+ 2&@$2$;)+ 6*$+ ,*&,&*)#&;6'+ )&+ ):$+ 48*-6($+ 2&@$2$;)E+ /:$+ (:6;<$4+
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U#<8*$+AEY+/:$+462,'$+G#4,'6($2$;)+(684$G+]1+6;+$I)$*;6'+$'$()*#(+-#$'GE

D((&*G#;<+)&+$R86)#&;+KAECXMQ+∆*H(6;+]$+*$7*#))$;+64f

( )! A !
A W-2* * K λ∆ = + + KAECYM

7:$*$+):$+*-2+#4+6+426''+G#4,'6($2$;)+&-+):$+462,'$+48*-6($E+U*&2+$R86)#&;4+KAECZM+6;G+

KAEC\MQ+$R86)#&;+AEC\+(6;+]$+*$7*#))$;+64f
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269#;<+84$+&-+$R86)#&;+KAEWCMQ+):$+,#$%&$'$()*#(+(&$--#(#$;)+*11+#4+G$-#;$G+64f

A
!T.

11
, ,

'*
' '

λ
π −

= KAEWWM

7:$*$+'+#4+6+G*#@#;<+@&')6<$E



WA

BD! 2=%*-,-'$%5'5$=

BD@! 2=%*-,-'$%5'3>5#$*%=

/:$+P*$$9+ ,:#'&4&,:$*Q+ /:$&,:*64)84Q+7:&+ '#@$G+ #;+ ):$+ -&8*):+ ($;)8*1+ `3Q+

,*&]6]'1+ 7*&)$+ ):$+ $6*'#$4)+ G$4(*#,)#&;+ &-+ ):$+ ,1*&$'$()*#(+ $--$()Q+ &]4$*@$G+ #;+ ):$+
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