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บทคัดย่อ

กำหนดให้ S เป็นแกมมากึ่งกรุป และ α เป็นสมาชิกที่ถูกกำหนดใน Γ นิยาม ab =

aαb สำหรับทุก a, b ∈ S เห็นได้ชัดว่า S เป็นกึ่งกรุป และเราแทนกึ่งกรุปน้ีด้วยสัญลักษณ์ Sα

ความสัมพันธ์ของกรีน L, R, H และ D บนแกมมากึ่งกรุป S ถูกนิยามโดย เอ็น เค ซาฮา ในปี

ค.ศ. 1987 คลาส L, คลาส R, คลาส H และ คลาส D ที่บรรจุสมาชิก a ของแกมมากึ่งกรุป S

ถูกแทนด้วยสัญลักษณ์ La, Ra, Ha และ Da ตามลำดับ

เราศึกษาความสัมพันธ์ของกรีนสำหรับแกมมากึ่งกรุปและให้สมบัติบางประการที่น่าสนใจ

ดังตัวอย่าง เราพิสูจน์ว่า ถ้า a และ b เป็นสมาชิกในแกมมากึ่งกรุป S โดยที่ aDb แล้ว |La| = |Lb|,

|Ra| = |Rb| และ |Ha| = |Hb| อีกทั้งเราพบว่า ถ้า a เป็นสมาชิกในแกมมากึ่งกรุป S และ α ∈ Γ

แล้ว HaαHa∩Ha = ∅ หรือ HaαHa = Ha ในกรณีที่ HaαHa = Ha แล้ว Ha เป็นกึ่งกรุปของ

Sα

ยิ่งไปกว่าน้ันเราศึกษาสมภาคสำหรับแกมมากึ่งกรุปและสร้างความสัมพันธ์ระหว่างสมภาค

และเซตผลหารของสมภาคเหล่าน้ันบนความสัมพันธ์ของกรีน เรานิยามสมภาค ρr และ ρl บนแกมมากึ่งกรุป

S ดังน้ี

ρr = {(a, b) ∈ S × S | aγt = bγt สำหรับทุก t ∈ S และสำหรับทุก γ ∈ Γ},

ρl = {(a, b) ∈ S × S | tγa = tγb สำหรับทุก t ∈ S และสำหรับทุก γ ∈ Γ}

ถ้า S เป็นแกมมากึ่งกรุปปกติ เราพบว่า ρr และ ρl เป็นสมภาคขวาลดรูปและสมภาคซ้ายลดรูปที่เล็กที่สุด

ตามลำดับ
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ABSTRACT

Let S be a Γ-semigroup and α a fixed element in Γ. Define ab = aαb

for all a, b ∈ S. Then S is a semigroup and we denote this semigroup by Sα.

Green’s relations L, R, H and D on a Γ-semigroups S were defined by N. K. Saha

in the year 1987. The L-class, R-class, H-class and D-class containing the element

a of a Γ-semigroup S will be written as La, Ra, Ha and Da, respectively.

We study Green’s relations for Γ-semigroups and give some interest-

ing properties. For example, we prove that if a and b are elements in a Γ-semigroup

S such that aDb, then |La| = |Lb|, |Ra| = |Rb| and |Ha| = |Hb|. We also observe

that if a is an element in a Γ-semigroup S and α ∈ Γ, then HaαHa ∩ Ha = ∅ or

HaαHa = Ha. Moreover, if HaαHa = Ha, then Ha is a subsemigroup of Sα.

Furthermore, we study congruences for Γ-semigroups and give some

connections between congruences and their quotient sets on Green’s relations. We

also define two congruences ρr and ρl on a Γ-semigroup S as follows:

ρr = {(a, b) ∈ S × S | aγt = bγt for all t ∈ S and γ ∈ Γ};

ρl = {(a, b) ∈ S × S | tγa = tγb for all t ∈ S and γ ∈ Γ}.

If S is a regular Γ-semigroup, we obtain that ρr and ρl are the minimum right and

left reductive congruences on S, respectively.
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CHAPTER 1

Introduction and Preliminaries

The notion of Γ-semigroups was introduced by M. K. Sen in the

year 1981. Since Γ-semigroups generalize semigroups, many classical notions of

semigroups have been extended to Γ-semigroups. For example, in the year 1987,

N. K. Saha introduced Green’s relations for Γ-semigroups analogous to Green’s

relations for semigroups. In fact, any semigroup S can be considered to be a Γ-

semigroup, by define aαb = ab for all a, b ∈ S and α ∈ Γ. On the other hand, let S

be a Γ-semigroup and α a fixed element in Γ. We define ab = aαb for all a, b ∈ S,

then we can show that S is a semigroup and we denote this semigroup by Sα.

In this thesis, we study Green’s relations and congruences for Γ-

semigroups, and also give characterizations for reductive congruences and reduc-

tive Γ-semigroups. Moreover, we give some connections between Green’s relations

and simple Γ-semigroups.

1.1 Semigroups

We will use the notation and terminology of Howie (1976) to intro-

duce the notion of semigroups.

Definition 1.1. Let S be a nonempty set and ∗ a binary operation on S. Then

(S, ∗) is called a semigroup if ∗ is associative, i.e.,

(a ∗ b) ∗ c = a ∗ (b ∗ c) for all a, b, c ∈ S.

We give some examples of semigroups.

Example 1.1. (N,+), (Z,+), (Z,×) and (R,×) are semigroups where + is the

usual addition and × is the usual multiplication.
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Example 1.2. (Z,−) is not a semigroup since for a, b, c ∈ Z such that c 6= 0, we

have

a− (b− c) = a− b+ c 6= a− b− c = (a− b)− c.

Example 1.3. Let X be a nonempty set and T (X) the set of all mappings from

X into X. Define a composition of mappings in T (X) by

(x)(α ◦ β) = ((x)α)β for all x ∈ X.

Thus for α, β ∈ T (X), we have α ◦ β ∈ Tx. Clearly,

(α ◦ β) ◦ γ = α ◦ (β ◦ γ) for all α, β, γ ∈ T (X).

So ◦ is associative. Hence (T (X), ◦) is a semigroup. The semigroup T (X) is called

a full transformation semigroup on X.

Definition 1.2. Let S be a semigroup. A nonempty subset T of S is called a

subsemigroup of S if it is closed under the binary operation of S, i.e. if

ab ∈ T for all a, b ∈ T.

Example 1.4. (N,+) is a subsemigroup of (Z,+) and (Z,×) is a subsemigroup

of (R,×) where + is the usual addition and × is the usual multiplication.

Definition 1.3. Let S be a semigroup. An element a ∈ S is called regular if

there exists x ∈ S such that axa = a. The semigroup S is called regular if every

element of S is regular.

Example 1.5. Consider the semigroup (T (X), ◦) in Example 1.3. To show that

(T (X), ◦) is a regular semigroup, let α ∈ T (X). Then for each x ∈ ran (α) there

exists ax ∈ X such that (ax)α = x.

Define β : X → X by

(x)β =

ax if x ∈ ran (α),

x if x /∈ ran (α).
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Claim that α = α ◦ β ◦ α. We must show that dom (α) = dom (α ◦

β ◦α) and (a)(α ◦ β ◦α) = (a)α for all a ∈ dom (α). Obviously, dom (α ◦ β ◦α) ⊆

dom (α). Let y ∈ dom (α). We have (y)(α◦β◦α) = (((y)α)β)α = (a(y)α)α = (y)α,

from which it follows that dom (α) ⊆ dom (α ◦ β ◦ α) and (y)(α ◦ β ◦ α) = (y)α

for all y ∈ dom (α). Hence α = α ◦ β ◦ α, as claimed.

We have (T (X), ◦) is a regular semigroup since for α ∈ T (X), there

exists β ∈ T (X) such that

α = α ◦ β ◦ α.

Definition 1.4. Let S be a semigroup and a ∈ S. An element a′ ∈ S is called an

inverse of a if

a = aa′a and a′ = a′aa′.

The set of all inverses of a is denoted by V (a).

Definition 1.5. Let S be a semigroup. An element e ∈ S is said to be an

idempotent if e2 = e. The set of all idempotents is denoted by E(S). A semigroup

S is called a band if S = E(S).

Definition 1.6. Let A be a nonempty set. A relation on A we mean an arbitrary

subset of A× A.

Definition 1.7. Let A be a nonempty set and ρ a relation on A. Then

ρ is called reflexive if (a, a) ∈ ρ for all a ∈ A;

ρ is called symmetric if for a, b ∈ A, (a, b) ∈ ρ⇒ (b, a) ∈ ρ;

ρ is called transitive if for a, b, c ∈ A, (a, b) ∈ ρ and (b, c) ∈ ρ ⇒

(a, c) ∈ ρ.

Definition 1.8. Let A be a nonempty set. A relation ρ on A is called an equiva-

lence relation on A if it is reflexive, symmetric and transitive.

Example 1.6. Let ρ be a relation on Z defined by

aρb⇔ 4| a− b for all a, b ∈ Z.
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We have ρ is an equivalence relation on Z since

ρ is reflexive: for a ∈ Z, 4| a− a⇒ (a, a) ∈ ρ;

ρ is symmetric: for a, b ∈ Z,

(a, b) ∈ ρ⇒ 4| a− b

⇒ 4x = a− b for some x ∈ Z

⇒ 4(−x) = b− a because − x ∈ Z

⇒ 4| b− a

⇒ (b, a) ∈ ρ;

ρ is transitive: for a, b, c ∈ Z,

(a, b) ∈ ρ and (b, c) ∈ ρ⇒ 4| a− b and 4| b− c

⇒ 4x = a− b and 4y = b− c for some x, y ∈ Z

⇒ 4x+ 4y = (a− b) + (b− c)

⇒ 4(x+ y) = a− c because x+ y ∈ Z

⇒ 4| a− c

⇒ (a, c) ∈ ρ.

Definition 1.9. The relations L, R, H and D on a semigroup S were introduced

by J. A. Green (1951) as the following rules:

(i) aLb if and only if S1a = S1b, where S1a = Sa ∪ {a};

(ii) aRb if and only if aS1 = bS1, where aS1 = aS ∪ {a};

(iii) H = L ∩R;

(iv) D = L ◦ R.

We have the relations L, R, H and D on a semigroup S are equiv-

alence relations. The equivalence relations L, R, H and D are called Green’s

relations. An alternative characterization is given in the following remark:

Remark 1.1. Let a, b be elements of a semigroup S. We have
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(i) aLb if and only if there exist x, y ∈ S1 such that xa = b and

yb = a;

(ii) aRb if and only if there exist x, y ∈ S1 such that ax = b and

by = a;

(iii) aHb if and only if aLb and aRb;

(iv) aDb if and only if there exists c ∈ S such that aLc and cRb;

where

S1 =

S if S has an identity element,

S ∪ {1} otherwise.

The following theorem shows that the relations L and R commute.

Theorem 1.1. L ◦ R = R ◦ L.

Again, we will use the notation and terminology of Howie (1976) to

introduce a congruence for semigroups as follows:

Definition 1.10. Let S be a semigroup . An equivalence relation ρ on S is called

a right congruence on S if

(a, b) ∈ ρ⇒ (at, bt) ∈ ρ for all a, b, t ∈ S,

and a left congruence on S if

(a, b) ∈ ρ⇒ (ta, tb) ∈ ρ for all a, b, t ∈ S.

An equivalence relation ρ on S is called a congruence on S if it is both a right and

a left congruence on S.

Example 1.7. Let ρ be an equivalence relation on a semigroup (Z,+) defined by

aρb⇔ 4| a− b for all a, b ∈ Z.
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We have ρ is a right congruence on Z since for a, b, t ∈ Z,

(a, b) ∈ ρ⇒ 4| a− b

⇒ 4x = a− b for some x ∈ Z

⇒ 4x = (a+ t)− (b+ t)

⇒ 4| (a+ t)− (b+ t)

⇒ (a+ t, b+ t) ∈ ρ.

A similar argument shows that ρ is a left congruence on Z. Hence ρ is a congruence

on Z.

Example 1.8. Let ρ be an equivalence relation on a semigroup (Z,×) defined by

aρb⇔ 4| a− b for all a, b ∈ Z.

We have ρ is a right congruence on Z since for a, b, t ∈ Z,

(a, b) ∈ ρ⇒ 4| a− b

⇒ 4x = a− b for some x ∈ Z

⇒ 4xt = (a− b)t

⇒ 4(xt) = at− bt because xt ∈ Z

⇒ 4| at− bt

⇒ (at, bt) ∈ ρ.

A similar argument shows that ρ is a left congruence on Z. Hence ρ is a congruence

on Z.

In 1955, G. Thierrin introduced the notions of a reductive congru-

ence and a reductive semigroup (Fattahi and Vishki, 2004: 262) as the following.

Definition 1.11. Let S be a semigroup. A congruence ρ is called right reductive

on S if

(at, bt) ∈ ρ⇒ (a, b) ∈ ρ for all a, b, t ∈ S,
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and left reductive on S if

(ta, tb) ∈ ρ⇒ (a, b) ∈ ρ for all a, b, t ∈ S.

A congruence ρ on S is called reductive on S if it is both right and left reductive

on S.

Example 1.9. Consider the congruence ρ on (Z,+) in Example 1.7. We have ρ

is right reductive on Z since for a, b, t ∈ Z,

(a+ t, b+ t) ∈ ρ⇒ 4| (a+ t)− (b+ t)

⇒ 4x = (a+ t)− (b+ t) for some x ∈ Z

⇒ 4x = a− b

⇒ 4| a− b

⇒ (a, b) ∈ ρ.

A similar argument shows that ρ is left reductive on Z. Hence ρ is reductive on

Z.

Example 1.10. Consider the congruence ρ on (Z,×) in Example 1.8. We have ρ

is not right and left reductive on Z.

Definition 1.12. A semigroup S is called right (resp. left) reductive if equality

on S is a right (resp. left) reductive congruence. In other words, S is called right

reductive if

at = bt⇒ a = b for all a, b, t ∈ S,

and left reductive if

ta = tb⇒ a = b for all a, b, t ∈ S.

A semigroup S is called reductive if it is both right and left reductive.

Example 1.11. Consider the semigroup (Z,+). We have (Z,+) is a reductive
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semigroup since for a, b, t ∈ Z,

a+ t = b+ t⇒ a = b,

and

t+ a = t+ b⇒ a = b.

Example 1.12. Consider the semigroup (Z,×). We have (Z,×) is not a right

and a left reductive semigroup.

Definition 1.13. Let A be a set of all right (resp. left) reductive congruence on

a semigroup S. A congruence ρ on S is called the minimum right (resp. left)

reductive if ρ ⊆ ρ′ for all ρ′ ∈ A.

1.2 Γ-semigroups

We first recall some definitions and examples from Sen and Saha

(1986), and Saha (1987).

Definition 1.14. Let S and Γ be nonempty sets. Then S is called a Γ-semigroup

if it satisfies aαb ∈ S and (aαb)βc = aα(bβc) for all a, b, c ∈ S and α, β ∈ Γ.

We give some examples of Γ-semigroups.

Example 1.13. Let Z be the set of all integers and Γ = {n| n ∈ N}. Define

aαb = a+α+ b for all a, b ∈ Z and α ∈ Γ where + is the usual addition. We have

Z is a Γ-semigroup.

Example 1.14. Let Z be the set of all integers and Γ = {n| n ∈ N}. Define

aαb = a × α × b for all a, b ∈ Z and α ∈ Γ where × is the usual multiplication.

We have Z is a Γ-semigroup.

Example 1.15. Let R be the set of all real numbers and Γ =
{ 1

n

∣∣∣ n ∈ N
}

. Define

aαb = a × α × b for all a, b ∈ R and α ∈ Γ where × is the usual multiplication.

We have R is a Γ-semigroup.
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Example 1.16. Let S be a set of all negative rational numbers and

Γ =
{
− 1

p

∣∣∣ p is prime
}

. Define aαb = a× α× b for all a, b ∈ S and α ∈ Γ where

× is the usual multiplication. We have S is a Γ-semigroup.

Example 1.17. Let S = {4z + 3| z ∈ Z} and Γ = {4n + 1| n ∈ N}. Define

aαb = a+α+ b for all a, b ∈ S and α ∈ Γ where + is the usual addition. We have

S is a Γ-semigroup.

Example 1.18. For nonempty sets X and Y , let T (X, Y ) denote the set of all

mappings from X to Y . Let Γ be a nonempty subset of T (Y,X). Define a mapping

T (X, Y )×Γ× T (X, Y )→ T (X, Y ) by αγβ = α ◦ γ ◦ β for all α, β ∈ T (X, Y ) and

γ ∈ Γ where ◦ is the composition of functions. We have T (X, Y ) is a Γ-semigroup.

Definition 1.15. Let S be a Γ-semigroup. A nonempty subset T of S is said to

be a Γ-subsemigroup of S if TΓT ⊆ T where TΓT = {aαb | a, b ∈ T and α ∈ Γ}.

Example 1.19. Consider the Γ-semigroups in Example 1.13. Let N be the set

of all natural numbers. We have N is a Γ-subsemigroup of Z since N ⊆ Z and

NΓN ⊆ N.

Example 1.20. Consider the Γ-semigroup S in Example 1.17. Let T =

{4n− 1| n ∈ N}. We have T is a Γ-subsemigroup of S since T ⊆ S and TΓT ⊆ T .

Definition 1.16. Let S be a Γ-semigroup. An element a ∈ S is said to be regular

if there exist x ∈ S and α, β ∈ Γ such that a = aαxβa. The Γ-semigroup S is said

to be a regular Γ-semigroup if every element of S is regular.

Example 1.21. Consider the Γ-semigroup Z in Example 1.13. We have Z is a

regular Γ-semigroup since for a ∈ Z, if α = m and β = n for some m,n ∈ N,

then there exists x = −m − n − a ∈ Z such that aαxβa = a + m + x + n + a =

a+m+ (−m− n− a) + n+ a = a.

Example 1.22. Consider the Γ-semigroup S in Example 1.16. Without loss of

generality, let a =
m

n
∈ S where m > 0 and n < 0.
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If m = 1, then a =
1

n
. Now

1

n
=

1

n
×
(
− 1

p1

)
× np1p2

1
×
(
− 1

p2

)
× 1

n

where p1 and p2 are prime. Thus taking x =
np1p2

1
, α = − 1

p1

and β = − 1

p2

. Then

a = aαxβa.

Ifm 6= 1, thenm = p1p2 . . . pk where pi’s are prime. Now
p1p2 . . . pk

n
=

p1p2 . . . pk
n

×
(
− 1

p1

)
× n

p2p3 . . . pk−1

×
(
− 1

pk

)
× p1p2 . . . pk

n
. Thus taking x =

n

p2p3 . . . pk−1

, α = − 1

p1

and β = − 1

pk
. Then a = aαxβa.

Hence S is a regular Γ-semigroup.

Definition 1.17. Let S be a Γ-semigroup and a ∈ S. Let b ∈ S and α, β ∈ Γ.

An element b of S is called an (α, β)-inverse of a if a = aαbβa and b = bβaαb.

Definition 1.18. Let S be a Γ-semigroup and α ∈ Γ. An element e ∈ S is said to

be an α-idempotent if eαe = e. The set of all α-idempotents is denoted by Eα(S).

We denote
⋃
α∈Γ

Eα(S) by E(S). Any element of E(S) is called an idempotent

element of S. A Γ-semigroup S is called an idempotent Γ-semigroup if S = E(S).

Definition 1.19. Let S be a Γ-semigroup. A nonempty subset A of S is called a

left ideal of S if SΓA ⊆ A, a right ideal of S if AΓS ⊆ A, and an ideal of S if it

is both a left and a right ideal of S.

Example 1.23. Consider the Γ-semigroups Z in Example 1.14. Let A = {0} ⊆

Z. We have A is a left and a right ideal of Z since ZΓA ⊆ A and AΓZ ⊆ A,

respectively. Therefore A is an ideal of Z.

Definition 1.20. Let S be a Γ-semigroup. A Γ-semigroup S is called left simple

if S is the unique left ideal of S, right simple if S is the unique right ideal of S,

and simple if S is the unique ideal of S.

Example 1.24. Consider the Γ-semigroups Z in Example 1.13. We have Z is left

and right simple since Z is the unique left and right ideal of Z, respectively. Also

Γ-semigroup Z is simple since Z is the unique ideal of Z.

Example 1.25. Consider the Γ-semigroups Z in Example 1.14. By Example 1.23,

we see that Z is not left and right simple. Also Z is not simple.



CHAPTER 2

Green’s relations for Γ-semigroups

Green’s relations for semigroups were introduced by J. A. Green in

the year 1951. They are equivalence relations that characterize the element of

a semigroup in term of the principal ideals they generate. They have played a

fundamental role in the development of semigroup theory. In this chapter, we

study Green’s relations for Γ-semigroups and also investigate some interesting

properties of these relations.

We demonstrate this chapter in four sections. In the first section,

we introduce the notions of Green’s relations for Γ-semigroups and present some

results which will be used in the next sections. Next, we point out the structure of

D-classes and generalize Green’s Theorem for semigroups to Green’s Theorem for

Γ-semigroups. In the third section, we focus regular D-classes. In the last section,

ideals of Γ-semigroups and simple Γ-semigroups are studied.

2.1 The equivalences L, R, H and D

Green’s relations L, R, H and D on a Γ-semigroup S were defined

by N. K. Saha (1987) as the following rules:

(i) aLb if and only if S1Γa = S1Γb, where S1Γa = SΓa ∪ {a};

(ii) aRb if and only if aΓS1 = bΓS1, where aΓS1 = aΓS ∪ {a};

(iii) H = L ∩R;

(iv) D = LoR.

An alternative characterization, making the aspect of these relations

more explicit, is given in the following remark:

Remark 2.1. Let a, b be elements of a Γ-semigroup S. We have

(i) aLb if and only if a = b or there exist x, y ∈ S and α, β ∈ Γ such

that a = xαb and b = yβa;

11
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(ii) aRb if and only if a = b or there exist x, y ∈ S and α, β ∈ Γ

such that a = bαx and b = aβy;

(iii) aHb if and only if aLb and aRb;

(iv) aDb if and only if there exists c ∈ S such that aLc and cRb.

Another immediate properties of L,R,H, and D are as the follow-

ing:

Proposition 2.1. Let S be a Γ-semigroup. We have L,R,H, and D are equiva-

lence relations on S.

Proof. Let a ∈ S. Obviously, we have (a, a) ∈ L. Hence L is reflexive.

Let a, b ∈ S. If (a, b) ∈ L, then S1Γa = S1Γb. It is easy to see that

(b, a) ∈ L. Hence L is symmetric.

Let a, b, c ∈ S. If (a, b) ∈ L and (b, c) ∈ L, then S1Γa = S1Γb and

S1Γb = S1Γc. We have S1Γa = S1Γc. It follows that (a, c) ∈ L. Hence L is

transitive.

Therefore L is an equivalence relation on S. The relation R is

proved in an analogous way.

Since the intersection of two equivalence relations is again an equiv-

alence relation, H = L ∩R is an equivalence relation on S.

For the proof of D, we must use the following theorem:

Theorem 2.2. L ◦ R = R ◦ L.

Proof. Let (a, b) ∈ L ◦ R. Then there exists c ∈ S such that aLc and cRb.

Case 1. a = c. Then aRb. Since aRb and bLb, (a, b) ∈ R ◦ L.

Case 2. b = c. Then aLb. Since aRa and aLb, (a, b) ∈ R ◦ L.

Case 3. a 6= c and b 6= c. Since aLc and cRb, there exist x, y, u, v ∈

S and α, β, η, µ ∈ Γ such that

xαa = c, yβc = a, cηu = b, bµv = c.

Let d = yβcηu. Then

aηu = yβcηu = d
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and

dµv = yβcηuµv = yβbµv = yβc = a,

from which it follows aRd. Also,

yβb = yβcηu = d

and

xαd = xαyβcηu = xαaηu = cηu = b,

so dLb. We deduce that (a, b) ∈ R ◦ L. Therefore L ◦ R ⊆ R ◦ L.

Similarly, we can prove that R ◦ L ⊆ L ◦ R.

Now we show that D = L ◦ R is an equivalence relation on S.

Let a ∈ S. Since (a, a) ∈ L and (a, a) ∈ R, (a, a) ∈ L ◦ R. Hence

L ◦ R is reflexive.

Let a, b ∈ S such that (a, b) ∈ L ◦R. It follows that aL ◦Rb. Then

there exists c ∈ S such that aLc and cRb. We have bRc and cLa. Thus bR ◦ La.

Since R ◦ L = L ◦ R, bL ◦ Ra. It follows that (b, a) ∈ L ◦ R. Hence L ◦ R is

symmetric.

Let a, b, c ∈ S such that (a, b) ∈ L◦R and (b, c) ∈ L◦R. Then there

exist x, y ∈ S such that aLx, xRb, bLy and yRc. Since xRb and bLy, xR ◦ Ly.

Again from R◦L = L ◦R, thus xL ◦Ry. Then there exists z ∈ S such that xLz

and zRy. Since aLx and xLz, aLz. Since zRy and yRc, zRc. since aLz and

zRc, aL ◦ Rc. It follows that (a, c) ∈ L ◦ R. Hence L ◦ R is transitive.

Therefore L ◦ R = D is an equivalence relation on S.

Lemma 2.3. Let S be a Γ-semigroup. The following statements hold.

(i) H ⊆ L ⊆ D, H ⊆ R ⊆ D.

(ii) The relation L is a right congruence on S and the relation R is

a left congruence on S.
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Proof. (i) Let a, b ∈ S. We have

(a, b) ∈ H ⇒ (a, b) ∈ L and (a, b) ∈ R

⇒ (a, b) ∈ L

⇒ (a, b) ∈ L and (b, b) ∈ R

⇒ (a, b) ∈ D.

We have H ⊆ L ⊆ D. Similarly, H ⊆ R ⊆ D.

We can see the proof of (ii) in chapter 3.

The L-class (resp. R-class, H-class, D-class) containing the element

a of a Γ-semigroup S will be written as La (resp. Ra, Ha, Da).

Proposition 2.4. If a and b are elements of a Γ-semigroup S such that La∩Rb 6=

∅, then La ∩Rb = Hx for all x ∈ La ∩Rb.

Proof. Let x ∈ La∩Rb. Then Lx = La and Rx = Rb. We have La∩Rb = Lx∩Rx =

Hx.

Lemma 2.5. If a is a regular element of a Γ-semigroup S, then S1Γa = SΓa,

aΓS1 = aΓS and S1ΓaΓS1 = SΓaΓS.

Proof. Let a ∈ S. Then a = aαxβa for some x ∈ S and α, β ∈ Γ. We have

S1Γa = S1Γaαxβa = (S1Γaαx)βa ⊆ SΓa ⊆ S1Γa,

from which it follows S1Γa = SΓa. Similarly, we have aΓS1 = aΓS. Thus

S1ΓaΓS1 = (S1Γa)ΓS1 = SΓaΓS1 = SΓ(aΓS1) = SΓ(aΓS) = SΓaΓS.

The following theorem will be used variously in this chapter.

Theorem 2.6. Let S be a Γ-semigroup, α ∈ Γ and e an α-idempotent. Then
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(i) aαe = a for all a ∈ Le;

(ii) eαa = a for all a ∈ Re;

(iii) aαe = a = eαa for all a ∈ He;

(iv) For all a ∈ S, |Ha ∩ Eα(S)| ≤ 1.

Proof. (i) Let a ∈ Le. Then aLe. It follows that S1Γa = S1Γe. Then a = e or

there exist x ∈ S and γ ∈ Γ such that a = xγe. If a = e, then aαe = eαe = e = a.

If a = xγe, then aαe = (xγe)αe = xγ(eαe) = xγe = a.

(ii) It is similar to (i).

(iii) It follows from (i) and (ii).

(iv) Let e, f ∈ Ha ∩Eα. Then eHf . So eLf and eRf . Then f ∈ Le
and e ∈ Rf . By (i) and (ii), respectively, we have fαe = f and fαe = e. Therefore

e = f . It follows that |Ha ∩ Eα(S)| ≤ 1.

Lemma 2.7. If a and x are elements of a Γ-semigroup S and α, β ∈ Γ such that

a = aαxβa, then S1Γa = S1Γxβa and aΓS1 = aαxΓS1.

Proof. Since S1Γa = S1Γaαxβa = (S1Γa)αxβa ⊆ S1Γxβa = (S1Γx)βa ⊆ S1Γa,

S1Γa = S1Γxβa. Similarly, aΓS1 = aαxΓS1.

Theorem 2.8. Let S be a Γ-semigroup and α, β ∈ Γ. The following statements

hold.

(i) If a, x ∈ S such that a = aαxβa, then aLxβa and aRaαx.

(ii) For a ∈ S, if a′ is an (α, β)-inverse of a, then Ra ∩ La′ and

Ra′ ∩ La contain a β-idempotent aαa′ and an α-idempotent a′βa, respectively.

Proof. (i) It follows from Lemma 2.7 and definitions of L and R on S.

(ii) Let a ∈ S and a′ be an (α, β)-inverse of a. Then a = aαa′βa

and a′ = a′βaαa′. By a = aαa′βa and (i), we have a′βa ∈ La and aαa′ ∈ Ra. By

a′ = a′βaαa′ and (i), we have aαa′ ∈ La′ and a′βa ∈ Ra′ . Thus aαa′ ∈ Ra ∩ La′

and a′βa ∈ Ra′ ∩ La. Since a = aαa′βa, a′βa = a′βaαa′βa and aαa′ = aαa′βaαa′.

Therefore a′βa is an α-idempotent and aαa′ is a β-idempotent.

Immediately by Proposition 2.4, Theorem 2.6 (iv) and Theorem 2.8

(ii), we have the following theorem:



16

Theorem 2.9. Let a be an element of a Γ-semigroup S and α, β ∈ Γ. If b and c

are (α, β)-inverses of a such that bHc, then b = c.

Proof. Let a ∈ S. Assume that b and c are (α, β)-inverses of a. By Theorem 2.8

(ii), we have aαb ∈ Ra ∩ Lb, bβa ∈ Rb ∩ La, aαc ∈ Ra ∩ Lc and cβa ∈ Rc ∩ La.

Since bHc and H = L ∩R, Lb = Lc and Rb = Rc. Thus

aαb, aαc ∈ Ra ∩ Lb, bβa, cβa ∈ Rb ∩ La.

By Proposition 2.4, we have Haαb = Haαc and Hbβa = Hcβa. Since aαb, aαc ∈ Eβ
and bβa, cβa ∈ Eα, by Theorem 2.6 (iv), we have aαb = aαc and bβa = cβa. It

follows that

b = bβaαb = bβ(aαb) = bβ(aαc) = bβaαc = (bβa)αc = cβaαc = c.

Lemma 2.10. If a is an element of a Γ-semigroup S such that S1Γa = S1Γe or

aΓS1 = eΓS1 for some e ∈ Eα(S), then a is a regular element of S.

Proof. Suppose that S1Γa = S1Γe. Then a = e or there exist x, y ∈ S and

β, η ∈ Γ such that a = xβe, e = yηa. If a = e, then a = e = eαeαe. If a = xβe

and e = yηa, then a = xβe = (xβe)αe = aαyηa. Thus a is a regular element of S.

Similarly, if aΓS1 = eΓS1, then a is a regular element of S.

Theorem 2.11. Let S be a Γ-semigroup and α ∈ Γ. If e ∈ Eα(S) and

Ge = {x ∈ S| xαe = eαx = x and xαy = yαx = e for some y ∈ S},

then Ge is a subgroup of Sα where e is an identity and

Ge = {x ∈ S| x ∈ eαS ∩ Sαe and e ∈ xαS ∩ Sαx}.

Proof. Obviously, Ge is a subsemigroup of Sα where e is an identity. We will

show that Ge is a subgroup of Sα where e is an identity. Let x ∈ Ge. Then
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eαx = xαe = x and xαy = yαx = e for some y ∈ S. Since eαyαe ∈ S,

eα(eαyαe) = (eαyαe)αe = eαyαe

and

xα(eαyαe) = e = (eαyαe)αx.

Thus eαyαe ∈ Ge. Therefore Ge is a subgroup of Sα where e is an identity.

Let H = {x ∈ S| x ∈ eαS ∩ Sαe and e ∈ xαS ∩ Sαx}. We will

show that Ge = H. Clearly, Ge ⊆ H. Let x ∈ H. By the definition of H, there

exist a, b, c, d ∈ S such that

x = eαa = bαe and e = xαc = dαx.

Then

x = eαa = eα(eαa) = eαx

and

x = bαe = (bαe)αe = xαe.

Thus

xα(eαcαe) = (xαe)αcαe = xαcαe = eαe = e,

(eαdαe)αx = eαdα(eαx) = eαdαx = eαe = e

and

eαcαe = eαeαcαe = eα(dαx)αcαe = eαdα(xαc)αe = eαdαeαe = eαdαe.

We can conclude that

eαx = xαe = x and xα(eαcαe) = (eαcαe)αx = e.

Thus x ∈ Ge. Hence H ⊆ Ge. Therefore Ge = H, as desired.

Theorem 2.12. If S is a Γ-semigroup and α ∈ Γ, then Ge ⊆ He for all e ∈ Eα(S).
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Proof. Let x ∈ Ge. Then xαe = eαx = x and xαy = yαx = e for some y ∈ S.

Since x = xαe and e = yαx, xLe. Since x = eαx and e = xαy, xRe. Thus

x ∈ Le ∩Re = He. Hence Ge ⊆ He.

Theorem 2.13. Let S be a regular Γ-semigroup and a, b ∈ S. The following

statements are equivalent.

(i) a ∈ SΓbΓS.

(ii) There exists c ∈ S such that aRc and c ∈ SΓb.

Proof. (i)⇒(ii). Assume that a ∈ SΓbΓS. Then a = xαbβy for some x, y ∈ S

and α, β ∈ Γ. Since S is regular, there exist z ∈ S and η, µ ∈ Γ such that

a = aηzµa. Let c = (aηzµx)αb. Thus c ∈ SΓb. Since c = aη(zµxαb) and

a = aηzµa = aηzµ(xαbβy) = (aηzµxαb)βy = cβy, aRc.

(ii)⇒(i). Assume that there exists c ∈ S such that aRc and c ∈ SΓb.

Since S is regular and aRc, a ∈ aΓS = cΓS ⊆ SΓbΓS.

2.2 The structure of D-classes

Each D-class in a Γ-semigroup is a union of L-classes and also a

union of R-classes. The intersection of L-classes and R-classes is empty or is an

H-class. In fact, by the definition of D,

aDb⇔ Ra ∩ Lb 6= ∅ ⇔ La ∩Rb 6= ∅.

It is convenient to visualize a D−class as what Clifford and Preston

(Howie, 1972: 42) have called an egg-box in which each row represents anR−class,

each column an L−class and each cell an H−class. We can see that as follows:

a b

c

d, e

From this, we have Ra = Rb, Rd = Re, La = Lc, Lb = Ld = Le, Hd =

He and Da = Db = Dc = Dd = De.
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Proposition 2.14. Let a be an element in a Γ-semigroup S. We have La ⊆ Da

and Ra ⊆ Da.

Proof. It follows from the definition of Green’s relation D.

Theorem 2.15. Let a and b be elements in a Γ-semigroup S. We have La∩Rb 6= ∅

if and only if Da = Db.

Proof. Suppose that La ∩ Rb 6= ∅. Let x ∈ La ∩ Rb. Then x ∈ La ⊆ Da and

x ∈ Rb ⊆ Db. Thus Da ∩Db 6= ∅. Hence Da = Db.

Conversely, suppose that Da = Db. We have aDb. Since D = LoR,

there exists x ∈ S such that aLx and xRb. Hence x ∈ La ∩Rb.

The following lemma is similar to Green’s Lemma for semigroups.

Lemma 2.16. (Green’s Lemma for Γ-semigroups) Let a and b be elements in a

Γ-semigroup S such that aRb. Then a = b or there exist s, s′ ∈ S and α, β ∈ Γ

such that aαs = b and bβs′ = a.

If a = b, define ϕ : La → S and ψ : Lb → S by

ϕ = ψ = 1La = 1Lb

where 1La and 1Lb
are identity maps on La and Lb, respectively.

If a 6= b, define ϕ : La → S and ψ : Lb → S by

(x)ϕ = xαs if x ∈ La,

and

(y)ψ = yβs′ if y ∈ Lb.

We have the following statements hold.

(i) (La)ϕ = Lb and (Lb)ψ = La.

(ii) ϕψ = 1La and ψϕ = 1Lb
.

(iii) If x ∈ La, then ((x)ϕ)Rx and if y ∈ Lb, then ((y)ψ)Ry.
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Proof. (i) If a = b, then obviously (La)ϕ = Lb.

Assume a 6= b. Let x ∈ La. Then xLa. Thus xαsLaαs. So

(x)ϕ = xαs ∈ Laαs = Lb. Hence (La)ϕ ⊆ Lb. Next, let y ∈ Lb. We have yLb.

Then y = b or there exist t, t′ ∈ S and ν, η ∈ Γ such that tνy = b and t′ηb = y. If

y = b, then y = b = aαs = (a)ϕ ∈ (La)ϕ. If y 6= b, we have a = bβs′ = tνyβs′ =

tνt′ηbβs′ = tνt′ηa. Then aLt′ηa. Thus y = t′ηb = t′ηaαs = (t′ηa)ϕ ∈ (La)ϕ.

Hence Lb ⊆ (La)ϕ. Therefore (La)ϕ = Lb.

Similarly, (Lb)ψ = La.

(ii) If a = b, then obviously ϕψ = 1La .

Assume a 6= b. Let x ∈ La. Then x = a or there exist t ∈ S and

ν ∈ Γ such that x = tνa. If x = a, then (x)ϕψ = xαsβs′ = aαsβs′ = bβs′ = a = x.

If x = tνa, then (x)ϕψ = xαsβs′ = tνaαsβs′ = tνbβs′ = tνa = x. Therefore

ϕψ = 1La .

Similarly, ψϕ = 1Lb
.

(iii) Let x ∈ La.

Case 1. a = b. Then obviously ((x)ϕ)Rx.

Case 2. a 6= b. Then (x)ϕ = xαs and x = (x)ϕψ = ((x)ϕ)βs′. We

have ((x)ϕ)Rx.

Similarly, if y ∈ Lb, we have ((y)ψ)Ry.

The left-right dual of Lemma 2.16 is proved in an analogous way.

Let a and b be elements in a Γ-semigroup S such that aDb. By

Theorem 2.15, there exists c ∈ La ∩ Rb. Thus La = Lc and Rc = Rb. Since cRb,

by Lemma 2.16, we have |Lc| = |Lb|. Hence |La| = |Lb|. Similarly, if aLc, by the

dual of Lemma 2.16, we have |Ra| = |Rb|. We have the following corollary:

Corollary 2.17. If a and b are elements in a Γ-semigroup S such that aDb, then

|La| = |Lb| and |Ra| = |Rb|.

Lemma 2.18. Let a and b be elements in a Γ-semigroup S such that aRb. If

s ∈ S such that aαs = b for some α ∈ Γ, then Hxαs = Hxαs for all x ∈ La.

Proof. Let x ∈ La. By Lemma 2.16 (i) and (iii), we have Laαs = Lb and xR(xαs).

Thus xαs ∈ Lb. Hence Lxαs = Lb.
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To prove Hxαs ⊆ Hxαs, let y ∈ Hx. Then y ∈ Lx = La. By

Lemma 2.16 (iii), we have yR(yαs). Thus yαs ∈ Ry = Rx = Rxαs. Hence

Hxαs ⊆ Rxαs. Since Hx ⊆ Lx = La, Hxαs ⊆ Laαs = Lb = Lxαs. Therefore

Hxαs ⊆ Rxαs ∩ Lxαs = Hxαs, this imples Hxαs ⊆ Hxαs.

Conversely, let z ∈ Hxαs. Then z ∈ Lxαs = Lb. Since Laαs = Lb,

there exists w ∈ La such that wαs = z. By Lemma 2.16 (iii), we have wR(wαs).

Then wRz. We have w ∈ Rz = Rxαs. Thus w ∈ La ∩ Rxαs = Lx ∩ Rx = Hx.

Hence z = wαs ∈ Hxαs. Therefore Hxαs ⊆ Hxαs.

We can conclude that Hxαs = Hxαs for all x ∈ La.

The left-right dual of Lemma 2.18 is proved in an analogous way.

Theorem 2.19. Let a and c be elements in a Γ-semigroup S such that aDc. Let

b ∈ S such that aRb and bLc. Then a = b or there exist s, s′ ∈ S and α, β ∈ Γ

such that aαs = b, bβs′ = a and b = c or there exist t, t′ ∈ S and ν, η ∈ Γ such

that tνb = c, t′ηc = b.

If a = b and b = c, define ϕ : Ha → S and ψ : Hc → S by

ϕ = ψ = 1Ha = 1Hc

where 1Ha and 1Hc are identity maps on Ha and Hc, respectively.

If a = b and b 6= c, define ϕ : Ha → S and ψ : Hc → S by

(x)ϕ = tνx if x ∈ Ha,

and

(y)ψ = t′ηy if y ∈ Hc.

If a 6= b and b = c, define ϕ : Ha → S and ψ : Hc → S by

(x)ϕ = xαs if x ∈ Ha,

and

(y)ψ = yβs′ if y ∈ Hc.
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If a 6= b and b 6= c, define ϕ : Ha → S and ψ : Hc → S by

(x)ϕ = tνxαs if x ∈ Ha,

and

(y)ψ = t′ηyβs′ if y ∈ Hc.

We have the following statements hold.

(i) (Ha)ϕ = Hc and (Hc)ψ = Ha.

(ii) ϕψ = 1Ha and ψϕ = 1Hc.

(iii) |Ha| = |Hc|.

Proof. (i) and (ii). Let x ∈ Ha.

Case 1. a = b and b = c. Then (x)ϕ = x ∈ Ha = Hb = Hc.

Case 2. a = b and tνb = c, t′ηc = b. Then (x)ϕ = tνx and

Ha = Hb. Since bLc and tνb = c, by the dual of Lemma 2.18, tνHb = Hc. Thus

(x)ϕ = tνx ∈ tνHa = tνHb = Hc.

Case 3. aαs = b, bβs′ = a and b = c. Then (x)ϕ = xαs. Since aRb

and aαs = b, by Lemma 2.18, Haαs = Hb. Thus (x)ϕ = xαs ∈ Haαs = Hb = Hc.

Case 4. aαs = b, bβs′ = a and tνb = c, t′ηc = b. Then (x)ϕ =

tνxαs. Since aRb and aαs = b, by Lemma 2.18, Haαs = Hb. Since bLc and

tνb = c, by the dual of Lemma 2.18, tνHb = Hc. Thus (x)ϕ = tνxαs ∈ tνHaαs =

tν(Haαs) = tνHb = Hc.

Hence (Ha)ϕ ⊆ Hc. Similarly, (Hc)ψ ⊆ Ha.

Next, we show that ϕψ = 1Ha .

Case 1. a = b and b = c. Then (x)ϕψ = x.

Case 2. a = b and tνb = c, t′ηc = b. Since x ∈ Ha, x ∈ Ra = Rb.

Since bLc and x ∈ Rb, by the dual of Lemma 2.16 (ii), we have t′ηtνx = x. Thus

(x)ϕψ = t′ηtνx = x.

Case 3. aαs = b, bβs′ = a and b = c. Since x ∈ Ha, x ∈ La.

Since aRb and x ∈ La, by Lemma 2.16 (ii), we have xαsβs′ = x. Thus (x)ϕψ =

xαsβs′ = x.
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Case 4. aαs = b, bβs′ = a and tνb = c, t′ηc = b. Since x ∈ Ha,

x ∈ La and x ∈ Ra. Since aRb, x ∈ Ra = Rb. Since aRb and x ∈ La, by Lemma

2.16 (ii), we have xαsβs′ = x. Since bLc and x ∈ Rb, by the dual of Lemma 2.16

(ii), we have t′ηtνx = x. Thus (x)ϕψ = t′ηtνxαsβs′ = x.

Hence ϕψ = 1Ha . Similarly, ψϕ = 1Hc .

We have ϕ maps Ha onto Hc and ψ maps Hc onto Ha . Hence

(Ha)ϕ = Hc and (Hc)ψ = Ha.

(iii) By (ii), we have ϕ is one to one. Thus |Ha| = |(Ha)ϕ|. By (i),

we have (Ha)ϕ = Hc, so |Ha| = |Hc|.

The following theorem holds.

Theorem 2.20. Let a and b be elements in a Γ-semigroup S. Then aαb ∈ Ra∩Lb
if and only if (Rb ∩ La) ∩ Eα(S) 6= ∅. Moreover, if (Rb ∩ La) ∩ Eα(S) 6= ∅, then

aαHb = Haαb = HaαHb = Ra ∩ Lb.

Proof. Suppose that aαb ∈ Ra ∩ Lb. We have aR(aαb). Then a = aαb or there

exist c ∈ S and β ∈ Γ such that a = (aαb)βc. If a = aαb, we have La = Laαb By

Lemma 2.16 (ii), we have

xαb = x for all x ∈ La. (2.1)

Since aαbLb, Laαb = Lb. Thus La = Laαb = Lb. Since b ∈ Lb = La, by (2.1), we

have bαb = b ∈ Eα(S). Thus b ∈ (Rb ∩ La) ∩ Eα(S). If a = (aαb)βc, By Lemma

2.16 (i), we have Laαbβc = La. By Lemma 2.16 (ii), we have

xαbβc = x for all x ∈ La. (2.2)

Since aαb ∈ Lb, b ∈ Laαb. Hence bβc ∈ Laαbβc = La. By (2.2), we have

(bβc)α(bβc) = bβc ∈ Eα(S). Since b ∈ Laαb, by Lemma 2.16 (iii), (bβc)Rb.

We have bβc ∈ Rb. Thus bβc ∈ (Rb ∩ La) ∩ Eα(S).

Conversely, Let e ∈ Rb ∩ La ∩ Eα(S). Since b ∈ Re, by Theorem
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2.6 (ii), we have eαb = b. Since eRb and eαb = b, By Lemma 2.16 (i) and (iii),

Leαb = Lb and

(xαb)Rx for all x ∈ Le. (2.3)

Since e ∈ La, a ∈ Le. By (2.3), we have aαb ∈ Ra. Since Leαb = Lb and a ∈ Le,

aαb ∈ Lb. Thus aαb ∈ Ra ∩ Lb.

Let x ∈ Ha and y ∈ Hb. Then Lx = La, Rx = Ra, Ly = Lb

and Ry = Rb. We have that e ∈ (Ry ∩ Lx) ∩ Eα(S). By the converse of this

theorem, we have xαy ∈ Rx ∩ Ly = Ra ∩ Lb, that is, HaαHb ⊆ Ra ∩ Lb. Since

aαb ∈ HaαHb ⊆ Ra ∩ Lb, aR(aαb) and bL(aαb). Since aR(aαb), by Lemma 2.18,

Haαb = Haαb. Since bL(aαb), by the dual of Lemma 2.18, aαHb = Haαb. Thus

aαHb ⊆ HaαHb ⊆ Ra ∩ Lb = Raαb ∩ Laαb = Haαb = aαHb

and

Haαb ⊆ HaαHb ⊆ Ra ∩ Lb = Raαb ∩ Laαb = Haαb = Haαb.

Hence aαHb = Haαb = HaαHb = Haαb = Ra ∩ Lb.

The following theorem is similar to Green’s Theorem for semigroups.

Theorem 2.21. (Green’s Theorem for Γ-semigroups) Let a be an element in a Γ-

semigroup S and α ∈ Γ. Then HaαHa∩Ha = ∅ or HaαHa = Ha. If HaαHa = Ha,

then Ha is a subsemigroup of Sα.

Proof. Suppose that HaαHa∩Ha 6= ∅. There exists x ∈ Ha such that x = yαz for

some y, z ∈ Ha. Thus x ∈ La∩Ra, by Theorem 2.20, we have HaαHa = La∩Ra =

Ha.

Applying Theorem 2.21, we obtain the following corollary.

Corollary 2.22. Let e be an α−idempotent of a Γ-semigroup S where α ∈ Γ. If

HeαHe = He, then He is a subsemigroup of Sα.

For this example, we characterize the egg-box of some Γ-semigroups.



25

Example 2.1. Consider the Γ-semigroup T (X, Y ) in Example 1.18. Let X =

{a, b}, Y = {x, y, z} and Γ = {θ} where θ =

x y z

a b b

 ∈ T (Y,X).

The Γ-semigroup (T (X, Y ), θ) has threeD−classes. The threeD−classes

D1, D2 and D3 can be enumerated in the egg box fashion as follows:

D1

a b

x x

 a b

y y

 a b

z z


D2

a b

x y

 a b

y x

 a b

x z

 a b

z x



D3

a b

y z

a b

z y


We have D1 and D2 are regular but D3 is not regular.

Consider H = {

a b

x y

 a b

y x

}. We have HθH = H. Then H

is a subsemigroup of (T (X, Y ))θ.

Example 2.2. Consider the Γ-semigroup T (X, Y ) in Example 1.18. Let X =

{a, b}, Y = {x, y} and Γ = {θ1, θ2} where θ1 =

x y

a b

 ∈ T (Y,X) and θ2 =x y

a a

 ∈ T (Y,X).

The Γ-semigroup (T (X, Y ), θ) has twoD−classes. The twoD−classes

D1, and D2 can be enumerated in the egg box fashion as follows:

D1

a b

x x

 a b

y y


D2

a b

x y

 a b

y x


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We have D1 and D2 are regular.

Consider H = {

a b

x y

 a b

y x

}. We have Hθ1H = H. Then H

is a subsemigroup of (T (X, Y ))θ1 . However, we have Hθ2H ∩H = ∅.

2.3 Regular D-classes

In the year 1936, the concept of regularity was introduced by Von

Neumann in ring theory (Howie, 1972: 44). In this section, we consider some

interesting properties in regular D-classes.

Our first theorem, we have the regularity is a property of D-classes

rather than of element as the following theorem:

Theorem 2.23. If a is a regular element of a Γ-semigroup S, then every element

of Da is regular.

Proof. Since a is regular, there exist x ∈ S and α, β ∈ Γ such that a = aαxβa.

Let b ∈ Da. So aDb. Then aLc and cRb for some c ∈ S. Since aLc, a = c or there

exist u, v ∈ S and γ, µ ∈ Γ such that

uγa = c and vµc = a.

Since cRb, b = c or there exist z, t ∈ S and η, θ ∈ Γ such that

cηz = b and bθt = c.

Case 1. a = c and c = b. Then a = b, so b is regular.

Case 2. a = c and cηz = b and bθt = c. Then

bθ(tαx)βb = cαxβcηz = aαxβaηz = aηz = cηz = b.

Case 3. uγa = c and vµc = a, and b = c. Then

bα(xβv)µb = cαxβvµb = uγaαxβa = uγa = c = b.
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Case 4. uγa = c and vµc = a, and cηz = b and bθt = c. Then

bθ(tαxβv)µb = cαxβvµcηz = uγaαxβaηz = uγaηz = cηz = b.

Therefore b is a regular element.

Let D be a D-class. Then either every element of D is regular or no

element of D is regular. We call the D-class regular if all its elements are regular.

Since idempotents are regular, a D-class containing an idempotent

is regular. Conversely, we can show that a regular D-class must contain at least

one idempotent as follows:

Theorem 2.24. In a regular D-class, each L-class and each R-class contains at

least one idempotent.

Proof. Let a be an element of a regular D-class D in a Γ-semigroup S. Then

there exist x ∈ S and α, β ∈ Γ such that a = aαxβa. Then xβa = xβ(aαxβa) =

(xβa)α(xβa). Thus xβa is an α-idempotent. Since a = aα(xβa), aLxβa. Simi-

larly, aαx is a β-idempotent and aRaαx.

Theorem 2.25. Let a be an element of a regular D-class D in a Γ-semigroup S.

Then

(i) If a′ is an (α, β)-inverse of a, then a′ ∈ D and the two H-classes

Ra ∩ La′ and La ∩ Ra′, contain a β-idempotent aαa′ and an α-idempotent a′βa,

respectively;

(ii) If b ∈ D is such that Ra∩Lb and La∩Rb contain a β-idempotent

e and an α-idempotent f , respectively, then Hb contains an (α, β)-inverse a∗ of a

such that aαa∗ = e and a∗βa = f ;

(iii) No H-class contains more than one (α, β)-inverse of a for all

ordered pair (α, β) ∈ Γ× Γ.

Proof. (i) Let a′ be an (α, β)-inverse of a. Then a = aαa′βa and a′ = a′βaαa′. By

Theorem 2.8 (i), we have

a L a′βa, aαa′ R a, a′ L aαa′, a′βa R a′.
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Thus a′Da, from which it follows that a′ ∈ D. By Theorem 2.8 (ii), we have

Ra ∩ La′ and La ∩ Ra′ contain a β-idempotent aαa′ and an α-idempotent a′βa,

respectively.

(ii) Since aRe, by Theorem 2.6 (ii), eβa = a. Similarly, from aLf

we deduce that aαf = a by Theorem 2.6 (i). Again from aRe it follows that a = e

or there exist x ∈ S and γ ∈ Γ such that aγx = e.

Case 1 . a = e. Let a∗ = fβe. Then

aαa∗βa = aα(fβe)βa = (aαf)β(eβa) = aβa = eβa = a

and

a∗βaαa∗ = (fβe)βaα(fβe) = fβ(eβa)αfβe = fβ(aαf)βe = fβ(aβe) = fβe = a∗.

Then a∗ is an (α, β)-inverse of a. Moreover

aαa∗ = aαfβe = aβe = eβe = e.

Further, since aLf , a = f or f = yθa for some y ∈ S and θ ∈ Γ. If a = f , then

a∗βa = fβeβa = eβeβe = e = f . If f = yθa, then a∗βa = fβeβa = yθaβeβe =

yθa = f . It now follows easily that a∗ ∈ Le ∩Rf = Lb ∩Rb = Hb.

Case 2 . aγx = e. Let a∗ = fγxβe. Then

aαa∗βa = aα(fγxβe)βa = (aαf)γxβ(eβa) = aγxβa = eβa = a

and

a∗βaαa∗ = (fγxβe)βaα(fγxβe) = fγxβ(eβa)αfγxβe = fγxβ(aαf)γxβe =

fγxβ(aγx)βe = fγxβeβe = fγxβe = a∗.

Then a∗ is an (α, β)-inverse of a. Moreover

aαa∗ = aαfγxβe = aγxβe = eβe = e.
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Since aLf , a = f or there exist y ∈ S and θ ∈ Γ such that f = yθa . If a = f ,

then a∗βa = fγxβeβa = aγxβeβa = eβeβa = eβa = a = f . If f = yθa, then

a∗βa = fγxβeβa = yθ(aγx)βeβa = yθ(eβe)βa = yθ(eβa) = yθa = f . It now

follows easily that a∗ ∈ Le ∩Rf = Lb ∩Rb = Hb.

(iii) Suppose that a′ and a∗ are both (α, β)-inverses of a inside the

single H-class Hb. Since aαa′ and aαa∗ are β-idempotents in the H-class Ra ∩Lb,

aαa′ = aαa∗ by Theorem 2.6(iv). Similarly, a′βa = a∗βa because both are α-

idempotents in the H-class La ∩Rb. Then a′ = a′βaαa′ = a∗βaαa∗ = a∗.

2.4 Ideals of Γ-semigroups and simple Γ-semigroups

In this section, we give characterizations for ideals and simple Γ-

semigroups. Moreover, we consider some connections between Green’s relations,

ideals and simple Γ-semigroups.

Theorem 2.26. Let S be a Γ-semigroup and A a nonempty subset of S. The

following statements hold.

(i) SΓA is a left ideal of S.

(ii) AΓS is a right ideal of S.

(iii) SΓAΓS is an ideal of S.

Proof. (i) Let x ∈ S, γ ∈ Γ and y ∈ SΓA. Then y = zαa for some z ∈ S, α ∈ Γ and

a ∈ A. We have xγy = xγ(zαa) = (xγz)αa ∈ SΓA. It follows that SΓ(SΓA) ⊆

SΓA. Hence SΓA is a left ideal of S.

(ii) It is similar to (i).

(iii) Let x ∈ S, γ ∈ Γ and y ∈ SΓAΓS. Then y = wαaβz for

some w, z ∈ S, α, β ∈ Γ and a ∈ A. We have xγy = xγ(wαaβz) = (xγw)αaβz ∈

SΓAΓS and yγx = (wαaβz)γx = wαaβ(zγx) ∈ SΓAΓS. It follows that SΓ(SΓAΓS)

⊆ SΓAΓS and (SΓAΓS)ΓS ⊆ SΓAΓS. Therefore SΓAΓS is an ideal of S.

Theorem 2.27. Let S be a Γ-semigroup. The following statements hold.

(i) A Γ-semigroup S is left simple if and only if SΓx = S for all

x ∈ S.
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(ii) A Γ-semigroup S is right simple if and only if xΓS = S for all

x ∈ S.

(iii) A Γ-semigroup S is simple if and only if SΓxΓS = S for all

x ∈ S.

Proof. (i) Assume that S is a left simple Γ-semigroup. Let x ∈ S. By Theorem

2.26 (i), we have SΓx is a left ideal of S. Since S is left simple, SΓx = S.

Conversely, assume that SΓx = S for all x ∈ S. Let L be any left

ideal of S. Then L ⊆ S. Let y ∈ L. We have S = SΓy ⊆ SΓL ⊆ L. Hence L = S.

Therefore S is a left simple Γ-semigroup.

(ii) It is similar to (i).

(iii) It is similar to (i).

Theorem 2.28. Let S be a Γ-semigroup. The following statements hold.

(i) S is a left simple Γ-semigroup if and only if L = S × S.

(ii) S is a right simple Γ-semigroup if and only if R = S × S.

Proof. (i) Assume that S is left simple. Let a, b ∈ S. Similar to Theorem 2.26 (i),

we can show that S1Γa and S1Γb are left ideals of S. Thus S1Γa = S1Γb since S

is left simple. Hence aLb. It follows that L = S × S.

Conversely, assume that L = S × S. Let A be any left ideal of S.

Obviously, A ⊆ S. Let x ∈ S and a ∈ A. Then (x, a) ∈ S × S = L. Thus xLa. It

follows that S1Γx = S1Γa. We have x ∈ S1Γx = S1Γa ⊆ A since a ∈ A. Hence

S = A. Therefore S is a left simple Γ-semigroup.

(ii) It is similar to (i).

Theorem 2.29. If S is a regular Γ-semigroup such that every left and right ideal

of S is an ideal of S, then L = R.

Proof. Let a ∈ S. Then there exist x ∈ S and α, β ∈ Γ such that a = aαxβa.

We have SΓa = SΓaαxβa = SΓaα(xβa) ⊆ SΓaΓS and aΓS = aαxβaΓS =

(aαx)βaΓS ⊆ SΓaΓS. Since SΓa and aΓS are left ideal and right ideal of S,

respectively, SΓa and aΓS are ideals of S. Thus SΓaΓS ⊆ SΓa and SΓaΓS ⊆ aΓS.

Hence SΓa = SΓaΓS = aΓS. Since a is a regular element of S, by Lemma 2.5,
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S1Γa = SΓa and aΓS1 = aΓS. Therefore S1Γa = aΓS1. We can conclude that

S1Γx = xΓS1 for all x ∈ S. By definition of L and R, we have L = R.



CHAPTER 3

Congruences for Γ-semigroups

Congruences have been widely studied in semigroup theory. They

have played an important role in the concept of reductive semigroups, introduced

by G. Thierrin in the year 1955. Subsequently, regular reductive semigroups were

studied by A. Fattahi and H. R. E. Vishki (2004).

In this chapter, we recall from Example 1.13 and Example 1.14

that Z under Γ = {n| n ∈ N} with the usual addition and multiplication are

Γ-semigroups, respectively. We separate into three sections. In the first section,

we introduce the notion of congruences for Γ-semigroups. Next, we give a char-

acterization for quotient Γ-semigroups and also we present some of its properties.

In the last section, reductive Γ-semigroups are considered.

3.1 Congruences for Γ-semigroups

Let S be a Γ-semigroup. An equivalence relation ρ on S is called a

right congruence on S if

(a, b) ∈ ρ⇒ (aγt, bγt) ∈ ρ for all a, b, t ∈ S and γ ∈ Γ,

and a left congruence on S if

(a, b) ∈ ρ⇒ (tγa, tγb) ∈ ρ for all a, b, t ∈ S and γ ∈ Γ.

An equivalence relation ρ on S is called a congruence on S if it is both a right and

left congruence on S.

We give some examples of congruences for Γ-semigroups.

Example 3.1. Consider the Γ-semigroup Z in Example 1.13. Let ρ be an equiv-

32
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alence relation on a Γ-semigroup Z defined by

aρb⇔ 4| a− b for all a, b ∈ Z.

We have that ρ is a right congruence on Z since for a, b, t ∈ Z and γ ∈ Γ,

(a, b) ∈ ρ⇒ 4| a− b

⇒ 4x = a− b for some x ∈ Z

⇒ 4x = (a+ γ + t)− (b+ γ + t)

⇒ 4| (a+ γ + t)− (b+ γ + t)

⇒ (a+ γ + t, b+ γ + t) ∈ ρ

⇒ (aγt, bγt) ∈ ρ.

A similar argument shows that ρ is a left congruence on Z. Hence ρ is a congruence

on Z.

Example 3.2. Consider the Γ-semigroup Z in Example 1.14. Let ρ be an equiv-

alence relation on a Γ-semigroup Z defined by

aρb⇔ 4| a− b for all a, b ∈ Z.

We have that ρ is a right congruence on Z since for a, b, t ∈ Z and γ ∈ Γ,

(a, b) ∈ ρ⇒ 4| a− b

⇒ 4x = a− b for some x ∈ Z

⇒ 4x(γt) = (a− b)(γt)

⇒ 4(xγt) = (aγt− bγt) because xγt ∈ Z

⇒ 4| (aγt− bγt)

⇒ (aγt, bγt) ∈ ρ.

A similar argument shows that ρ is a left congruence on Z. Hence ρ is a congruence
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on Z.

Now we are ready to show that the relation L is a right congruence

on S.

Let a, b, t ∈ S and γ ∈ Γ. Assume that (a, b) ∈ L. We have

S1Γa = S1Γb. Then a = b or there exist x, y ∈ S and α, β ∈ Γ such that a = xαb

and b = yβa. If a = b, then aγt = bγt. We have (aγt, bγt) ∈ L since L is reflexive.

If a = xαb and b = yβa, we have

a = xαb and b = yβa⇒ aγt = (xαb)γt and bγt = (yβa)γt

⇒ aγt = xα(bγt) and bγt = yβ(aγt)

⇒ aγt ∈ SΓbγt and bγt ∈ SΓaγt

⇒ SΓaγt ⊆ SΓbγt and SΓbγt ⊆ SΓaγt

⇒ SΓaγt = SΓbγt.

Since aγt = (xαb)γt = (xαy)βaγt ∈ SΓaγt, S1Γaγt = SΓaγt. Similarly, S1Γbγt =

SΓbγt. Thus S1Γaγt = S1Γbγt. Hence (aγt, bγt) ∈ L.

Therefore L is a right congruence on S.

A similarly argument shows that the relation R is a left congruence

on S.

Theorem 3.1. Let S be a Γ-semigroup and ρ an equivalence relation on S. Then

ρ is a congruence on S if and only if

aρb and cρd⇔ (aγc)ρ(bγd) for all a, b, c, d ∈ S and γ ∈ Γ.

Proof. Assume that ρ is a congruences on S. Let a, b, c, d ∈ S such that aρb, cρd

and γ ∈ Γ. Since ρ is a right congruence on S and aρb, (aγc)ρ(bγc). Since ρ

is a left congruence on S and cρd, (bγc)ρ(bγd). We have (aγc)ρ(bγd) since ρ is

transitive.

Conversely, assume that aρb and cρd⇔ (aγc)ρ(bγd) for all a, b, c, d ∈

S and γ ∈ Γ. Let x, y, z ∈ S such that xρy and α ∈ Γ. Since ρ is reflexive, zρz.

By assumption, we have (xαz)ρ(yαz) and (zαx)ρ(zαy). Thus ρ is a congruence

on S.
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3.2 Quotient Γ-semigroups

Let S be a Γ-semigroup and ρ a congruence on S. For aρ, bρ ∈ S/ρ

and γ ∈ Γ, let (aρ)γ(bρ) = (aγb)ρ. This is well-defined, since for all a, a′, b, b′ ∈ S

and γ ∈ Γ,

aρ = a′ρ and bρ = b′ρ⇒ (a, a′), (b, b′) ∈ ρ

⇒ (aγb, a′γb), (a′γb, a′γb′) ∈ ρ

⇒ (aγb, a′γb′) ∈ ρ

⇒ (aγb)ρ = (a′γb′)ρ.

Let a, b, c ∈ S and γ, µ ∈ Γ. We have

(aργbρ)µcρ = ((aγb)ρ)µcρ = ((aγb)µc)ρ = (aγ(bµc))ρ = aργ(bµc)ρ = aργ(bρµcρ).

Then the quotient set S/ρ is a Γ-semigroup. The Γ-semigroup S/ρ is called a

quotient Γ-semigroup of S by ρ.

Theorem 3.2. Let S be a Γ-semigroup and ρ a congruence on S. Then

(i) If ρ ⊆ L, then for all a, b ∈ S, aLb if and only if aρ L bρ in S/ρ;

(ii) If ρ ⊆ R, then for all a, b ∈ S, aRb if and only if aρ R bρ in

S/ρ;

(iii) If ρ ⊆ H, then for all a, b ∈ S, aHb if and only if aρ H bρ in

S/ρ.

Proof. (i) Let a, b ∈ S such that aLb. Then a = b or there exist x, y ∈ S and

α, β ∈ Γ such that a = xαb and b = yβa.

Case 1. a = b. Then aρ = bρ.

Case 2. a = xαb and b = yβa. Then aρ = (xαb)ρ = (xρ)α(bρ) and

bρ = (yβa)ρ = (yρ)β(aρ). Therefore aρLbρ.

Conversely, let a, b ∈ S. Assume that aρLbρ. Then aρ = bρ or there

exist x, y ∈ S and α, β ∈ Γ such that aρ = (xρ)α(bρ) and bρ = (yρ)β(aρ).

Case 1. aρ = bρ. Then (a, b) ∈ ρ. Since ρ ⊆ L, (a, b) ∈ L. So aLb.
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Case 2. aρ = (xρ)α(bρ) and bρ = (yρ)β(aρ). Then aρ = (xαb)ρ

and bρ = (yβa)ρ. Then (a, xαb) ∈ ρ and (b, yβa) ∈ ρ. Since ρ ⊆ L, (a, xαb) ∈ L

and (b, yβa) ∈ L. Then a ∈ S1Γ(xαb) and b ∈ S1Γ(yβa). Thus S1Γa = S1Γb.

Hence aLb.

(ii) It is similar to (i).

(iii) It follows from (i) and (ii).

3.3 Reductive Γ-semigroups

In the year 1955, the notion of reductive semigroups was introduced

by G. Thierrin. Subsequently, A. Fattahi and H. R. E. Vishki (2004) have given

a characterization for regular reductive semigroups.

In this section, we introduced the notion of reductive Γ-semigroups

and also present some connections between Green’s relations and reductive Γ-

semigroups.

Let S be a Γ-semigroup. A congruence ρ on S is called right reduc-

tive on S if

(aγt, bγt) ∈ ρ⇒ (a, b) ∈ ρ for all a, b, t ∈ S and γ ∈ Γ,

and left reductive on S if

(tγa, tγb) ∈ ρ⇒ (a, b) ∈ ρ for all a, b, t ∈ S and γ ∈ Γ.

A congruence ρ on S is called reductive on S if it is both a right and left reductive

on S.

We give some examples of reductive congruences.

Example 3.3. Consider the congruence ρ in Example 3.1. We have ρ is right
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reductive on Z since for a, b, t ∈ Z and γ ∈ Γ,

(aγt, bγt) ∈ ρ⇒ (a+ γ + t, b+ γ + t) ∈ ρ

⇒ 4| (a+ γ + t)− (b+ γ + t)

⇒ 4x = (a+ γ + t)− (b+ γ + t) for some x ∈ Z

⇒ 4x = a− b

⇒ 4| a− b

⇒ (a, b) ∈ ρ.

A similar argument shows that ρ is left reductive on Z. Hence ρ is reductive on

Z.

Example 3.4. Consider the congruence ρ in Example 3.2. We have ρ is not right

and left reductive on Z.

A Γ-semigroup S is called right reductive if

aγt = bγt⇒ a = b for all a, b, t ∈ S and γ ∈ Γ,

and left reductive if

tγa = tγb⇒ a = b for all a, b, t ∈ S and γ ∈ Γ.

A Γ-semigroup is called reductive if it is both right and left reductive.

We give some examples of reductive Γ-semigroups.

Example 3.5. Consider the Γ-semigroup Z in Example 1.13. We have Z is a

reductive Γ-semigroup since for a, b, t ∈ Z and γ ∈ Γ,

a+ γ + t = b+ γ + t⇒ a = b,

and

t+ γ + a = t+ γ + b⇒ a = b.
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Example 3.6. Consider the Γ-semigroup Z in Example 1.14. We have Z is not a

right and a left reductive Γ-semigroup.

Theorem 3.3. Let S be a Γ-semigroup and ρ a congruence on S. The following

statements are true.

(i) ρ is a right reductive congruence on S if and only if S/ρ is a

right reductive Γ-semigroup.

(ii) ρ is a left reductive congruence on S if and only if S/ρ is a left

reductive Γ-semigroup.

(iii) ρ is a reductive congruence on S if and only if S/ρ is a reductive

Γ-semigroup.

Proof. (i) Let ρ be a right reductive congruence on S. Let aρ, bρ ∈ S/ρ such that

(aρ)γ(tρ) = (bρ)γ(tρ) for all t ∈ S and γ ∈ Γ. Then (aγt, bγt) ∈ ρ for all t ∈ S

and γ ∈ Γ. Since ρ is right reductive, (a, b) ∈ ρ. Hence aρ = bρ.

Conversely, suppose that S/ρ is a right reductive Γ-semigroup. Let

a, b ∈ S such that (aγt, bγt) ∈ ρ for all t ∈ S and γ ∈ Γ. Then (aγt)ρ = (bγt)ρ for

all t ∈ S and γ ∈ Γ. Thus (aρ)γ(tρ) = (bρ)γ(tρ) for all t ∈ S and γ ∈ Γ. Since

S/ρ is a right reductive Γ-semigroup, aρ = bρ. Therefore (a, b) ∈ ρ.

(ii) It is similar to (i).

(iii) It follows from (i) and (ii).

Proposition 3.4. Define the equivalence relations ρr and ρl on a Γ-semigroup S

as follows:

ρr = {(a, b) ∈ S × S | aγt = bγt for all t ∈ S and γ ∈ Γ};

ρl = {(a, b) ∈ S × S | tγa = tγb for all t ∈ S and γ ∈ Γ}.

Then ρr and ρl are congruences on S.

Proof. Let a, b ∈ S such that (a, b) ∈ ρr. Then aγt = bγt for all t ∈ S and γ ∈ Γ.

Since ρr is reflexive, (aγt, bγt) ∈ ρr. Thus ρr is a right congruence on S.

Next, we show that ρr is a left congruence on S. Let a, b ∈ S

such that (a, b) ∈ ρr. Then aβc = bβc for all c ∈ S and β ∈ Γ. We have
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tγ(aβc) = tγ(bβc) for all c, t ∈ S and γ ∈ Γ. It follows that (tγa)βc = (tγb)βc for

all c ∈ S and β ∈ Γ. Thus (tγa, tγb) ∈ ρr. Hence ρr is a left congruence on S.

A similar argument shows that ρl is a left congruence on S.

The three following theorems hold.

Theorem 3.5. Let S be a Γ-semigroup. Then

(i) S is a right reductive Γ-semigroup if and only if ρr = 1S;

(ii) S is a left reductive Γ-semigroup if and only if ρl = 1S.

Proof. (i) Assume S is a right reductive Γ-semigroup. Let a, b ∈ S such that aρrb.

Then aγt = bγt for all t ∈ S and γ ∈ Γ. Since S is right reductive, a = b.

Conversely, suppose ρr = 1S. Let a, b ∈ S such that aγt = bγt for

all t ∈ S and γ ∈ Γ. Then (a, b) ∈ ρr. Since ρr = 1S, a = b. Hence S is a right

reductive Γ-semigroup.

(ii) It is similar to (i).

Theorem 3.6. Let S be a regular Γ-semigroup. Then

(i) ρr ⊆ R;

(ii) ρl ⊆ L.

Proof. (i) Let (a, b) ∈ ρr. Then aγt = bγt for all t ∈ S and γ ∈ Γ. So aΓS = bΓS.

Since a ∈ aΓS and b ∈ bΓS because S is regular, aΓS1 = bΓS1. Therefore

(a, b) ∈ R. Thus ρr ⊆ R.

(ii) It is similar to (i).

If A is a set of all right (resp. left) reductive congruence on a Γ-

semigroup S. A congruence ρ on S is called the minimum right (resp. left)

reductive if ρ ⊆ ρ′ for all ρ′ ∈ A.

Theorem 3.7. Let S be a regular Γ-semigroup. Then

(i) ρr is the minimum right reductive congruence on S;

(ii) ρl is the minimum left reductive congruence on S.
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Proof. (i) Let a, b ∈ S. Assume that (aγt, bγt) ∈ ρr for all t ∈ S and γ ∈ Γ. Then

aγtβt′ = bγtβt′ for all t, t′ ∈ S and γ, β ∈ Γ. Thus aαt′′ = bαt′′ for all t′′ ∈ S

and α ∈ Γ because S is regular. So (a, b) ∈ ρr. Therefore ρr is a right reductive

congruence on S.

Next, let ρ be any right reductive congruence on S. Let (a, b) ∈ ρr.

Then aγt = bγt for all t ∈ S and γ ∈ Γ. Since ρ is reflexive, (aγt, bγt) ∈ ρ.

Therefore (a, b) ∈ ρ because ρ is right reductive.

(ii) It is similar to (i).
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