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ABSTRACT

In recent years, micro-nano technology has found many applications in science
and engineering fields as well as in structural engineering. Therefore, the micro-nano
sized beam-elastic substrate element models have been developed in this research.
The modified couple stress and the nonlocal elastic theories are employed to
account of the core-sized effect while the surface elastic theory is used to capture
the surface-layer effect. The interaction between the beam and the substrate is
represented by the Winkler-foundation model and Van der Waals force theory for
linear and nonlinear behavior, respectively. Due to similarity between the beam on
Winkler-Pasternak foundation and the models in this research, the procedure of
“natural” beam on Winkler-Pasternak foundation is employed to develop beam on
linear elastic substrate models. The finite-element method is employed to obtain
the beam on nonlinear elastic substrate model. Two numerical examples for each

model are used to study the characteristics and behaviors of beam substrate system.

Keywords: Beam-elastic substrate element, micro / nano-sized, linear substrate,

nonlinear substrate.
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= Beam deformation in x direction

= Beam deformation in y direction

= Beam deformation in z direction

= Beam deflection

= Normal stress and normal strain tensors
= Lame’s constants

= Young’s modulus

= Poisson’s ratio

= Couple stress and couple strain tensors
= Material length-scale parameter

= Beam rotation

= Nonlocal stress tensor

= Nonlocal parameter

= In-plane and out-of-plane surface shear stresses

= Surface lame’s constants

= Residual surface stress under unconstrained conditions

= Surface elastic modulus

= Linear substrate force

= Linear substrate stiffness

= Substrate deflection

= Total potential energy

= Energy constant of Lennard-Jones potential
= Distance between interacting atoms
= Van der Waals force

= Interfacial equilibrium spacing

= Nonlinear substrate stiffness

= Beam-section bending moment

= Shear-layer section shear force

= Surface-layer shear force



Kend

core—surf

end

= Linear elastic substrate force

= Nonlinear elastic substrate force

= External distributed force

= Flexural rigidity

= Effective flexural rigidity

= Effective shear rigidity

= Bending moment interpolation functions array

= Shear force interpolation functions array

= Substrate force interpolation functions array

= Cubic interpolation functions array

= Element stiffness matrix

= Element flexibility matrix

= Initial beam-section bending moment

= Initial beam-section shear force

= Initial substrate force

= Beam-suction bending moment tangent stiffness
= Beam-suction shear force tangent stiffness

= Substrate tangent stiffness

= Contact stiffness

= Contact stiffness account for both core and surface effects
= Contact stiffness account for only core size effect
= Contact stiffness account for only surface effect
= Normalized substrate stiffness

= Normalized concentrated force
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2.1 npufilaseaienu (Euler-Bernoulli beam)

Y

Deformed Configuration

Undeformed Configuration

JUN 2.1 ne@nssunsiUasusuvesnu naw Euler-Bernoulli beam

= . & aa a a Y 1
NOYHAIU Euler-Bernoulli beam LUUWQU{]V]@ﬁUWEJWﬁ]mﬂﬁﬁuﬂqiiﬂﬂmqmaﬂiﬂﬁﬂaﬁqﬂ

Auneldnsinszsin lneflauyfigiufe msldsuguredasadidivuadnuasnindnves

Tnssasadsnalussmnuidy Sdnvazresnisiuasuguvedlanaiadeduusnseiuanids
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ov(x)
u (x,y)=-y—=
ox
u, (x,y)=v(x) 2.1)

. (x,y)=0



Tne u (x,y), u, (x,y), u, (x,y) AoAn1sdeuguvedassainelunuinni x y,
way zpuadiu, Wx) Aerrnislasiivesany mndeunisiasusuvedasiaiisauisam
! 1% = A a X 1 % = . !
AANUAuLasAAseniiiintululassadeld aunguiaiu Euler-Bernoulli beam #n

1 = Aa £ aa o &
AIMULAULLASAITHLATYANLNAYUNULTUAIY
o, =Aey o, +2ue;
gij :5 ui,j +uj,i

08 0, ¢, Ap ALAULAZANLLATEATUFIUYDILATIAE19A LAY (Normal stress

and normal strain), 51758 Kronecker delta, A, u fa AAIIUD9a1E (Lame’s constants)

v
a

Aflgnaetail
VE
(+v)i-2v)

E
2(1+v)
e E fio Anlugdavesds (Young’s modulus), v fe 8ns1diuiiuesd (Poisson’s

(2.3)
/Ll =

ratio) kNUAENNTT (2.1) Tuauns (2.2) AIUUAIAIUAULAEANLLASEAYBILATIASIS (Non-
zero terms) @unsaleulanadl

yE(l—V) azv(x)

7 (1) T (-2 e
o, (xy)=0.(xy)= (ll_/i?)(% (2.4)
e (x,y)= —y%

2.2 npuilaseasevunaiin

2.2.1 Modified couple stress theory

gg] Modified couple stress theory lagninauslag Yang et al. [7] %quﬁﬁ%
ﬁmwaLﬁaqmﬂmmmaqiﬂiaa%ﬁwwé’ﬂmwawqwﬁwﬁwummm%s@ (Strain energy
theory) IngazifiuAraudunasanuaueIsafiintululasadraideseinvuinves

1A59a3719 LN SNANUANLLATINTINVBILATIESY TTeumatl

U=%J¥(c:s+m:x)dlf (2.5)



198 U A9 Na9IUANNLASEATINUDIIATIESNY, 6,8 AD AIULANLATAINLASYA
NUFIUVRILATIATIAINEIAY, m,y AD AIULAULAZAIUATEATAATULTLBIINVUIAVDY

1ASIES P UAINU LT Ueal

m; = ZIz,u;(,.j
1 (2.6)
Xi = 5(9:',1 +91,i)

log [ Ao AnAnueanIzvasian (Material length-scale) kazau13amlanInNnIs

neaes, 0 Ao Ayulnvadlaseasng Ndenusadl

1
0. = S @il (2.7)

1

198 e, Ao permutation symbol fiarsanilemnsildeusy auns (2.1) uazliey

[
[YRY 1

AMUAULAZAINULATARUNTT (2.6) MUY ATANNLAULAEAINNLATYALEDIINVUINYDY

v
v

1A59a3719 (Non-zero terms) Tussunuanunsasulasad

82
m, (x,y)=m,(x,y)=pl’ av—(zx)
X (2.8)

_ _19v(x)
2 (%.7)= 2. (xy) =5 ==
2.2.2 Nonlocal elastic theory
Eringen [14-15] lélauengui] Nonlocal elastic theory tilal#lun153tAs1y %
Tassadaiidvunadn dmguilsusuusmquiinguosand (Hook's law) TnsAaraiiesan
yunveslassad i Jemvemauiindniaenuduiiiniululasadseglidu
Sasdmlnenssiuaanuiaionfigadundaziuegfuaanunionvesiolaseadng 3

Y

anansaBeuduaunisléfed
0=E$=(1—(eoa)2 VZ)O'NL (2.9)
Ty o,¢ Mo AvudulazauAsaiuguveslasadng, o fe Anuduves
Tnssasefinanatiiosanuuinveslassad1esiugie, vV Ae (Gradient operator), (e,a) Ao

A1 nonlocal parameter maﬁa@wﬂéfﬂfmmimaaq

2.2.3 Surface elastic theory
Gurtin e Murdoch [20-21] lﬁLauamqwﬁ Surface elastic theory Tun153Ase%

lnssasaiflvunadn fsvgquijilazesuisusudeunfetuluduiiveddassadslunisiezi



WeANTIUNITTULTINTEYIvedlassade Taslunsdlluudiassnunuuasddii (Planar model)
Anurudeuitindulutuinvedlassadvannsalioulanad

Top = |:TO +(/10 +z’0)u7’7}§aﬁ + 1, (ua’ﬁ +uﬂ,a)_r()uﬁ,a

7'-not = 2-Oun,ot

(2.10)

g 7, Ao AnuwwuRsuliinduluiiamasdnuiidlasaing, ¢, As ANLAY

ap
a oA a X a & v a % a ! a ) a P
BeounAntulufiansisainiuiilaseadne, g, 4, Ae ArpWivesianialassaiaiunsnm
ldnmmaaes, 7, Ao AIAUAUBIUAIAIITRIIATIESS (Residual surface stress)
wiuAaun1sNsWasusUvedlastaiieaiu aunis (2.1) adduaunis (2.10) ale
v aAa X o &
AnsAudeuiavulusyy (x, ) deil
62v(x)
S
T (x’y) =T _yExX ox’
6v(x)

7, (x) =70, ——

ox
vz, (x,y) flo amunu@euluwuiifgifiuszuiuialasasi, 7, (x)fe Ay

(2.11)

wuidsuluwuiniainiussuuinlasaing, £S5 fe A1danafnvesturilaseadng (Surface
elastic modulus), n, fe gila-nwesluiiamuny

v
[

2.3 NQUATUTOSU

2.3.1 Winkler foundation theory

Winkler foundation theory L‘T]umqwamﬁﬂuﬂﬁaﬁuwwqaﬂiiu%aﬂ%uﬁaﬁu
Tnseadns iaualae Winkler [26] Samguidazununginssuvestusesiudoaussiidany
Saszsioiu dujuluunuiisuusnssyihdusesiuiasfionangai duunadlbilduuse

nsviirfaglifiniangadilagintulutusesiu SmgRnssun1imindivestusesfunazus

v
Y a

AseazlianuduiuslusnwusBady denulaead
F(x)=kA(x) (2.10)

lng F(x) fo usdlutusessu, A(x) fla Amnmiamivestusessulagniluaziia

whiuAmsniadivedlasasne v(x), way & Ao AAuLlaunsavestusesiy

2.3.2 Van der Waals force theory
TudurasngAnssuvestusossuwuuliadu Tusnuideiagldnguiusiwiunes

1ad (Van der Waals force theory) Tun1seSutgngfnssudanany dangufilagninaus



Ing Jomehzadah [35] UNNUFIUVBINANNIING Y NANIUANEGVDI Lennard-Jones [29]

(Lennard-Jones potential energy) &3t unsil

12 6
V(d)=4z, (%) —(%j (2.11)

lng V' (d) Ao wisamdndsy, ¢,,0, Ao Ansnduegiulssianvesianlassaing

WATTUTBITY, kay d AD ANTTEYINTENINDLADY MINTUIUNYBANAIIUAINGD |IWIU

v
[

3 (3 J ¥ =
Wosad ansamwnlanal

F(d):aV d) 24, 2[ﬁjl3_(ﬁj7 (212
od d d d

Iy F(d) fo ussdamilenseninenan 130 L54aumesinad (Van der Waals

1o w

force) Fuflefiarsanauns (2.12) auwuldnaunsinariduaunisli@adundaiideas
1N AU Jomehzadah laldvgud Taylor series expansion TunsussanamusaIunes

v
Y A

1188 18NI¥NYALITIUDINAIENLL R TUINAVIA NN LUTNEY Feanunsaleulanad

F(d)=22 26(&)14—7(ij8 (¢-a)

o, d d
16 10
3308 5 Gu | _g[ % (a-d) (2.13)
o) d d
zklv(x)+k3v(x)3

Ine d Ao Arszezisaunasewitezneu (Interfacial equilibrium spacing), &, Ao
AIANLT N TIT0ITUTOS UL UT LAY, Lag & Ao ArAuLdinTswestusesiuLuulyl

Badu Fernanuwdanswisaesntiztusgiulssnnvesianlasainasiusessu
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uni 3

LUUNADIATUUUTUTDISU

3.1 LUUINADIATUUUTUTDISUUUEBIRINUS

Beam Shear-Layer, (k,)

yu(x)

P,.U, Py(x)

pA\LLLT

P;,U,

P,.U, P, U,

x,u(x)

Substrate Medium (k)

JUN 3.1 spuuAuuutusesuLuUaesIuUS

=

Tunuifedaglduvudassmuuutusesiuuuuassiuysdudunuulumuide 3
LLUUﬁwaaqﬁlﬁgﬂﬁ%auﬂm Limkatanyu et.al. [36] ImsﬁﬂwmsﬁuaaLLUUR‘hamﬁLLaméfegUﬁ
3.1 wuuaesmuuLiusesiuLuaesiulstagldnguiiau Euler-Bernoulli beam Tuns
a5UIENGANTINVRIAI waglingud] Winkler-Pasternak foundation theory Tunisesune
WORANTTUTDITUTOIY 2INTFUVTRILU TR ITINAIUAZANNTEUINATTIUNSA
LUUs1a04 [36] a¥ldaunisaunaveLse (Equilibrium equation) Tussuusisil

O’M (x) oVy(x)
o’ ox
lng M(x) Ao mluuddnluni, Vg (x) Ao Ausadeuludusesty, D (x) fe

+ D, (x)—py(x)zo (3.1)

Awsslutusosiuluudady, uag p, (x) Ae ALsINTEYABUBNKUUNTEY
Tuduresaumsaantiiule (Compatibility equation) vesssuy AzAWIMlAgDY
UVUNANNITUDILTS (Force-based derivation) 21nnszUunstuNISaS1aL U804 [36] 9%
paunseyiusresssuUAUINaDIANN1IAIl
4 3 2
M(x)+i 0 M(x)_6 Vs(x)_8 py(x)

=0
El k| o' o’ ox’
(3.2)
Ve (x) +i O’M (x) ~ oy (x) ~ ap, (x) 0
k, K\ ox’ ox’ x )

0ok, k, Ao A1ANLTLNTIvRITUTBIS ULAE T UL I o UR AU
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ﬁnﬂfmmﬁm‘gﬁuéﬁummuuu%uim%’uquaa«?\’umi aun1s (3.2) agsedldaunis
anuduitusseninsinlusmdsauazusadouluay Weldlumsdeuassauniseyiuslioy
TugUaunaifieadiu dsaunisenuduiudssninsenluuuddauasusadouiifomdsdl
oV (x) k

— - N (x) (3.3)
Ox El

Iy EI fp A1AIUAIUNIUNITANTDIATY IINANNTOYRUSADIAUNTT dNuNTalen
Teglugunisaumsle Tneldaunns (3.2) wae (3.3) S agldaunns
4 2 2
M M o°'p,(x
EM ()2, M) 2, 5.0
Ox ox Ox
Wy A, =k /Elwaz A, =k,/El

lunuudtaesauuutusesfuwuuassiiuls agldnalaasgnae (Exact solution)

YIANNITOYNUS aun1s (3.4) Tun1sadrvunsndainuudaunss (Stiffness matrix) Vo
Ilnssaine Ingnalaaugniesesaunis (3.4) aviley 3 waaay amleuludsil

M (x)=c, coshaxcos Sx+c, sinh axcos fx+
()= SPrvesithaxeosfrel o <o fa
¢, cosh axsin fx +c, sinh axsin Bx

M(x)= cleﬂx + czxeﬁx + 0367(1/71)( + qxeifﬁ‘x} Sfor A, = 2\/Z (3.5)

M (x)=c, coshaxcosh fx+c, sinh axcosh Sx +
(¥)=e coshaxcosh s eysimhaxcosh x| p ),
¢, cosh axsinh Bx + ¢, sinh axsinh Bx

Iy AfuUs a tar f Jdvunsil

N NN N 56
2 4 2 4

NNNALRAYVDIFUNTT ﬁ’]ﬁJWiﬂL%EJUﬁEJﬂ']iIEJLZJUﬁﬁ@, LLNL?}@‘LA, wazusiludusesiu

g
U

IreglusUnindaun1siladdugusie (interpolation shape function) FIAMUINNIAINKNA
5

(3.7)

108 Ny, (x),N,, (x),N,p (x) Ao wasndaunisilaadugusisvedduiuuddn, use

(%

Wy, kay wssluduseadu mud1du 91naunis (3.7) @a1unsamaunIsnsNgANLLI LN

¥
Y v A

Yadlasaasale aadl

K=F"'=(F,+F, +F,,)" (3.8)
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I K fo wasndanundeunss (Stiffness matrix) voslassasng, F,,,F,, . F,, @o
wesngANganeu (Flexibility matrix) veslasaiatiosnnussluaiy, wsdluduusaidow,

[

bbeY S LLNI‘H‘U‘N?ENﬁU ANa1AU Inelileunsdl

Fu =[N (9 5 s
F,,= [ j (3.9)

¥, j NI (EJNW (x)dx

Iu%ﬁﬁumﬁ]ﬂ'ﬁ’lﬁagL@EJ@]GUENSUUG]E]uﬂ’]iﬁ%’NL@J(ﬂ%ﬂ"gﬂ’)’mLL‘ﬁ\‘iLLﬂ'ﬁl\‘isUENLL‘U‘UQO’]E’}ENWWUH

FUTBITURUUADI @350 lAlun1AKLIN
3.2 LUU1ABIAUTUIALANULTUTEssUTuUATY

Tunsadrawvusiassuuuindnuutuseslumuddod az8198amu Limkatanyu
etal. [36] lutunouuaznszuunsadauuuaes uaedanuuandsludvomguifld
Tun1seSurenginssulaseasne Ingludiuvesmuasladngud Fuler-Beroulli beam 59wy
nuiildlunmslieszilasaisnedn dmsutusesiuagldngul winkler foundation
theory Wag Van der Waals force theory 1umia%mawqﬁﬂisu{?maﬁwLmuLLUUai"]aaﬂ%u’u
sesfunuUansiuls frfuuuusaesumddederlifusadouiiintuanduusadouludu
095U wiszusudouiiintulutuiovedassadradumauny sluuusiaedueised
Hiauagondsiunuusiastmuuutusosfusuuaeianys 36 Tnglunuddeiazadag
LUURIaRImUITAENULTUSe ST U A 3 wuusiaes Ae

wUUSIaed 1 ﬁ]zwwqwﬁ Modified couple stress theory Wa¢ Surface elastic
theory Tunisesutengfnssuvesau wazldvngui) Winkler foundation theory Tunns
a%mswqaﬂﬁmm%mm%’u

WUUSIaaaT 2 agldngud] Nonlocal elastic theory wag Surface elastic theory T
n1sasUENgANTIUYDIAIUL Waglingwl Winkler foundation theory lunsesunenganssu
Teetuseiy

wuusaesd 3 %1‘3‘1/1@1‘195 Nonlocal elastic theory wag Surface elastic theory Tu
n13asutenginssuvesnu wazldngud] Van der Waals force theory Tun1sesune

NOANTTUYDITUTDITY



13

3.2.1 LUUINADIANUIUINLANUUTUTDISUUULT &Y

Beam Surface-Layer

yv(x)

P,.U, P,(x) P;, U,

R

X, u(Xx)

Substrate Medium (k)

JUT 3.2 wuudaesa AN UUTuTeI UM U R

wuudnaesil AeildnuuenanMennaegun 3.2 Feazlinnuameadsiuwuudtaedly

UM 3.1 a1nuannsnguiauiaiiau (Principle of virtual work) #13150 08 UANN1TVRNY

Y a

da X Y
melunazarumeueniiistulussuulassaislasad

/2 I(Ia 08, dA+ImU5;(l]dAde

+| ( | Tl.jé'e;dl“]der [ Dy (x) A (x) dx (3.10)
L\T L
ow,, = —j P, (x)6v(x)dx—5U"P
L

g oW, Ao nasImvewIuneluiiady, wag oW, A NaTINVBIIIUNIBUBNT

AinTu, H%5€,~/dAdx Ao NuinTuiasIInANUAUkazANAseatugululasasg,
Hm,.j&;(ydAdx AD NUNANTULLBIAINAMULAULAZANULATYALLBIINVUINVDILATIASS,

” ;06 dldx Ao NuiAetuiissannussluduiinlaseais, J'D JOA(x)dx Ao 91U
LT

Aatwilonusslutusessy, waz J.p )ov(x)dx Ao mumaqmﬂLLiaﬂﬁwTwmauaﬂ

WNUAIINENNS (2.4), (2.8) way (2.11) azla

_!.M(x)[% dx+jV (aév(xJ

ox’ ox
+ID1(x)év(x)dx—jpy(x)5v(x )dx—SU'P=0

(3.11)

' Y v
v A a = o

lng M (x)fe mai’smaﬂmmu aainduiavae, ¥, (x) Ao usadeuiindului

1A598519 dfeusall
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x)zJ.mxz (x,y)d4 (3.12)
A

:Jl y nx
r

Mnausi (3.11) ¥1n158uiiinsn (ntegration by pass) desnsslunailauusse

wasnilsnsslunaiusaden axld

J-(@zM (x) _or, (x)

+D,(x)-p, (x)] Sv(x)dx

o i (3.13)
2 ]

[
o

Tanuvrlaaun1saunarednse (Equilibrium equation) Tussuuwuudnassniuauig
Enuudusessusadl
oM (x) ov, (x)
o’ ox
PNENNIT (3.14) %Lﬁuié"g’qammiamamaqLLiﬂuLLUUé’ﬂaaqmuwmLﬁﬂ‘uu{'?u

+D,(x)-p,(x)=0 (3.14)

5095UTANLMT pUAUAULUUTIARIAIUULTUTRIS UL UUABIsLUs AT udUWUY dunis (3.1)
Tudruvaakuusanad 2 aunsadeuann1sYeInUNgluLaZIIUN18UBNYBITEUU

lpssasnsuunannavguinuiaiieulanadl

I(IaégdAde+I( T58dF]dx+J.D )8A (x) dx

o = j P, (x ~5U"P

(3.15)

‘v‘hmmﬂszmumﬂuuwmaaw 1 fauagld aunisaunaveduss Equilibrium
equation) lukuusaesd 2 fil
o*M (x) oV, (x)
o’ ox
o Denuvedluumuddnluuuudiaesd 2 suandisinuuusiassi 1 Falumudsn

+D1(x)—py (x)=0 (3.16)

Tukuudase 2 anunsafenulanadl
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M, (x)= —Iyaxx (x,y)d4 (3.17)

uiulanauNIsaNnaveLse auns (3.1), (3.14), uag (3.16) YosuuUTIAe AL
faundieutu fifuanunsaazulidn uwusieesmuuutusessuiidnuasmenenings

U7 3.1 wag 3.2 axilsuuuuinluvesaunsannavenssdsannistediy
AA15U@UNT (3.12) way (3.17) WNUAIINANNTS (2.4), (2.8) wag (2.11) azla
aunsaruduiusseriusuarn nedouivesmuluuusiaesd 1 e
EI(1-v)

e

+(/10 +2,uO)IP +/112A}c(x) =Fl K(x)

@ (3.18)
V. (x): ToSPV(x) = GAeff7(x)
Tunsauuusaed 2 anansadouldsd
EI(1-v)
M(x)=|——"" (2 42u )] —EI
(%) [(1+v)(1—2v)+( o+ 21h) P}’((’“) (%) (3.19)

V. (x) =287 (x) = Gy (x)
lnglunsaluuudnaesd 2 agldngus) Nonlocal elastic theory Tun153LAs189kHa

'
a

Nnduiiasanauinlaseaine wagagldnguiilunsiwsevinaniietuludiuvelumudan
windu TdlaRansanwaludiuveansadau ssduaindenuly aunis (2.9) anuisaleu
ANUALRUSTEU I ULIUARPLaE 1SR UR LA R 9Tl

2
M (x)~(ea) GZTZ(X) = El ,x () (3.20)

T U YD I UAUNUSTENINILTILAENISHAADUAIVBITUTDISU 9L 01999 UT 81U

v
Y a

UYBINGWE Winkler foundation theory aums (2.10) aunsnideulansil
D, (x)=kyv(x) (3.21)
lun1sasiaunsnauwdalnse (Stiffness matrix) ¥e93zuUlATIase wldudnnig
Wenfusuuiaosduuuuiildsnsds anudnmsauaiiouresuss awnsaldeununslusas

v
=1

MeusnTeILUUsIaedd 1 Tasad
oW, = .[5M(x)lc(x) dx+I5VT (x)y(x)dx+.[5D1 (x)v(x)dx
L L L

* (3.22)
ow,, = —J.é'py (x)v(x)dx—5PTU
L
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Welwderonisinsize f\]wammimlﬁaﬂiwmstsJuameLUuﬂu Fatungaan
sumesszuulnssad Aol oyl
wW* =j5M(x)K(x)dx+J‘5Vr(x)7/(x)dx
t ¢ . (3.23)
+J‘5D1 (x)v(x)dx—5P"U
L
T A NUFUNUSTEN IS ILATNITAADUAD @UNTT (3.18) kazduns (3.21) La1U150
Fouauns (3.23) Tvaildesd
. M(x V (x
5w zjéM(x)de+J‘§VT(x)L)dx
) El, 1 GA

7 (3.20)

+[oD, (x)mdx—aPTU
L kl

WUA1 aun1saNnaveIuslusEuu aunts (3.14) eidadiuusvesusdlutusesu

Tuauns (3.24) agla

0= 5PTU+I5M M( dx + j&V de
GA,,

( J(a&/ j( L az;cz(x)de -

I( J((?&M x)j[ (0)- aV() az;c( )de

¥n15Bufinsn (Integration by pass) Waiidi 4 maﬂ%fmazwaﬁﬁ 5 @asAsdluaunis

7l (3.25) avldf
I aM(x>[M<X>+i(a4Mf’“)—a3Vf(") —azpz(")j]dx

k| ox o’ Ox

Vo(x) 1(8M(x) &V.(x) op,(x)
+'[5Vf(x)(GA . +E( o o _pﬁx Ddx

L eff

. (3.26)

) |

ot ) 2L O]

k ox ox? ox’

AatiuNaung (3.26) aglaauniseyiusvasssuulasaiaunasaunisne
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M(x) 1 (a“M(x)_63Vf(x)_62py(x)j:0

El, Kk ox’ ox’ ox’
) (3.27)
V), 1(OM(x)_F(x) an(x)_,
GA, k| o o’ o)

Aziulen AUNTOUNUS 5 (3.27) ﬁqaaqamwsﬁm'mmﬁauﬁ’uﬁ’uammiauﬁuémm

[ Y

WUUTIBDIAULUY dUATT (3.2) @QUUIsUﬁ/iaﬂﬂWiLﬂ&l’]ﬂULL‘UUQ’]G@QV’W’WUUU‘UU?@Q?ULL‘U‘U’&’?NWJ

w3 avanansnideuauniseyiusisassaumslugUuuuaumsideaiuld fil

P, -2, ZU) Tl
ox* ox?

+ AM(x)- 2 (3.28)
e 4 = kl/E g W A, =G4, [EI,
Tuduresuusiand 2 avldnssuiumaiientutuwuusiasedt 1 Tunsadiaunsn

AuLdannsavesszuulassasne wiluwuudiassd 2 aunseyiusvesszuulaseadeiilaun

2
[%

a%mnmqmmmumaaw I‘U\Tﬁ'm’]ﬁﬂLGUEJUI fatd

%eﬁ(M(x) (e,a) 25M )J+
(

4 82 3
L(a fo)_ 2 9 Vf X J: (3.29)
k, Ox
V() 1 63M(x)_6py(x)_62n(x) 0
GA, k| o ox o’ )

lngluwuuingesdl 2 aelinailiesainvuinveslassainenungvi Nonlocal elastic
theory S8 tufedm51imes (ea) uinszuiunistunisynisaesaunsilunds

AUN599ANAN FIUUALTTANUAUNUSTENINILTHRDULAL LI UAAR F9TTe1UFaL

2
aVé—ix) - G4, aya ECX) :%(M(x)—(eoa)z asz(x)J (3.30)
LLVWﬂWaNﬂ’ﬁ (3.30) o auu ’ﬁllﬂ’]iE]iJWiJG‘UENﬁuUUIﬂiﬂﬁﬁ'NIULLUU‘\]’WaENV] 2 @1u13n
Foulullgsd
’ 2 2
afox)HjM(x)—,lz d ];Cz(x) 1,2 g;z(x) (331)
o ge b (gl ki,
IE,, +(e,a) GA,, IE,, +(e,a) GA,, IE,, +(e,a) GA,,

ziiulein auniseyiusveiauuuUTIas aunis (3.4), (3.28), uas (3.31) &

AU AUNY LAFETANULANAAUATIANMIITHDS A AITU WUUINaeIN 1 way 2 9gld
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wannsieiuiuwuuTassdunuulunisasisunsna gL (Stiffness matrix) 999
suulaseadng finnsanaunis (3.5) Fadunawasiigniesresaunisouiusdnasiu mduls
ANl ¢,¢c,,cq HaE ¢, ansamisaniouluanuduiuseial
oM (x
a T 1 2
X x=0

(3.32)
ox ’

Aety AN (3.5) waz (3.32) aunsalisuaunisiuuudanliedluguuas

O] <miww-r

widndlad
M (x) =N, (x)P (3.33)
Tng N, (x) fio wn3ndaunisiladdugzusns (interpolation shape function) 484
Tuwdde Tundnniaderfurramisadonaunisusidounasusdudusostulioglusy

wnsnalesail

(3.34)
D, (x)=N, (x)P

g N, (x),Np, (x) Ao wnsndaunisileAduiusiavesusadeunazusaludy

59950 M13810U FaluluusIaeei 1 au1saniatnsudsukaswsaluduseasulaann

¥

ANUAUNUSTEUINTLULUUARS A9
Ay, OM (x) GA, 0°M(x)

I/T ()C) _ eff

S kKEL, & kX
D (x) _ GAjff i oM (x) ~ GA,; oM (x)
' kEI, o ko oxt

(3.35)

Tuusadediu nstlveakuUINanIn 2 AWSUEDULAZEIIUTUTRISU ausamla
PNANUAUNUTTENINUUUARR Fad)
V()= GA, [ GAy (oM (x) (es0) O’M (x)) &M (x)
’ k | EL,\ dx ’ ox’ ox’

(3.36)
, O°M (x) o*M (x)

GA,,
= Z M(x)_(eoa) 6x3 - ax3

bi(x) EI
eff

WLAIELNIS (3.33) wag (3.34) asluaunis (3.24) deulunsduuusiansd 1 azla

aun1sANUFITUSSERIIIRINgANEATEY (Flexibility matrix) kagnisiadeudsiall

(Fy +F,, +F,, )P=FP=U+U (3.37)

P

=

v [

log wesndanudnrguusasfdle1uas

=D
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- QN;:B ()] 7 [Nan ()
= j N? [ ]NDD (x)dx (3.38)

'[N GA N,, (x)dx

mﬁ?ummmsﬁmmLLsuaLmiqsuaqswuimaa%N anusamilaanunsnduniue
windaBanguvassruy ausodeuldad
P=KU+KU, (3.39)
e K=F"' fio wrdndeuudeunswadaseadne uay KU, Ae wndndvacused
Uanersassihailounanusinszaenieuen p,(x)
Mendnnaiiertunuudiassi 1 mnuaniussenirausindanudaneuuaznis
\ndeushussuuudaesd 2 ansnsodeuldid
(Fpp+Fpp +F, +Fy JP=FP=U+U, (3.40)

lng wesndaudavguusasflileuasil

FBB:JNEB NBB
L
Foo = NG [ jNDD()d
(3.41)
_ T
VV_J.NVV — Ny,
L

eoa 2 d NBB( )

o dx

Fl = jN

Ul Lm%ﬂenmmawajwuaqmei’waaqﬁ 2 AANUWANANIINUUUTIADIN
1 wazhuuasssunuuey ngasfiwnindanudanguiafudundnviauning daduna

1NN EY Nonlocal elastic theory
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3.2.2 LUUINADIANUIUIAENUUTUTD IS U UU T T iU

Tudruilandumsadiuuudiaesd 3 Fafuuvuraosmueadnuudusesuiuy
LiBadu Tnsdnvazlasaamsmenmazvilouduwuusiassil 1 wag 2 faguil 3.2 usas
fasuanssluduremguiililutusessu Wneluuuusiaesilaglingud van der waals
force theory 1um13a%‘uwawqaﬂismaﬁusm%’umeqwﬁ Winkler foundation theory
fafu aunisaugavesusslunuusiaesd sgdinaniioutuuuudaesil 1 uag 2 Ssamnn
Weulmlldead

o°M (x) oV, (x
axz( ) a)E )+Ds(x)—py(x):0 (3.42)

U IUYDIANUFTUNUSTE NI TILAZNITAABUAIVBILUUINADIN 3 98TAIY

ARN8ARITULUUTIA09N 2 Wesnnldngufediulun1seSurengfinssuvesniu wiay
wansinsiuluduvemgulvestusesiu Aniulukuuiiasd 3 Teruanuduiusseniiws

warNIsAaRUMIEIN A sUlaRl

0*v(x 0°M (x
v ()= 1, D T
6v(x)
V =G4, (3.43)
,(x) P

Dy (x)=kyv(x)+ k3v(x)3
dosnuuudiaesd 3 4 wlunuuiassifanuliBadusiuey silvmdnnnslu
nsadrame3ndauudinswetuusiassd 1 way 2 agldanunsaldlunuusiaseilld
Fadulunuusiassd 3 § agldndnnnslnlugdaius (Finite element model) Tunnsada
wesndanuudaingmesuudiass Wisliiedenisinseiuundnnisveswlufdawud
aumsaunavesisdluLuaest auns (3.42) aunsadeuliegluzuvesunindlénad
M, (x)+0.V, (x)+Dg(x)-P (x)=0 (

lng M, (x)fAe wasndvadluuudan, V,(x) fe waindvesusudeu, Dy (x) Ao

W
~

a)
wasndueausslutusesiy, P (x) Ao wasnduasusenssaieniouen uag d,,0, 1ilu

o = 5—2 T or —{Q}T (3.45)
Boolax®| 0t ox '

vurannsvasinluddiuug Ansindeusivedlassaianunsaleulvegluglves

[

fatl

¥
v

wnsnalesail
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{v(x)}:V(X)ZNCC (x)V (3.46)
8 N (x) fio wmdndaunsiteddususng IﬂsﬂuLLUUﬁﬁaanjaﬂ%'ammswnum

Masau (Cubic interpolation function) TunsuseanuAInIsindoudvelasaasns il

2e
De

(L-x) (3.47)

s

NnauNIANUFNTUSTRUTUaTNITIARoURT aunts (3.43) anunsadeulvieglusy
wirndanuduiusiunisiadeuivesseutlasiaine aunns (3.46) lesil

\ (x) = 6Bv(x) + %[H?,VT (x) -D; (x) + Py (x)]

eff
v, (x)=0,v(x) (3.48)
v (x)=v(x)

Tuwuusraesiavfunuusiaediidady (Nontinear finite element model) faifu
WelwinesanisasauwuudianagyinisUszinamuduRus ST ws ez NS da w1y
aglusUwuURuAY (Linearization) annsadeulased

(x) (x)+k Av, (x)
V. (x)=V!(x)+k,Av,_(x) (3.49)
D4 ()= DS (x) -k v, (x)

lng My (x), V7 (x),Dg(x) Ao Adadures Tumudde, wsudew, uazksdudu
59950 Mua0Y, K,k kAo A1Aundaunssduia (Tangent stiffness) 909 Tutuuddn,
usudew, uavusdludusostu augsy

Tunuushaesd 3 davldudnns Weighted integral method lunnsadasn3ndaanu

uiunssvesszutlaseainy drduanaumsaunaesnsy azannsadeuldsed
jé'VT (x)[@iMB (x)+0!V, (x)+Dy(x)- P, (x)]dx =0 (3.50)
L



22

d9Lnm (Integration by pass) @asasilunauvasluuuinn wagnilensslunatves

LIURDU LATWIUAIENNNS (3.49) Aatiuazle

! 0,0V (x)[ M} (x)+k,Av, (x) ] dx
+ j 0,6v" (x)[ V! (x)+k,Av, (x)|dx
+j5v )[ DS (x) +kAvg (x) |dr = jév )P dx

WLANELNNT (3.46) wag (3.48) adluannis (3.51) S azld
(K, +K, +K+K,, )AV=P+P) +P’ + P/ +P,
3

198 faUshaas N Denumatl

K, = jaBNQC(x)kBaBNCC (x)dx
K. jNCC )k N (x) dx

K, jN x) kN (x)dx

(3.51)

(3.52)

(3.53)
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uni 4

a v
AN5IATIZILATIES
4.1 KUUINADIATUVUINLANUUTUTDISULUULTLEY

MieTeilassaialuudded azldnisdwesiAgatuainund wnss (Stiffness)

[
f v a a '

9941A598579 TUNI15IASIEANANITABUAUDIRBLIINTEYI Laen15 1M asAatisenan

v

Contact stiffness &361983910 Khajeansari et al. [37] Wag Jiang and Yan [38] lnafifignusiail
P
K — end (41)

end
uend

lng K, , A9 Contact stiffness v0dlA39aing, P,, Wae u

=l 1

e AD AMTINTEYIUAY
Ansiadeudaiivatsvedasaienudidu nglunuifedasinstommanuudunds
11A5g1u (Normalize contact stiffness) Tusnaasda tielilunisiinssiuagiuiouiiioy
anunfaunseweslasiairaiesnntadeneg lnedusnazfudiaruudaunsennsgu

B9 NNULATIESe Tdenunatl

end

K _
end __ core—surf
K = el (4.2)
surf
oy K24 Ao anuudsunssaslasaaiomnunulassaineg, Koo Ao A

end =

wlmnseedlassaiadioAanailissnnunulassasisuasduiinlassasiesuiy, Ko fe
AMULT N TIva9laTIad1ailefnan iz Natilo 11N TuRIlATIAS1e AIUAIAIIULT LN

wnsgudnmaziduaiiauudunsanasgunieintuiolasseEing dleudsd

end
end _ core—surf
surface W (43)

core

g K fp anuwdanndavodlassadradesaintuialaseadieg, K298e Ay

surface core

wdannsevedlassadrailefnanenaiiiosannunulaseadia
4.1.1 wuuanaash 1 (Modified couple stress and Surface elastic theories)
Tunuudiasadl 1 4 azifuluudasimuauIadnuuUUaNN1sYeIng el Modified

couple stress theory Wag Surface elastic theory 2xilf9819N1TIATIEN 2 Fa9E1e lag

fegrafintsasidunsinngingAnssunssulsmelassaiuazilssufisuiuuuudass
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AuitugIu dvludredrsfiaesasidunmsiieszinailiosnunulassadiawastuialasasng

AONOANTINNITTULTIVOILATIAT

()
P

)T
Fixed v X z

Beam h
aaiiiaaiiiiiaasasasaanad b=

Elastic Substrate ,k1 C Secti
ross-Section

AN
A\l

L=20n

JUN 4.1 AuUBuUNTUToSURUUBAEUS UL SInseYvane

D89N LIATIZINTADUAUDIABLTINTEVNVDILUUINADIATUTUUUTUTDISU

a v o o o ) = ! a s Y a
LLUULYALE U ﬁULL'ﬁQﬂ'ﬁ%V]’]V]Ua’]EJﬂQEUV] 4.1 I@EJ@TW’]?’]@JW]E]ﬁG\’NG] 91994939710 Gao and

[
N A

Mahmoud [22] ua¥ Liu and Rajapakse [39] Unsu

The bulk modulus E =90GPa

Poisson’s ratio v=0.23

The residual surface stress 7,=0.5689 N/m

The surface elastic constants Ay =3.4939, 4, =-54251N/m
The length-scale parameter [ =6.58mm

Tun153ms1evdl agldnsfwasuuuludnuie 2 dniedrglunisiivunaives

W a5ATUIUNITIATIZI TAgnIS1TMasAILINAD ANULTNTIURItusaIsuL Uil

v A o

11178 (Normalized substrate stiffness) @3Un1513ma58nIAD ksanseyirivatenuulidl

¥
I o

1128 (Normalized concentrate load) @alun15ATILNN ALANMUAAILTINTEVINTIVAY
wuvllindiewindu 7 wazArnnusdawnsavestusassusuulidniiedaiseming 0.2 89 10

1o De1uveannsNnes g dReusal

—  kL*
Normalized substrate-stiffness k=—"—— (4.49)
(EI) .
eff
, - PL?
Normalized concentrated load P=— (4.5)

(E1),,
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JUT 4.2(n-9) wanan1siUTeuiigunansTulsanseinvesauuutusesiuniiaay

wiwnssuana1aiu neazdSeuiisuszninawuudiassdunuifonaziuudiasanuiugiu

(Euler-Bernoulli beam)

L= o

-20 -8-h = [ (Propose Model)
—h =1 (Classical Model)
=& h = 2l (Propose Model)
30 || ---h = 21 (Classical Model)

~©&-h =4[ (Propose Model) \

------ h =41 (Classical Model)

> <

0 5 15 20

=3

Lo o Y o N I o on
_~_A__A__A__o @D

-10

-8-h = [ (Propose Model)
—h =1 (Classical Model)
=20 | -a-h = 21 (Propose Model)
-=-h = 2l (Classical Model)
~©-h =4[ (Propose Model)
------ h =41 (Classical Model)

> <

0 5

==z

JUT 4.2(2) NRnssUVRIAIUTUIAGNULTUITDISULUULT LAY, &, =1
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0 1 o A R R O O I O I o S e o
z “x=§::62:é:‘ﬂr~ﬁ-- 000
~~~~~~~~~ \

-5

-8-h = [ (Propose Model)
—h = [ (Classical Model)
-10 1 -a-h = 2 (Propose Model)

===h = 21 (Classical Model) \
~©-h = 41 (Propose Model)
------ h = 41 (Classical Model)

> <

-15

0 5 15 20

==z

JUT 4.2(R) WeRnIIUVDIAUVLNABNUUTUTBITUMUUBREY, & =5

8-/ = [ (Propose Model)
—h = [ (Classical Model)

-6 || -a-h=21 (Propose Model)
---h =2l (Classical Model) \
~©-h = 4l (Propose Model)

------ h = 41 (Classical Model)

> <

-9

0 5 15 20

S

JUT 4.2(3) WoRNTIUVDIATUVLNAENUUTUTBISURUUIBOEY, &, =10

fisanguil 4.2(n-0) sziulddniauinanisnevaussieussnsyiveanuuiiass
mu‘ﬁugm%mﬂﬂ’jmamima‘uauawiaLmﬂiw‘iwaqLLUUf«i’ﬂaaﬂuwﬁ%’aﬁﬁ@waLﬁaqmﬂ
yunlasead Adunnaaiildansnagldh lumsinneilasasunadouuuiaes
pulunuidariinruudannniuvudiassauiiugiu uenindagdiuldiuileruiaves
wihdnaufiswindnunaudilndainueienizvesian (Length-scale parameter, h=l)

HAN1INDUALBIVDILUUT A BI9ADTUANAITUINNRE 1 AUlATR WANANTSNRUALDIVBY
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Nasaluunassazrdalnalfssiudiovuiantindaauivualngdu wavaglnalAseiuuin
dievwiantdadia 1y ¢ wvesriauernanisvesian (=40 Tudiuresdusesiuag

denabikuuinaelinnuuannTuilon1AuRduNTeItuTossuliags Ingnanauaues

'
=

YaslasiadiosnnuunntidnuasAnuLan1vestusesiu ausaagulangui 4.2(a)

AeiuaInuanITeenmae aansaagulidinvuinlasaiinsianudfywavdanans

o

' @

wgAnssuvedlasiadnwiniy Welassadsdaurndnuazdusesiuiinnudaudiuin

won31nll Belaseaalivwialuguintu wuudasslunuidetuaswuudiaosiugiuaglv

e v oa Y}
NamaUﬁu@qmiﬂaLﬂﬂﬂﬂu

0 - = > ]
2:::::_:§‘_=f‘_”_‘g'_'___x____-_’A_____.___._&_-_-_-_:-_ﬁ----ﬁ-::-ﬁ--.:—.ﬁ:: ﬁ

cr
-
= g
e
e

-10

-20
— -8-h = [ (Propose Model)

—h =1 (Classical Model)
-A-h = 2| (Propose Model)
-30 / ---h = 2l (Classical Model)

~©-h = 41 (Propose Model)
------ h = 41 (Classical Model)

0 2 4 6 8 10

e

U7 4.2(3) wainssumedlassaiissionuudaunsevesdusesiunazuianiign

fhetnafiaes andunieneinginssuvedasaadomnunulasad sy
falassadne Tnelushedstiayimunldaanuudunsawestusesiunuulsifivediawiiy
1 (k, =1) uagrmuaiauegn (Slendermess ratio) YadlassasialiA1sening 10-50

yunvaslassadesmuitliludaod el asiaonsd Aonsaidt 1 azinunldaiud
YuiFaAsTiuazUSuUABuAANs Vs Ulng S nT @ LAY gReETEIing 10-
50 daunsdifl 2 azdwualiauiinnuenafivasySuivdsuruantndaaiulagliiad

80T IUANNYLRNBY YN 10-50 InpuuIAveInIUNlIsEeInlashanafegunl 4.3(n)

Y

drunan1 AT wRluiIeg1iaes uanafgun 4.3(v)-(n)

W%’]'ﬁﬂ«!’]'ﬁﬂ% 4.3(% IUﬂS‘ELW] 13¥ mulmwLmuﬁuaﬂmqaim%mwamawqmmsmaq

ImqaiwammmL:Jamamwmumm%qmaﬂmqaiwmmuaa LLﬁ%%SNNﬁG\BWQG\ﬂ'ﬁN
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lnssadtesanfiodnduainuvzgaiiawindu drulunsd 2 azmuldiunuuves

lasasneazdasengfnssuvedlasiaintosunn Weosnlunsilil nthdnvesauaziivuin

Iwzy'ﬁ'fuﬁasm lagagdAsening (h=0) 03 (h=>5I) é’agﬂﬁ 4.3(n)

~k-CASE 1

-B-CASE 2

JUN 4.3(n) vunenthdneusednsdmnLvzgavedlas@ing

-k-CASE 1
-a-CASE 2

6
Sk
\\
\\\
4 \x
\
N
3 AN
end .
Kcore Sse
0
10 15 20 25

35

40

45

50

JUN 4.3(%) naiilosnnunulasiainmedndinuvegnvedlaseaing
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5
-k-CASE 1
4 -B-CASE 2
3
end
surface
1 = = = = = = = ]
0
10 15 20 25 30 35 40 45 50
L
h

JUT 4.3(A) waLliaanniilasiaitiednndiuniuvegavedaswaing

Tudauvesnailesnntuinlassaiadenginssunisiuuswedlasain amnsagld
Mn3UT 4.3() Feaziiulin lusedsdtuinlassaddldldinadengfnssuvedlaseadiaus
otsla eilidlesnuuiavedasiaiidlusedisdeglumielulasuns ogslsfinutuin
vodlassainsariinadenginssumedlasaadlolasasduiiouneglunieuluns Tu

ailiuaunsadudulalusiaganaly

q

4.1.2 uwuusaesii 2 (Nonlocal elastic and Surface elastic theories)

TuuvusaesnurnAdnULTuTessu (Wuusiaesd 2) # andunuusassuuy
NANN13909Mawf Nonlocal elastic theory Wag Surface elastic theory Ingaiifinog19n1s
Ans9t 2 Fregraniieunuuinansi 1 lnefegausnasidunisinsevingAnssunissu
wssvadlassadauasiUsuifisufuiuuiaosiiugiu dnluiedafiaesandunisinge
waLiosnnunulassasuarduinlasadetenginssunsiunsmedasiadig

fhegreiinis muduuudusesfunuudaduiuusinsyrhiivateau Faguil 4.4 Tae
PUIALAZAINITITADTAII9UDIANUD198991A He and Lilly [40] Amsfimesuostuis
1n5985198198997n Shenoy [41] wazarm1s1dwasildlunisiasizinaiiiosainauin

1A59857991989970 Yang and Lim [42] Taewisdiwmesnlaian
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) b y T
Fixed - l_x) (Z_ h
FETTTTTTITITITITIIIIIIET
Elastic Substrate ,&; b :h/ 2
Cross-Section
L=20n

JUN 4.4 PUBUUNTUTOTURUUTAEY Suusanseihivateanuy

The bulk modulus E =76GPa
Poisson’s ratio v=0.37

The residual surface stress 7, =1.22nN/nm
The surface modulus E* =0.89nN/nm
The nonlocal parameter e,a =200nm

TunsieseniasldaunsarnuuduniwesusesdunuuldiiniisuazAuse
nsgyuuuldfivdie 9199997naun15 (4.0)-(4.5) Tun153iAs1z9n 8 IngAINIsImo T
nsyyhivansuuulsifimiieasldvindu 1 wazAmsifimesauudaunswwestusesdunuuls
1112898 TANTENING 1-100 LAYAIANUYIIATULAZVIUIANUIGAAUALLY 1,000nm. uay
50nm. A NG

Iua"sumﬂ%L*T'Jumi%m'ﬁwﬁmmlﬁqLmi'waasi?uim%’usiawqaﬂsmms%fuLmﬂ'ﬁzﬁ’]
yaslaseaiie Tawadilduansfagud 4.50n) Tnsaziuieuifisudnislasifivatoauseming
wuuaadlurmiAfeiuazuuudaesiiugiu ngasiulduuusaedluniafodasien
nslrsveseutosniuusiaesiiugiu uazanisiisvesmunniaesuuusiasas
wanssfuanniladusesiuiidmnuudundeiites uwiAauLanssesnisldivesay

INNIEADILUUI1a097 LA azan o adilnA1AIU BTN IVDITUTDISUTANNINTY F9LUIN

¥
= a I3

wafildaunsaazulidn lumsimseilasaiuninuuudaeduanidelasianuud
1INNIVUTI0INUFIY LazazTiNaiLaned 199N UUTIa0INUF 1L NV DT UT D5 U
AUBaULN WillloA1ANRDNTIve It U uTA1as wuudiaedluruidedaslinanly

WANANMAINKUUTIADINUFIY
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-5
/ —~Classical model

-&-Propose model

-7 T T T T
0 20 40 60 80 100

Ko

JUT 4.5(n) WeRnssuN155uL5909laTas19moA LN VD ITUTEITY

1%
h —Classical Beam
8 \
==-Propose Model with Surface Effect \
210 Af e Propose Model with Nonlocal effect N
-@- Propose Model with Nonlocal and Surface effects
-12 T T :
0 5 10 15 20
L
h

JUN 4.5(1) M3LNeiIveenTLYBILuUTIABNAY

JUN 4.5(0) wansmnisinesinvesaulaeiSeuiisuanlaanuuuinaseing dddu

A15AIET agldAAuLTanTavastusaasunuuliiiniiewindu 1 wWislinaliiesain

Uaduduidnengfnssuarunsamiulddaau mnguasiiuladnainisinsdesaunliain
WUUTIADINUFIULAINTEA kaEAINTITIAFIVIATUAINLUUTIADINAAKALTRIRINLAY
Tnssadunaztuialassadnehuiuesindosian wazuonaniaziiuldiuuusiaesiin

RINENALDIDINLNULATIAS 1AL LUUINA DN AALINIENALLBIDINTURILATIAS1S Az ]9AAD
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nslailndifsiu wituialasaisazdmadengfnssunisidefivesnuninniun
Tnseadns uwaridosuuusiaswglidnsidshfiuinniwuusiassiidnnaiiosainuny
IAssasalazialassasnesmiu

fhegiiaes wdnvinailesninunulasiaduazduinlasiassenginssuves
Taseade Tnglunsinseiiarldrnnuuduniwestusessunutlifimbewifu 1 uay
sunvedlasiasemuiildlushednd vildensd Aensdld 1 svimunlinudvuandinge
Asil b = 50 nm. wazUFuWABUAMANNE YRR Ulng TSR AN gRRgsEMINe 10-

50 @UNSAN 2 EANNUAMATUTANULNIAIN L = 1,000 nm. wazUSUasuuuInntign

[
1 ' =1

mulaglilAdnsdnnuvegaegsening 10-50 uenantiaziinsiimesaesiiiiiotiely

Y

A1505UNEHALLINTURLLATIFS 1 AT N AL DI NWNULATIASNS TnenisinasTsanailll
wUARIRIgUN 4.6(n)-(2)

JUN 4.6(n) wansrdnsdiusenineiuninalassaidevuavidaniu (4s/4,)

v 1

Y03AUT9ERINsdl Fea1nuaiuladnsaensdiadnsdiumindu daugui 4.6() ay

LAR$A8R 318U Nonlocal parameter siaru1antindnny (e,a/h)lneiivasguilagly

Usgneulumsiinneinaiilaannisiese dwandugui 4.6@)-)

400
+CASE 1
®-CASE 2
300
As 200
A

0 ‘ ‘ ‘
10 20 30 40 50

h

JUT 4.6(n) Sasdmserinstuiinlassaisevwamindan (4g/4,)
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12
+CASE |

10 -°-CASE 2 4”.””)./,//4D
8

10 20 30 40 50

> |~

JUT 4.6() 8n 511581319 Nonlocal parameter siavunantidinn (e,a/h)

10

+CASE 1 '
g || ecase2 /

end
K surface /.
4

u-——-——"”‘/.//’

10 20 30 40 50
L
h

JUN 4.6(A) mallleanntuiiilassainssienisiieiivesanuy

firsanguil a.6(n) andiuldiduinlassedeazdenadonislisivesausnniudie
Adnsdmaurrgavestassasefinngatu uenndemilunsdiil 2 dufilassatheazdana
somsldsivesaunnnialunsdi 1 deiidesannsdd 2 uthdnaudivuaanasil
AdumunsERdavesay (E1) anad dewmaliauianisiisianndedy sofuannaiild
anunsnagUliin duinlassaasiinadenginssumsiuusinssrmesdeassaiianndsdude

laseasadmdnadumiurzgaguarlasiaidiawinntifniian
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1.20
+«CASE 1
-CASE 2
1.15
end
Kcore 1.10 R
105
P h
1.00 T T ‘
10 20 30 40 50
L
h

JUN 4.6(9) naiiosnnunulassasiemonsinedivesnu

Tudiureinailieninunuredlaseaing azwanslugud 4.6(1) anguasiulainly
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dUN138Unava93zuy (Differential Equilibrium Equation)

Shear-Layer

y’v(x) Beam

P, U,
x,u(x)
Substrate Medium
© P,(x) D,(x)
Vo), (1EEERR ILIILILE)
v (| D Me) + M@y | l Vi) + dVix)
B ) +avy)
D(x) I(X)
Differential Segment of Beam Differential Segment of Shear-Layer
ﬁmimau@ammLLsﬂuLLuﬁwm%ud’mmu:
del—(x)+ p.(x)= D, (x) =0 (A1)
X

lng ¥, (x) Ao usadeulumivdnaiy; p,(x) Aeusenszanenieuen; way D,(x)
wsadouiiintuseninsdunsadeunazany
firsanaunavesiuaniFavestudua;
dM (x)
dx
Ty M (x) fe TumuddnluntdnA

+ Vy(x)=0 (A-2)

wnuA1ENNs (A-1) Tu aunns (A-2):

d*M (x
% - p,(x) -Ii-D2 (:c)z Oy (A-3)
ﬁmimamammLLstuLLmﬁwm%ud'gu%’wmL{‘iau:
dv (x
d)(c )+D( )=D,(x)=0 (A-4)

lng V,(x) Ao usaeulumhdatuusadew; uag D, (x) witludusesiuiinsyiinse
Fuksudou wnuAauns (A-4) Tuaunis (A-3), agldaunisaunavesssuy (Equilibrium

equation):

THD) )+ -




av

ANUFUNUS TTNINTIATNITARUAD (Force-Deformation Relations)

w(x)=—= () === 7(x)= P (A-6)
2

I x(x) fio ArAulAswesny; v (x) A nImIadivestusessy; y, (x) Ao
Aup3ealutuLsadeu; IE Ao AAIUAIUNIUNISIARIYEIAIY; &, AB A1ALLT AT

Y0ITUTOISY; WA k, Ao AIANLTINTWOITULTIdeU
dunsaudnnul@vssseuu (Differential Compatibility Equations)

Tuduvesnisadiaunisanuiiiulivesssuy waieeg uuminnsueIuss (Force
based) 31NN ufaualiouvans (Virtual force principle) fsuuwuuyiludadl:

W =W, +6W. =0 (A-7)

int ext

oy S A9 HaTIWVONIUNINNATOISTUY; OW,, Ao nuneluredssuy; uag

SW.., fiB MUAUBNUBITEUY

[%

TunsdivasmuuLTUsossuLLUansiuys unslulaznuneuen Weulddd:
oW, = I5M (x)l(()c)dx+_‘.5D1 (x)v (x)dx+ Ié‘VS (x)y, (x)dx
L L L (A_8)

ext

oW, = —J.é‘py (x)vy (x)dx—SP'U
L

a1 |

lng vy (x) Ao Ansinsivesau BallAvifiumnismiamuestusessu v (x);
P A9 LNWasU0ISINUa89@e9909Ay; U Ao LINMesvaIaAInIsiAdaufniuaneiaaes
Y03, 5p, (x)=0

Faruannng (A-7) annsawdouldeed:
Sw” =J5M ()c)lc()c)a’)chJ.éD1 (x)v, (x)dx
L L

(A-9)

+I5VS (x)7,(x)dx—6P"U=0

L
WMLANANNNTANLEIT LS SIS LA M SAR e U @ung (A-6) axld:
. M D
oW = I&M(x)ﬂdx+j5Dl (x)ﬂdx
L ]E L kl

(A-10)

+[ov, (x)mdx—éPTU =0
L kZ .
WUANENNTANAAYDITEU aunT (A-5) Liefdndiuds D, (x) uag oD (x):
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0=—5PTU+j5M(x)M(x) dx+J.5I/s(x)de+

CIE k,
A o, s
D

duilinsniiazaiu (Integration by parts) wilsaselunatd 4 wazaesasslunalil 5

Yp3aNNs (A-11) azla:

j(gM(x)[M+i(d“M(X)_d2py <x>_d3K<x>de+

IE K dx* dx’ dx’
3 2
_[51/5(’5) Vs(x)_,_i dMSx)_dpy(x)_d ngx) e
i k, k{ dx dx dx
[(dom a*M av,(x)\| A2
X 1 X X
[ dx( )_W’(X)J?( dxz’( b, () d)E )H '
L 1 0
i 3 2 L
s () L[ G 5) M) V) sy
i k\ dx dx dx .

Aatiuagldaunisanuiiulsvesssutlugvvedumuddauazusalouludusessu

UgNdunIT:

4 d2 3

M i(d M4(x)_ pyz(x)_d VSSX)J=OZfOI’x€(O,L) (A—13)
IE K dx dx dx

(3 (M) dp,(x)_dV,(x)
k, k, dx’ dx dx’

PNANUFUNUTTEUINSILALNTARDUFIUANNT (A-6), ANUNTATIUANUFUNUS

JzO:forxe(O,L) (A-14)

MBI DU IUTUTDITULAL LU UARA AR 9T
dv,(x) _ k,

=M A-15
a et

wiuAENN1S (A-15) dsduaunisanudiiulavesseuy (Compatibility equation)
deulusuveslunansidnlasd:
d*M(x)
dx*
e A =k /IE waz A, =k, /IE .

+AM (x)= 2, dzizz(x) - dzgjcz(x) : for x(0,L) (A-16)
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WH3INFAUUTIUNTIVBITTUU (RALRABYNABA)

HaaggNEBs (homogeneous solution) Yasaun15AIULA aunis (A-16) Az
wisltavan 3 ﬂizﬁimasﬁuagﬁum A, waz A, il
M (x)=c, coshaxcos fx+c, sinhaxcos fx +}for n<2fF D
¢, cosh axsin fx + ¢, sinh axsin Sx
M(x)= cleﬂx + szeﬂx +c3ef‘4/zjC +c4xefﬁx} for A, = 2\/2 (A-18)
M (x) = ¢, cosh ax cosh Bx + ¢, sinh ax cosh Sx +

} for 2, > 22 (A-19)

¢, cosh axsinh Bx + ¢, sinh ax sinh Sx

lneA a wag £ dtew:

N y X (820
2 4 2 4

WaEAAS c, ¢, ¢y, W0Y ¢, WlPanaunisReulvveulwn (boundary conditions)

De
e

dM
—|—-V, =F, -M(0)=P,;
{dx } . M (0)=P,
dM
—V =P; M(L)=P,
[dx } . M(L)=P,

NNENNTT (A-6) U (A-14) AusuBeuantusesiu ¥, (x) anansalieuluzuvesd

(A-21)

Vo

Tuuddn M (x) 1o ht

V (x) — _£d3M(x) +£dp}, (X) +2,2_2dM(X) (A-22)
A dxd A dx A dx

naunsieuluveuin aunts (A-21) ansnsaleuluwuddnlvoglugliueindaadl:
M (x)=Ny(x)P (A-23)

g N, (x) e wesndaunsitsaduguisvedlumdisn

NNENNTT (A-22) uag (A-5) Ausadenluduusudeu 7, (x) uazAusslutusessu

D, (x) awnsaideuliioglusumninddil
V. (x)= N, (x)P (A-24)
D, (x)=N,,(x)P (A-25)
log N, ;(x),N,,(x) Ao Lm%ﬂsﬁammiﬁaﬁ%ugﬂﬁwumLLsaLaau"lu%uLL'ﬁaLaauLLaz

L59lUTUTBISU AudIRU
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LNUANENNS (A-23), (A-24), waz (A-25) Tuaunis (A-10) aglaaumsiussndminy

gnvguvassruusail
FP=U+U, (A-26)

g F A9 wesnganuinvguuesssuy deudail:
(A-27)

F=F,, JrFDlDl +FVXVS
log F,,, F,, , uay F,, fio wasndanudaveguvassyuudildann ussluau, wsdly

FUTDITU, warwIIlUTULSIEaY TReusal

1
F,=|N,’ (—) N,, dx
BB _! 88 | 7 |88

1
T
FD]D] :INDIB (;JNDIB dx (A-29)
L 1
1
K, :J‘NV.TB T N, p dx
L 2
FILUANNTIASNTAMULTILNTIVITEUU anunsaLleulasadl:
(A-30)

_ FE
P=K,U+P/
Toe wasndanuudawnswesszuu K, wildain F
Tudruvesneazldunsieg uonuileand waviieg1sn1Tiasizilassasielaely

WUUTaeIMUUNTUTBIS uRUUARIwUsH anansaguiindnlanin Limkatanyu et.al. [36]
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Abstract

A novel beam-elastic substrate element with inclusion of microstructure and surface energy effects is proposed in this paper. The
modified couple stress theory is employed to account for the microstructure-dependent effect of the beam bulk material while Gurtin-
Murdoch surface theory is used to capture the surface energy-dependent size effect. Interaction mechanism between the beam and the
surrounding substrate medium is represented by the Winkler foundation model. The governing differential equilibrium and compatibility
equations of the beam-elastic substrate system are consistently derived based on virtual displacement and virtual force principles, respec-
tively. Both essential and natural boundary conditions of the system are also obtained. Two modified Tonti’s diagrams are presenied to
provide the big picture of both displacement-based and force-based formulations of the system. Due to similarity between the current
problem and the one related to the beam on Winkler-Pasternak foundation, the so-called “natural” beam-Winkler-Pasternak foundation
element coined by the authors is employed to perform two numerical simulations to study the characteristics and behaviors of a beam-
substrate system with inclusion of microstructure and surface effects.

Keywords: Finite beam element; Winkler-Pasternak foundation; Modified couple stress theory; Surface elasticity theory; Displ

based formulati

Force-based formulation; Virtual displacement principle; Virtual force principle

1. Introduction

Micro- and nano-sized beams have found a wide spectrum
of applications in micro- and nano-scale mechanical devices
and systems; such as micro and nano beams, microfilms, bio-
sensors, atomic force microscopes, nanotubes, nanowires,
micro/nano electro-mechanical systems (M/NEMS) [1-10]. To
fully take advantage of these micro- and nano-sized beams on
the development of powerful micro- and nano-scale mechani-
cal devices and systems, profound understanding on their
behavior and characterization at such very small scale is es-
sential and imposes a significant challenge to the research
community. Both experimental and analytical researches on
beam responses at micro- and nano- scales have been studied
comprehensively by many scientists and engineers. At micro
and nano level, experimental work on such small beams is
extremely difficult to be conducted and is prohibitively expen-
sive due to necessity of high precision testing devices and
unique testing procedures. Therefore, numerical simulation

“Corresponding author. Tel.: +66 7428 7129, Fax - +66 7445 9396
E-mail address: suchart.1@psu.ac.th

R led by Editor Maenghyo Cho

©KSME & Springer 2014

has been widely used in the research community as an alterna-
tive to characterize the structural response at micro- and nano-
scales. Several numerical models with different degrees of
complexity have been developed in literatures to study the
micro and nano structural system. Generally, these numerical
models can be categorized broadly into two groups: atomistic
model and continuum-mechanics model [11]. The atomistic
approach emphasizes on atomic modeling and embraces sev-
eral techniques such as: classical molecular dynamics [12],
tight binding molecular dynamics [13], and density functional
theory [14]. Simulation performed with the atomistic approach
provides comprehensive details but are hampered by high
computational costs, thus only a system with small numbers of
molecule and atom can be realistically investigated using this
approach [15]. The continuum-mechanics approach serves as
an attractive alternative to characterize the micro and nano
structural responses and is applicable to model large-scale
structural systems. However, size-dependent effect and small-
scale effect inherent to micro- and nano-sized structures are
not included in the classical continuum-mechanics theory. The
size-dependent effect is a result from energy correspondent to
the atoms at the free surface of micro- and nano-sized struc-
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Fig. 1. Kinematics description of the cross section point for Euler-
Bemoulli beam.

tures while the small-scale effect is caused by long-range in-
ter-atomic interactions. To account for these two effects, sur-
face elasticity theory and higher-order continuum-mechanics
theory have been incorporated into the classical continuum-
mechanics theory.

The surface elasticity theory was first proposed by Gurtin
and Murdoch [16, 17] and has been employed to represent the
size-dependent effect caused by surface stress and surface
elasticity at micro- and nano- scales. As the size of a structure
gets smaller, the surface free energy caused by the surface
stress and surface elasticity could no longer be neglected in
comparison with the bulk energy as that in the classical con-
tinuum-mechanics theory due to the high surface-to-volume
ratio.

To include the material-length scale effect, several higher-
order continuum-mechanics theories have been proposed in
literatures. In the micropolar elasticity theory proposed in the
early twentieth century by Cosserat and Cosserat [18], addi-
tional rotational degrees of freedom at each material point are
appended to include the intrinsic length scale into the contin-
uum body. As a special case of the Cosserat micropolar elas-
ticity theory, classical couple stress theory was proposed by
several researchers in the Sixties [19-22] which contains four
material parameters (two classical and two nonclassical) for an
elastic isotropic body. The modified strain gradient elasticity
theory was proposed by Lam et al. [23], introducing a new
equilibrium equation in addition to the classical equilibrium
equations. Thus, this higher-order continuum-mechanics the-
ory requires two classical and three nonclassical material pa-
rameters for an elastic isotropic body. Another widely em-
ployed higher-order continuum-mechanics theory is the
nonlocal elasticity theory proposed by Eringen [24-26] and
Eringen and Edelen [27]. The essence of this theory is in its
assertion that the stress at a reference point depends on the
strain not only at a particular point but also at all other points
throughout the elastic body to account for the material-length
scale effect. Two nonclassical material parameters are re-
quired in this higher-order continuum-mechanics theory be-
sides two classical material paramelers for an elastic isotropic
body.

gy 28 (9) (2014) 3653~3665

Several researchers have formulated various beam models
with and without surface effect based on the aforementioned
higher-order continuum-mechanics theories. For example,
Anthoine [28] studied the pure bending behavior of a circular
cylinder using the beam model based on the classical couple
stress theory. Papargyri-Beskou et al. [29] developed a higher-
order beam model using strain gradient elasticity theory and
surface energy of Vardoulakis and Sulem [30]. Kong et al.
[31] performed static and dynamic analysis of micro beams
using the strain gradient elasticity theory. Alshorbagy et al. [7]
formulated the finite beam element based on nonlocal elastic-
ity theory and later Mahmoud et al. [32] enhanced this beam
element by incorporating Gurtin-Murdoch surface effect into
the element.

Considering the complexities in calibrating the material
length-scale parameter [23, 33, 34] and the approximate na-
ture inherent to the beam theory, the beam model with mini-
mal material parameters is desirable from the practical point
of view. The modified couple stress theory proposed by Yang
et al. [35] makes such a beam model possible since only one
malerial length-scale parameter is required. The very first
beam model based on the modified couple stress theory was
proposed by Park and Gao [4] using the Euler-Bemoulli beam
theory. Later, Ma et al. [5] extended this beam model 1o in-
clude shear deformation using Timoshenko beam theory. Re-
cently, Gao and Mahmoud [36] combined the modified couple
stress theory with the Gurtin-Murdoch surface theory to for-
mulate the Euler-Bernoulli beam model with inclusion of mi-
crostructure and surface effects.

In micro- and nano-scale mechanical devices and systems,
beams are usually integrated into larger structures through
substrate media. Therefore, interaction mechanism between
the beam and the surrounding substrate media plays a crucial
role in controlling the performance and characterizing the
response of those systems. Several researchers have recently
investigated the problem of beams resting on elastic substrale
media. For example, Zhang and Zhao [37] developed a
nanowire model lying on an adhesive receding contact foun-
dation; Khajeansari et al. [38] performed parametric studies of
silver nanowires resting on Winkler-Pasternak elastic substrate
media using an analytical solution to the problem;
Malekzadeh and Shojace [39] investigated surface and nonlo-
cal effects on nonlinear free vibration of nanowires supported
by an elastic medium using both Euler-Bernoulli beam theory
and Timoshenko beam theory.

In this research, the problem of beams on elastic substrate
media with inclusion of microstructure and sutface effects is
of main interest due its wide spectrum of applications in mi-
cro- and nano-scale mechanical devices and systems and the
corresponding beam model is formulated using the virtual
force principle. The general idea of the model formulation
stems from the beam-foundation model developed by Limka-
tanyu et al. [40] and the beam model incorporating the micro-
structure and surface effects proposed by Gao and Mahmoud
[36]. The modified couple stress theory [35] is used to account
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for the microstructure-dependent effect of the bulk beam ma-
terial while the Gurtin-Murdoch surface theory [16, 17] is
employed to characterize the beam surface layer. The interac-
tion between the beam and the surrounding substrate media is
represented by the Winkler foundation [41].

Organization of this paper is as follows: The Euler-
Bemoulli beam hypothesis, the modified couple stress theory,
and the surface elasticity theory forming a set of basic ingredi-
ents for the model formulation are firstly described. Then, the
governing differential equilibrium and compatibility equations
of the problem are derived based on virtual displacement and
virtual force principles, respectively. Both natural and essen-
tial boundary conditions of the problem are also obtained. The
sectional force-deformation relations are subsequently estab-
lished. Two modified Tonti’s diagrams are presented to pro-
vide the big picture of both displacement-based and force-
based formulations of the problem. Due to similarity between
the current problem and the one related to the beam on
Winkler-Pasternak foundation, the so-called “natural” element
stiffness model formulated by Limkatanyu et al. [40] is finally
employed to perform two numerical simulations to study the
characteristics and behaviors of a beam-substrate system with
inclusion of microstructure and surface effects. The first simu-
lation involves investigation of the response of the beam rest-
ing on an elastic substrate. The second simulation examines
the influences of several system parameters on contact stiff-
ness and demonstrates the size-dependent effect on the system
response.

2. Basic ingredients
2.1 Euler-Bernoulli beam kinematics

The kinematics description of a generic point P on the
Euler-Bernoulli beam cross-section is shown in Fig. 1. The
cross-section ab is normal to the longitudinal axis of the unde-
formed beam. In the deformed configuration, the deformed
cross-section a b’ remains plane and is normal to the longitu-
dinal axis. This simply implies that the displacement at the
point P with a distance y form the reference axis x is:

dvd(:);uy(x):v(x);andu,(x):0 O]

u,(x%,y)=-y

where u (x,y), u,(x), and u,(x) are the displacement
components of the point P along the x, y, and z axes, respec-
tively; and v(x)is the transverse displacement of the point on
the reference axis x.

2.2 Modified couple stress theory

In this paper, the modified couple stress theory proposed by
Yang et al. [35] is employed to describe the length-scale effect
inherent to micro- and nano-sized structures. This theory
stems from the classical couple stress theory proposed by sev-
eral researchers in the Sixties [19-22]. The modified couple

stress theory is in preference to the classical couple stress the-
ory due lo ils requirement of only one additional material
length-scale parameter and its inclusion of a symmetric couple
stress tensor.

In the classical elasticity theory, the constitutive relation be-
tween the symmetric stress tensor o, and the infinitesimal
strain tensor &; reads [42]:

Oy = A8y + 2 ey )

where Aand pare Lame constants; d, is the Kronecker
delta; and £, is defined as the symmetric part of the dis-
placement gradient tensor #; ,

&y =%(uw +um). 3)

In the modified couple stress theory, one additional consti-
tutive relation between the deviatoric part of the couple stress
tensor m, and the symmetric curvature tensor y, is sup-
plied to account for the length-scale effect and is defined as:

my = 2]1,1.%] )

where / is the material length-scale parameter and y; is defined
as the symmetric part of the rotation gradient tensor 6, :

1
2= E(e"f +8,,) ®)
with the rotation vector 6; being defined as:

1
b= ;eijk"k_ j 6)

where ey is the permutation symbol.

Following the sectional kinematics of Eq. (1), the non-zero
components of the strain tensor &; and the symmetric curva-
lure tensor x; are expressed in terms of the beam (ransverse
displacement v(x) as:

d 2V(Jc)
FE)
1 dzv(x)

e (2)=2n(x) =55

ealny)=-y
; ™

Substituting Eq. (7) into the constitutive relations of Eqgs. (2)
and (4), the non-zero components of the stress tensor g and
the deviatoric part of the couple stress tensor m; are expressed
in terms of the beam transverse displacement v(x) as:

yE(1-v) [dlv(x)J

o) T )|
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Fig. 2. An atbitrary beam cross-section: beam bulk and surface layer.
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where £ and v are the Young’s modulus and the Poisson’s
ratio, respectively, and are expressed in terms of Lame con-
stants A and u as:

E

v E
(1+v)(1-2v)

@+v)’

and u= : (&)

2.3 Surface elasticity theory

To account for surface effect on the micro- and nano-sized
structures, the Gurtin-Murdoch continoum model [16, 17] is
employed. In this nonclassical continuum model, the beam
cross section is considered to be consisted of a solid core and
an ouler surface shell perfectly bonded to its core, as shown in
Fig. 2. Following the surface theory proposed by Cammarala
[43], the outer surface is considered a mathematically-zero
thickness layer with a distinct elastic modulus from its core
material. The constitutive relations of the surface proposed by
Gurtin and Murdoch [16, 17] are:

T — Ty = (A +22%)e5 and 7, =78, (10)

where 1; is the residual surface stress under unconstrained
conditions; A, and y, are surface Lame constants and can be
obtained via atomistic simulations [44]; 7., and 7, are non-
zero membrane stresses in the elastic surface; and &), and
&n are elastic surface deformations and are defined as [36]:

sfx(x,y):w and s,fx(x,y):nydufT(x) (11)

with n, being the y-component of the unit cutward normal
vector to the beam-section lateral surface.

Substituting Eq. (1) into Eq. (11) and then into Eq. (10), the
non-zero membrane stresses in the elastic surface 7., and ,,
can be expressed in terms of the beam transverse displacement
v(x) as:

FElastic Substrate Medium

| L |
f !

Fig. 3. Micro beam on elastic substrate medium.

d*v(x
)= +220) ) ;
dv(x) ’ a2

‘rnx(x) = any

3. Governing equations of beams on elastic substrate
media with inclusion of microstructure and surface
effects

3.1 Differential equilibrium equation: the virtual displace-
ment approach

The virtual displacement principle is employed to consis-
tently derive the governing differential equilibrium equations
and natural boundary conditions of a beam resting on elastic
substrate medium with inclusion of microstructure and surface
effects as shown in Fig. 3. Interaction between the beam and
the surrounding substrate media is represented by the Winkler
foundation [41]. The general form of the virtual displacement
principle is written as:

W =Wy, + W, =0 (13)
where SW is the system total virtual work; 57, is the system
internal virtual work; and 6/, is the system extemal virtual
work.

In the case of the beam on elastic substrate medium with in-
clusion of microstructure and surface effects, 5W,,, and W,
can be expressed as:

W, = J‘DS (%) 88, (x)ax

L

+J.{j] (rrn (x,y) 86, (x,y) +2m (x)r‘)'[n (x))d/i}k

+f [cﬁ((fﬂ(x,y),9)55;,(,,,y)Hm(x)&;,(,,))dr]dx

L\T
(14)
W, = —J' P, (x)6v(x)dx - 5U'P 15
L
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where D,(x) is the elastic-substrale force; A,(x) is the elastic-
substrate deformation and is equal to the beam transverse dis-
placement v(x) following the Winkler foundation hypothesis
[41]; pyx) is the transverse distributed load; the vector

p={R B B R‘}T contains shear forces and moments
acting at ends; and the
U={U, U, U, U,) contins their conjugate-work dis-

placements and rotations. It is noted that the first, second, and
third terms in Eq. (14) represent the contributions of the un-
derlying elastic substrate, the bulk material, and the surface
layer to the system internal virtual work, respectively.

Using Eqs. (1), (7) and (11), Eq. (14) can be expressed as:

W J‘D (x)év(x)dx + I{@n 7, (Jc)dl"] dﬁv(x)
+J‘{—”-ya”(x,y)d¢4 + _Um ]d 2 ) dx . (16)
gl Hy(ra(x,ywo)d ]"’ e

In Eq. (16), the following sectional-moment contributions
and sectional shear force can be defined:

=—J- Yo {x.y)dd
M ()= [[me ) an
M, _.(x)= —qSy(rn (=y)-m)dr

Ve (x) = (ﬁnyrm (x)dT (18)

T

element vector

where A, (x), M, (x), and M, _ (x) are the sec-
tional moments contributed from the normal stress g,,(x,y) on
the beam section, the couple stress m,(x) on the beam section,
and the normal surface and residual surface stresses z.(x), T,
along the beam section perimeter, respectively; and ¥, (x)
is the sectional shear force contribuled from the transverse
surface stress 7,1,,(x) along the beam section petimeler.

With Eqs. (17) and (18), the virtual work expression of Eq.
(13) can be rewrillen as:

J‘ d5v I
nt x

IECS
£ (19)

J'D,(x 5v(x,)dx—.[py(x)§v(x)dx -sU"P=0

where AM(x) =M, (x) +M,, (I) +M, . (x) is the total

section moment. It is clear from the first two terms in Eq. (19)
that the total section moment Af(x) and the surface shear
force ¥V, (x) are conjugate-work pairs of the section curva-
ture rc( )=d’(x)/ds* and the section rotation
7(x) =dv(x)/dx.

In order to move all differential operators to the bending
moment M (x) and the surface shear force 7, (x), integra-
tion by parts is applied twice to the first term and once to the
second term of Eq. (19), respectively, resulting hence in the
following expression:

I[d dxz(x)

L

01,0

3|2
dx

w7, () [ov(x) {M( )d‘s"(")} o
7alx) ’

-5U'P=0

0

The boundary terms in Eq. (20) reveal that the total section
shear force ¥(x) is not simply equal to the first derivative of
the beam-section moment M (x) like in the classical Euler-
Bemoulli beam theory but is also contributed from the surface
shear force ¥, (x). Thus, the total section shear force is
defined as:

V(x)=- +7, (x). @D

Following the Cartesian sign convention, Eq. (20) can be
rewritten as:

J-{ dz; 2(I) . dV;;x(x) +D, (x)- py(x)]ﬁu(x)dx

80, {Pl (f%"—)mn(x)] }

] @2

Due to arbitrariness of &v(x), the governing differential
equilibrium equation of the beam-foundation system is ob-
tained as:

d'M(x) dv,(x)

+Dc(r)—py(x) =0. 23)
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Fig. 4. Tonti’s diagram for displacement-based beam on elastic substrate medium with inclusion of microstructure and surface effects.

Accounting for the arbitrariness of SU, the end-boundary
force conditions (natural boundary conditions) are obtained as:

A- _( i (x)

P;=[—

Tt is noted that when compared to the governing differential
equilibrium equation of the beam on Winkler-Pasternak foun-
dation as given by Limkatanyu et al. [40], Eq. (23) and the one
derived by Limkatanyu et al. [40] are the same. Thus, the
problem of beams on elastic-substrate media with inclusion of
microstructure and surface effects is equivalent to the problem
of beams on Winkler-Pasternak foundation.

+V,

Tax

(x)]m;fa:—(M(x)L:n
0] o),

@4
M (x)

dx

+V,

Tox

3.2 Sectional force- deformation relations

In order to establish the sectional constitutive relations, Egs.
(8) and (12) are substituted into Egs. (17) and (18) as sug-
gested by Gao and Mahmoud [36].

M(x)=(IE),,x(x) and ¥, (x)=(GA),,7(x) 25)

where the effective sectional flexural rigidity (H:) L and the
effective sectional shear rigidity (GA) ; are defined as:

IE(1-v

(G4),, = %S>

+( A + 24t ) p + p*A
(26)

with A=HdA being the section area; [ =J-J- y2dA being
A A
the second moment area; /, :(ﬁ y*dl" being the sccond
T

moment perimeter; and S, = (ﬁnyzdl" . Itis noted in Eq. {26)
T

that besides the microstructure and surface-energy effects, the

effective sectional fexural rigidity (I£) o also accounts for

the effect of Poisson’s ratio.
The constitutive relation of the elastic-substrate spring is:

D, (x) =kA, (x) 27

where &, is the elastic-substrale modulus known as sub-
grade-reaction coefficient [45].

It is noted that the goveming differential equilibrium equation
of Eq. (23), the end-force boundary conditions of Eq. (24), and
the system constitutive relations of Egs. (25} and (26) form a
complele set of basic equations required for the displacement-
based finile element formulation of the problem as summarized
in the displacement-based Tonti’s diagram of Fig, 4 [46].
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3.3 Differential compatibility eq and end
conditions: the virtual force principle

wpatibility

The virtual force principle is an alternative way to express
the system compatibility equations. The general form of the
virtual force equation is written as:

W' =6W +5W. =0 (28)
where 8" is the system total complementary virtual work;
SW,, is the system internal complementary virtual work; and
W, is the syslem external complementary virtual work.

In the case of the beam on Winkler foundation with inclu-
sion of microstructure and surface effects as shown in Fig. 3,
W, and SW.,canbe expressed as:

aw, = [ant (x)c(x)as + [5D, (x)a, ()
L L 29
+for,, ()r(x)a

r}'W; = —J.Spy(x)v(x)dx— SPU. (30)
T

Following the procedure employed by Limkatanyu et al.
[40] and enforcing the governing differential equilibrium of
Eqg. (23) to eliminate the elastic-substrate force 1, (x) and its
virtual counterpart 5D, (x), the governing differential com-
patibility equations of the beam-section curvature and beam-
section rotation are obtained as:

M(x)Jr](a‘"M(x) a’p,(x) d’V,ﬂ(x)]:U &

(IE)eﬁ I, = e ax’
Vo), 1 (M) dn(d) 4V, () gy
(G4), k| & & @

Furthermore, accounting for the arbitrariness of SP yields
the end-boundary compatibility conditions (essential boundary
conditions):

k| & )
1 ai'zV,ﬂx (x) a"M(x) 1 dpy(x)
Uy = el e
A d & K a )
AN @
_ 1 d*M(x 7dV, x 1
b= k,,{ a2 dx L +ks(P ).,
1(d%, (x) dM(x) 1(dp,(x)
R R R Bl =
i x=L 5. x=L

logy 28 (9) (2014) 3653~3665

The governing differential compatibility equations of Egs.
(31) and (32) can be combined into one single expression as
(see Ref. [40]):

d'M(x a*M(x) & p,(x
R
where 2 =k, /(IF) . and 2, =(G4),, /(JF),, . When com-
pared to the governing differential equilibrium equation de-
rived earlier, Eqs. (23) and (34) are dual. This confirms the
dualism of the virtual displacement and virtual force principles.
As expected, the combined governing differential compatibil -
ity equation of Eq. (34) and the one given by Limkatanyu et al.
[40] for the beam on Winkler-Pasternak foundation are in the
same form. Furthermore, when the effects of microstructure,
Poisson’s ratio, and surface energy are all neglected
(I=v =24 =p =1,=0), Eq. (34) is reduced to the governing
differential compatibility equation of the beam on Winkler
foundation as given by Limkatanyu et al. [47].

It is noted that the goveming differential compatibility
equations of Egs. (31) and (32}, the end-boundary compatibil-
ity conditions of Eq. (33), and the sysiem constitutive relations
of Egs. (25) and (26) form a complelte set of basic equations
required for the force-based finile element formulation of the
problem as summarized in the force-based Tonti’s diagram of
Fig. 5 [46].

4, “Exact” clement stiffness matrix: reused

Due to similarity between the current problem and the one
related to the beam on Winkler-Pasternak foundation, the
“exact” element stiffness equation derived by Limkatanyu et
al. [40] can be applied and is briefly discussed herein. The
exact element stiffness matrix given by Limkatanyu et al. [40]
is formulated based on the exact element fexibility matrix via
the natural approach [48]. The matrix virtual force approach
with the exact moment interpolation functions is employed to
derive the exact element flexibility matrix. The analytical
solution to the goveming differential compatibility equation of
Eq. (34) is central to obtain the exact moment interpolation
functions. More details on the derivation of the exact element
stiffness equation can be found in Limkatanyu et al. [40] and
the element configuration of the beam element on Winkler-
Pastemnak foundation is shown in Fig. 6.

5. Numerical examples

Two numerical simulations employing the proposed model
are performed to study the characteristics and behaviors of a
beam-substrate system with inclusion of microstructure and
surface effects. The first simulation involves investigation of
the response of the beam resting on an elastic substrate. The
second simulation examines the influences of several system
parameters on contact stiffness and shows the size-dependent
effect on the system response.
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Fig. 5. Tonti’s diagram for force-based beam on elastic substrate medium with inchusion of microstructure and surface effects.

Fig. 6. Beam-Winkler Pasternak foundation element [40].

5.1 Example I

A cantilever aluminum beam resting on an elastic substrate
is subjected to a concentrated load P at its free end as shown
in Fig. 7. Geometric properties of the aluminum beam follow
those used by Gao and Mahmoud [36]. In all analysis cases,
the beam cross-section shape is rectangular with a constant
width-to-depth ratio 5/A of 2 and the beam length 1. is kept to
be 204. Bulk material and surface properties of the aluminm
beam come from those used by Liu and Rajapakse [49] and
Gao and Mahmoud [36]. The bulk modulus £ and Poisson
ratio v of the aluminum beam are 90 GPa and 0.23, respec-
tively, while its residual surface stress 7, is 0.5689 N/m and
surface elastic constants A, and g, are 3.4939 and -5.4251 N/m,
respectively. The length-scale parameter / for the bulk beam
material {aluminum) is equal to 6.58 um as given by Gao and
Mahmoud [36]. Effects of the length-scale parameter 7 on the
beam-deflection responses with different elastic-substrate
stiffnesses &, are investigated by varying the beam depth / as a
function of I Thus, the effective sectional flexural rigidity
(1) i » effective sectional shear rigidity (G4)  » and beam

Shear Layer
= . ’

Winkler Spring

Iength L are also related (o the value of L
For a reclangular beam section with width 5 and height 4,
the sectional geometric properties are:
i’ NS

A=biI=——I,=—+——8, =2b;.

35
12° 6 2 33

For convenience and generality, the following two non-
dimensional variables are defined:

(36)

The first one reflects the substrate-stiffness effect while the
second one normalizes different values of the applied load P.
In this numErical example, the value of the normalized load
parameter P is kept to be 1 while the normalized elastic-
substrate stiffness parameter & varies from 0.2 to 10.

Fig. 8 compares the beam deflection responses with differ-
ent normalized substrate-stiffness parameters ks obtained
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Fig. 8. Normalized beam deflection vs. normalized beam distance for various normalized elastic substrate stiffness.

with the proposed model and the classical beam model. The  different when the beam depth # approaches the length-scale
beam depth / is expressed in terms of the length-scale pa-
rameter / and varies from / 1o 4/. The classical beam response
is simply obtained by neglecting the microstructure (7 = 0) and
surface-energy effects (4, = u, =7, =0). It is clear from Fig.
§ that when compared to the classical beam model, accounting
for the microstructure and surface-energy effects consistently
results in a stiffer beam-clastic substrate system. Fig. 8 also
indicates that the beam deflection responses obtained with the
proposed model and the classical beam model are significantly

parameter / (h=1=6.58 um ). However, this difference in the
beam deflection responses decreases when the beam depth
gets larger (h=41=2632 um), especially with a stiff elastic
substrate medium. Thus, the microstructure and surface-
energy effects become dominant when the beam depth ap-
proaches the value of the malerial length-scale parameter,
especially with a weak elastic substrate medium. This finding
is in good agreement with that numerically observed by Park
and Gao [4] and Gao and Mahmoud [36] and experimentally
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observed by McFarland and Colton [50].

5.2 Example I

Sensitivity of the model parameters on contact stiffness is
investigated by performing parametric studies of the cantilever
beam-substrate system in Fig. 7. The same beam bulk material
and surface properties of the aluminum beam are employed in
this example. The width-to-depth ratio b/k is kept at 2 for all
analysis cases. Model parameters investigated herein include
the beam depth, the beam length, and the substrate stiffness.
The slenderness ratio L/ is used to define the beam-depth and
beam-length effects. The substrale-stiffness effect is studied
by varying the normalived elastic-substrate stiffness parameter
ks from 0.2 to 50. Sensitivity analysis of model parameters on
the contact stiffness is performed to measure essence of the
microstructure and surface effects on the system response.
Following the definition by Khajeansari et al. [38] and Jiang
and Yan [51], the contact stiffness of a beam-substrate system
is simply defined as:

gend = Feons. 37
Uena
where P,, and u,, are the imposed force and the induced

displacement at an end point, respectively.

In this study, two types of normalized contact stiffness are
defined and used to assess the essence of the microstructure
and surface effects on the system contact stiffness. The first
normalized contact stiffness is used to represent the attribution
of the microstructure effect and is defined as:

end

7 KMicm Sur

K&ﬂm =i Kgf (38)
where Kf,,’j‘j,oi s is the contact stiffness accounting for both
the microstructure and surface effect; and K2 is the contact
stiffness accounting for only the surface effect The second
normmalized contact stiffness is employed to represent the as-
cription of the surface effect and is defined as:

end

Kswr = —K"“‘:;—S'" 39)

KMicrn
where K2, is the conlact sliffness accounting for only the
microstructure effect.

Figs. 9(a) and (b) shows influences of the beam length 7. on
the normalized microstructure contact stiffness Kaisiero and
the normalized surface contact stiffness K s for beams rest-
ing on substrate media with different normalized substrate-
stiffness parameter k. , respectively. The beam length L is
varied by changing the slendemess ratio 7/A from 5 to 40
while the beam depth 4 is retained equal to the microstructure
length-scale parameter /=6.58 um . Fig. 9(a) illustrates that
the beam length 7. has a significant effect on the normalized
microstructure contact stiffniess K e, especially for lower

logy 28 (9) (2014} 3653~3665
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Fig. 9. Variation of normalized stiffness Kitiro and Ksur with Lk
for various normalized elastic substrate stiffness.

values of normalized substrate-stiffness parameters. Thus, it
can be deduced that the shorter the beam is and the sofier the
elastic substrate medium is, the larger the normalized micro-
structure contact stiffness K usicro will be. Fig. 9(b) shows that
the beam length L practically has no effect on the normalized
surface contact stiffness K, . Thus, it can be deduced that
for these particular values of model parameters, influences of
the microstructure effect are more pronounced than those of
the surface effect. Furthermore, it is worth remarking that the
surface effect would become more pronounced when the sys-
tem dimension is in the order of nanometer. However, the
system dimension investigated in this study is governed by the
microstructure length-scale parameter ! =6.58 pm . Thus, the
system dimension is in the order of micrometer.

Figs. 10(a) and (b) shows influences of the beam depth /2 on
the normalized microstructure contact stiffness Knnero and
the normalized surface contact stiffness K s~ for beams rest-
ing on substrate media with different normalized substrate-
stiffness parameter k,, respectively. The beam depth 4 is
expressed in terms of the microstructure length-scale parame-
ter [ while the beam length L is retained at 25 4. Fig. 10(a)
shows that the microstructure size effect is significant when
the beam depth 4 approaches the microstructure length-scale
parameter /, especially for lower values of substrate-stiffness
parameters and diminishes when the beam depth A approaches
a threshold value around 6/, Similar to the observation for Fig,
9(b), Fig. 10(b) indicates that the beam depth & has no effect
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on the normalized surface contact stiffness X s . However,
this aspect is worth revisiting when the system dimension is in
the range of nanoscale.

Based on those observations from Figs. 9 and 10, it can be
deduced that microstructure effect is relatively more influen-
tial than surface effect for the range of model parameters in-
vestigated herein,

6. Summary and conclusions

In this paper, the micro-scale and surface effects on flexural
responses of micro-sized beams on elaslic substrate media is
investigated. The microstructure effect of the beam bulk is
introduced through the modified couple stress theory while the
surface energy of the surface layer is included using the Gur-
tin-Murdoch surface theory. Winkler foundation model is
employed (o represent the interaction mechanism between the
beam and the surrounding substrate medium. The governing
differential equilibrium equation of the problem and its asso-
cialed natural boundary conditions are consistently derived
from the virtual displacement principle. The dual set of the
governing differential compatibility equations to the problem
and its associated essential boundary conditions are also con-
sistently obtained using the virual force principle. Sectional
force-deformation relations that include the effects of micro-
structure, Poisson’s ratio, and surface energy are established.

Similarity between the current problem and the one related to
the beam on Winkler-Pasternak foundation is observed. Con-
sequently, the “natural” Winkler-Pasternak-based beam ele-
ment previously proposed by the authors can be reused to
study the problem of beams resting ¢n elastic substrate media
with inclusion of microstructure and surface effects. Two nu-
merical simulations are performed to study characteristics and
behaviors of the micro-sized beam-substrate system.

The first simulation indicates that accounting for the micro-
structure and surface-energy effects consistently results in a
stiffer beam-elastic substrate sysiem in the same way as in-
creasing the beam flexural rigidity when compared to the clas-
sical beam model. The beam deflection responses obtained
with the proposed model and the classical beam model are
significantly different when the beam depth /2 approaches the
length-scale parameter / (h=17=6.58 um ). However, this
difference in the beam deflection responses decreases when
the beam depth gets larger (& =4I=26.32 um ), especially
with a stiff elastic substrate medium.

The second simulation points out that influences of the mi-
crostructure effect are more pronounced than those of the sur-
face effect when the system dimension is in the order of mi-
crometer. A stiff elastic substrate medium tends to diminish
the size-dependent characteristic of the beam-substrate me-
dium system.

One next step in this research direction is to include nonlin-
earities into both the beam and the substrate medium. It is
anticipated that the beam-substrate medium element devel-
oped herein will be useful to scientists and engineers working
in the area of nanoscience and nanoengineering.
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Abstract A force-based beam-elastic substrate model
incorporating nonlocal elasticity and surface energy effects is
developed. The nonlocal elasticity theory is used to capture
the nanosized-dependent effect of the beam bulk material
while Gurtin-Murdoch surface theory is used to account
for the surface energy-dependent size effect. Interaction
mechanism between the beam and the surrounding substrate
medium is represented by the Winkler-like model. Similarity
between the current system and the beam-Winkler-Pasternak
foundation system is observed. Consequently, the beam-
Winkler-Pasternak foundation element previously proposed
by the first two authors can be employed to perform three
numerical simulations to investigate the characteristics and
behaviors of a beam-substrate system with inclusion of non-
local elasticity and surface effects.

Keywords Beam elements - Winkler—Pasternak founda-
tion - Force-based formulation - Virtual work principle -
Nanobeam - Nonlocal elasticity - Surface elasticity

1 Introduction

Owing to exceptional thermal, electrical, chemical, and
mechanical properties of nanosized structures as well as
their wide spectrum of novel applications [1], many scientists
and engineers worldwide have comprehensively conducted
both experimental and analytical research works on nano-
sized structures. Unfortunately, there are extreme difficulties
in carrying out experiments at nanolevel and high compu-
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tational costs of atomic studies using atomistic models [2].
Therefore, several types of structural elements are widely
employed as an attractive alternative to characterize the nano-
sized structural response due to good compromise between
mode] accuracy and model efficiency. However, conventional
structural elements formulated based on the classical contin-
uum mechanics theory have not accounted for small-scale
effect and size-dependent effect inherent to nanosized struc-
tures. Long-range inter-atomic interactions are responsible
for the small-scale effect, while energy associated with the
atoms at the free surface of the nanosized structure is respon-
sible for the size-dependent effect. To take into account these
two effects, two nonclassical elaslicity theories, viz. the non-
local elasticity theory and the surface elasticity theory, are
incorporated into the classical continuum mechanics theory.

‘When structural dimensions are on the order of a nanome-
ter, the long-range inter-atomic interactions (nonlocality)
associated with the discrete nature of matter become essen-
tial [3]. This lies in the fact that the structural dimensions
at nanoscale are comparable to their inter-atomic distances,
thus inducing a nonlocal response of the beam bulk material.
Several researchers have recognized this small-scale effect
and proposed various constitutive models containing infor-
mation about inter-atomic forces (long-range interaction) and
the material length-scale parameter [4-10], Chief among oth-
ers is nonlocal elasticity theory proposed by Eringen [7-9]
and Eringen and Edelen [10]. The essence of this theory is
in its affirmation that the stress state at a reference point is
regarded as being computed from the strain state of all other
points throughout the elastic body, and not just at a particular
point like that used in the classical elasticity theory. Inter-
atomic forces and atomic length scale are considered in the
material constitutive relation as nonlocal model parameters.

With the size of a structure approaching a nanoscale
regime, the energy corresponding to atoms at the free sur-

) Springer
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face becomes different from that associated with atoms in
the beam bulk material. Thus, the excess energy associ-
ated with surface atoms, known as “surface free energy,”
could no longer be neglected in comparison with the bulk
energy as that in the classical continuum mechanics the-
ory due to high surface-to-volume ratio [11]. The earliest
research work on the concept of surface phenomenon was
conducted by Gibbs [12] within the framework of thermo-
dynamics. A comprehensive literature survey on Gibbsian
formulation of the thermodynamics of surfaces can be found
in Cammarata [13,14] and Fischer et al. [15]. To incorpo-
rate the concept of surface phenomenon into the classical
continuum mechanics theory, Gurtin and Murdoch [16,17]
proposed the surface elasticity theory. This continuum-based
surface elasticity model commonly known as the Gurtin—
Murdoch surface elasticity model is widely used to account
for the influence of surface free energy on the mechanical
behavior of nanosized structures.

Nanobeams have gained their popularity due to their
exceptional  electrical, mechanical, and thermal
performances, thus drawing considerable interests in
nanoscience and nanoengineering. A wide spectrum of
nanobeam applications has appeared in micro/nanoelectro-
mechanical systems (M/NEMS), biosensors, optoelectron-
ics, and biotechnology [18-22]. For example, Cui et al.
[18] formulated silicon nanowires model for nanoelec-
tronic devices; Wang and Song [19] converted nanoscale
mechanical energy into electrical energy by means of
piezoelectric zinc oxide nanowire arrays; Feng et al. [20]
demonstrated very high frequency nanomechanical res-
onators based on single-crystal silicon nanowires; Shaat and
Abdelkefi [21] studied the pull-in instability behavior of
actuated nanobeams made from nanocrystalline silicon (Nc-
Si); and Gupta et al. [22] developed cantilever beam-based
model for biosensor with inclusion of novel microfabri-
cation technique of merged epitaxial lateral overgrowth
and chemical mechanical polishing, Furthermore, several
researchers have formulated various nanobeam models with
inclusion of small-scale and surface energy effects to inves-
tigate bending, buckling, vibration, and wave propagation
of nanosized structures. For example, Peddieson et al. [23]
incorporated the nonlocal elasticity theory into the Euler—
Bernoulli beam model to study the small-scale effect on the
bending behavior of nanobeams; He and Lilley [24] inte-
grated Gurtin-Murdoch surface model with Euler-Bernoulli
beam model to study surface effect on the bending behavior
of nanowires; Reddy [25] formulated several nonlocal beam
models in conjunction with various beam theories to investi-
gate the nonlocal effect on beam deflections, buckling loads,
and natural frequencies; Jiang and Yan [26] modified the
nanowire model of He and Lilley [24] using Timoshenko
beam theory to account for shear deformation; Liu et al,
[27] combined the elastica theory with the Gurtin-Murdoch

&) springer

surface model to perform large-displacement analyses of
nanowires with inclusion of the surface effect; Alshorbagy et
al. [28] formulated a finite beam element based on the nonlo-
cal elasticity theory and later Mahmoud et al. [29] enhanced
this beam element by incorporating the Gurtin—Murdoch sur-
face effect into the element.

In nanocomposites, nanobeams are frequently embedded
in a metal matrix or a polymer to serve as reinforcing com-
ponents. Furthermore, they are usually integrated into larger
structures through substrate media in nanoscale mechanical
devices and systems. Therefore, profound understanding of
the interaction mechanism between the beam and the sur-
rounding substrate media is necessary for controlling the
performance and characterizing the response of nanobeam-
elastic substrate systems. Recently, several researchers have
turned their attention to the problem of nanosized beams
resting on elastic substrate media. For example, Xiao et
al. [30] analytically studied buckling of carbon nanotubes
(CNTs) resting on elastomeric substrates; Zhang and Zhao
[31] formulated a nanowire model lying on an adhesive
receding contact foundation; Khajeansari et al. [32] con-
ducted parametric studies of silver nanowires resting on
Winkler—Pasternak elastic substrate media using an analyt-
ical solution to the problem; Malekzadeh and Shojaee [33]
assessed surface and nonlocal effects on nonlinear free vibra-
tion of nanowires supported by an elastic medium using both
Euler-Bemoulli beam theory and Timoshenko beam theory;
Zhao et al. [34] performed buckling analysis of a nanowire
resting on Winkler—Pasternak substrate medium using the
Timoshenko beam theory.

The main objective of this research work is to develop
an exact beam-elastic substrate model considering the small-
scale and surface effects within the framework of the force-
based beam formulation. The proposed beam element is
naturally extended from the beam-Winkler—Pasternak foun-
dation model developed by Limkatanyu et al. [35] and the
beam-elastic substrate model incorporating the microstruc-
ture and surface effects proposed by Limkatanyu et al. [36].
The nonlocal elasticity theory (Eringen [7-9] and Eringen
and Edelen [10]) is used to account for the small-scale effect
of the bulk beamn material while the Gurtin-Murdoch surface
theory (Gurtin and Murdoch [16,17]) is employed to charac-
terize the beam surface layer. The effect of the surrounding
substrate media on beams is described by the Winkler-like
maodel [37].

The content of this paper is as follows: Sectional force—
deformation relations accounting for the nonlocal and surface
effects are firstly presented. Then, virtual displacement and
virtual force principles are employed to consistently derive
the governing differential equilibrium and compatibility
equations of the problem, respectively. Both natural and
essential boundary conditions of the problem are obtained
as well. Similarity between the current problem and the
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one related to the beam on Winkler—Pasternak foundation is
recognized. As a result, the so-called natural beam-Winkler—
Pasternak foundation element formulated by Limkatanyu et
al. [35] can be modified to study the problem of beams resting
on elastic substrate media with inclusion of nonlocal elastic-
ity and surface energy effects. Finally, three simulation cases
are performed to investigate the nanoscale and surface effects
on flexural responses of nanosized beams resting on elastic
substrate media.

2 Sectional Force—Deformation Relations:
Nonlocal Beams on Elastic Substrate Media with
Inclusion of Surface Energy Effect

2.1 Local Beam-Section Constitutive Model with
Inclusion of Surface Energy Effect

In this paper, the rectangular beam section is considered to be
composed of a solid core and an outer surface shell perfectly
bonded to its core, as shown in Fig. 1. Following Gao et al.
[38], the Poisson effect on the beam-section response is nat-
urally accounted for when the three-dimensional constitutive
relation between symmetric stress tensor oj; and infinitesi-
mal strain tensor &; is employed:

Ev

TU+wa-2 M

vy + E ya
u RESoR

Ekkdij
where E and v are the Young's modulus and the Poisson’s
ratio, respectively, and §;; is the Kronecker delta. Based on
the planar Euler-Bernoulli beam theory, Limkatanyu et al.
[36] shows that the nonzero components of the stress tensor
ojj can be written in terms of the beam-section curvature
Kk (x) = d?v (x) /dx? as:
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where y represents a distance from the reference axis x and
v (x) defines the beam vertical displacement.

Toaccount for surface effect on the beam-section response,
the Gurtin—-Murdoch continuum model (Gurtin and Murdoch

Surface Layer

by

Fig. 1 Rectangular beam cross section: beam bulk and surface layer

[16,17]) is employed. Following the derivation by Gao and
Mahmoud [38], the two components of nonvanishing surface
stress tensor are given as:

Tap = [0+ (o +70) y.y | dap+ 1o (ua,p +up.a)
—Tolg.a
Tha = TOMn,a l4)

where T, is the in-plane component of the surface stress ten-
S0T; Tng is the out-of-plane component of the surface stress
tensor; u is the surface layer deformation; g is the resid-
val surface stress under unconstrained conditions; pg and
Ao are the surface elastic constants. It is noted that, due
o the residual surface stress, the finite change in surface
area should be considered up to second-order products of
strains/displacement gradients as pointed out by Ru [39] and
Shaat et al. [40]. Following Limkatanyu et al. [36] and Gao
and Mahmoud [38], the constitutive relations of surface layer
of the rectangular cross-sectional beam can be expressed in
terms of the beam-section curvature k (x) = d?v (x) /dx?
and the beam-section rotation y (x) = dv (x) /dx as:

Tex (X, Y)—to=—VE; , (x) and 1ny (x) =Tonyy (X)
(5)

where T.; (x, y)is the in-plane component of the surface
stress tensor; Tny (x) is the oul-of-plane component of the
surface stress tensor; Ej, is surface elastic constant and
can be obtained via atomistic simulations [41]; and n,is the
y-component of the unit outward normal vector to the beam-
section lateral surface. It is worth pointing out that for the
planar Euler-Bernoulli beam theory, the out-of-plane shear
stress component on the two lateral surfaces of a beam can
be omitted. More details of this issue can be found in Gao
[42] and Gao et al. [43].

Imposing the beam-section equilibrium conditions and

employing the beam bulk and surface constitutive relations
of Eqgs. (2) and (5), the beam-section constitutive relations
are:
M (x) = (IE)er i (x) and Vi, (x) = (GA)yy (x) (6)
where M (x) and V;, , (x) are the beam-section moment and
surface shear force, respectively, and the effective sectional
flexural rigidity (/E)¢r and the effective sectional shear rigid-
ity (G A)y are defined as:

_ _IE(—-v) -
B = s Gy + Eiele and (G AV
= 18p @)

with | = ﬂ:‘ ysz being the second moment area; Ip =
fr y2dI" being the second moment perimeter; and Sp =
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$r-n2dT. It is worth remarking that the effective sectional
flexural rigidity (/E).r in Eq. (7) also considers the effect of
Poisson’s ratio in addition to the surface energy effect.

2.2 Nonlocal Beam-Section Constitutive Model with
Inclusion of Poisson and Surface Energy Effects

In contrast to the classical elasticity theory, nonlocality in
the nonlocal elasticity theory implies that the stress field
at a generic point x in an elastic body is not only a func-
tion of strain at that point but also a function of strains at
other points throughout the body [9]. Based on a nonlocal
elasticity theory proposed by Eringin [7-9], the constitutive
relation between nonlocal stress tensor and local stress tensor
of Eq. (1) can be written as:

_ Ev

T (14 (1=2v)
E

a+vH

[I — (ega)? V’] tj = oy EkkBij

(8)

where (epa) represents the nonlocal scale parameter and can
be obtained from correlation between the model results and
analytical or experimental results; V2 is the Laplacian oper-
ator; and f;; is the nonlocal stress tensor.

Following a similar derivation performed by Peddieson et
al. [23] and Lu et al. [44], the bending constitutive model for
nonlocal beam-section with inclusion of Poisson and surface
effects is:

M) MM (x)  (ea)? MM (x)
UE)er  (E)eyr  (E)ey dx?

&)

K(x) =

where M (x) represents the local bending moment associated
with the local stress tensor o;; while MNL (x) represents
the nonlocal bending moment corresponding to the nonlocal
stress tensor &,

It can be observed that the nonlocal constitutive rela-
tion of Eq. (9) nicely separates the beam-section curvature
and beam-section nonlocal moment on each side of the
equation. This feature is well suited to the proposed model
derived based on the force interpolation function which is
not available in the displacement-based model. Furthermore,
the beam-section curvature k (x) is expressed in terms of
the nonlocal bending moment MM (x). This is an essential
feature when the virtual force principle is collaborated with
the nonlocal elasticity theory to formulate the nonlocal beam
model as presented in the present paper.

2.3 Elastic Substrate Medium

In this paper, interaction between the beam and underlying
elastic substrate medium is represented by the Winkler foun-

4) springer

dation model [37]. Following the Winkler-like model, the
elastic substrate medium is replaced by a set of continuously
distributed noninterconnected elastic substrate springs. The
constitutive relation of the elastic substrate spring is:

Dy (x) = ks Ay (x) (10)

where k; is the elastic substrate modulus known as subgrade
reaction coefficient [45]; D; (x) is the elastic substrate force;
and A, (x) is the elastic substrate deformation and is equal to
the beam transverse displacement v (x) following the Win-
kler foundation hypothesis [37].

3 Governing Differential Equations of Nonlocal
Beams on Elastic Substrate Media with Inclusion
of Surface Energy Effect

3.1 Differential Equilibrium Equation: The Virtual
Displacement Approach

In this paper, the virtual displacement principle is used to
consistently work out the governing differential equilibrium
equation as well as natural boundary conditions of a nonlocal
beam resting on elastic substrate medium with inclusion of
surface effect as shown in Fig. 2. The virtual displacement
equation reads:

W =Wy +dWey =0 (1)

where §W is the system total virtual work; and 8 Wiy and
8Wex: are the system internal and external virtual work
expressions, respectively, and can be written as (Limkatanyu
et al. [35,36]):

§Wint = [ M (x)5k (x) dx + / Vo, )8y () dx
L L

+ f D, (x) 84, (x) dx (12)
L
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Fig. 2 Nonlocal beam on elastic sub dium with inclusion of
surface effect
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Wext = —fpy (x) 8u (x)dx — SUTP (13)
L

where py (x) is the transverse distributed load; the vector P =
{ Py P, Py Py }T contains shear forces and moments acting
at element ends; and the vector U = {U; Uz Uz Us }T con-
tains their conjogate work displacements and rotations.

Imposing the beam and elastic substrate compatibility
conditions, the virtual work expression of Eq. (10) can be
rewritten as:

d2s ds
fM[x) d‘;ix)dx+fv,-“ x) ;;")dx
L

L

+/ Dy (x) Sv (x)dx — f py (x) v (x)dx — suTP =0
L L
(14)
Following the derivation by Limkatanyu et al. [35], the
governing differential equilibrium eguation of the beam-
elastic substrate system is obtained as:
&M (x) dVy, (x)
] —: ZT + Dy(x) — py(x)
=0: forxe(0,L) (15)

The end-boundary force conditions (natural boundary
conditions) are also obtained as:

dM
P = - (— dx") + Vi, (x)) iPy=—(M(X)_y;
el

dMm
P3 = (— dx(x) + Ve (x)) s Pa=(M(x),_, (16)

It can be observed that the governing differential equi-
librium equation of Eq. (15) and the end-force conditions
of Eq. (16) are the same as those obtained by Limkatanyu
et al. [36] for local beams on elastic substrate media with
inclusion of microstructure and surface effects. This is to be
expected since the system constitutive relations of Egs. (6, 9),
and (10) have not been employed so far. Thus, the governing
differential equilibrium equation and the end-force condi-
tions derived herein are valid for beams on elastic substrate
media with inclusion of surface effects regardless of the beam
bulk material models (e.g., classical elastic model, modified
couple stress model, nonlocal model, etc.).

z=L

3.2 Differential Compatibility Equations and End
Compatibility Conditions: The Virtual Force
Principle

As an alternative way to express the system compatibil-
ity equations, the virtual force principle is employed to

consistently derive the governing differential compatibility
equations as well as end-boundary compatibility conditions
of a nonlocal beam resting on elastic substrate medium with
inclusion of surface effect.

The virtual force equation reads:

SW* = W, + W5, =0 an

where § W* is the system total complementary virtual work;
and W7 and §W[, are the system internal and external
complementary virtual work expressions, respectively, and
can be written as (Limkatanyu et al. [35,36]):

W, =fa.w (x)x{x)dx+fm, (%) Ag (x)dx

L L
+fav," (x) y (x)dx (18)
L
Wi, = —fap, (x) v (x)dx — 6PTU (19
L

Following the procedure employed by Limkatanyu et al.
[35], enforcing the governing differential equilibrium of
Eq. (15) to eliminate the elastic substrate force D, (x) and
its virtual counterpart 8 Dy (x), and impaosing the system con-
stitutive relations of Eqgs. (6), (9), and (10), the governing
differential compatibility equations of the beam-section cur-
vature and beam-section rotation are obtained as:

2 p s NL
(MNT— (x) — (206)2 M)

(1 E)egy dx?

| (d*MN (x)  dPpy(x) BV, (%)

E( dx* dx? | dxd )
=0: forxe(0,L) (20)
Vi 1) 1 (MM (x)  dp,(x) ¥V, (x)
(GA)er F( @ Tdx ax? )
=0: forxe(0,L) 21

The end-boundary compatibility conditions (essential
boundary conditions) are also obtained as:

1 (d2 MNL(x)  dVy, {x))
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It is essential to point out that the governing differen-
tial compatibility equations of Egs. (20) and (21) as well
as the end-boundary compatibility conditions of Eq. (22)
are expressed in terms of the nonlocal moment MM (x).
This feature is an important aspect in the nonlocal elasticity
since the natural (force) boundary conditions are needed to be
expressed in terms of nonlocal resultant forces as remarked
by Ma et al. [46] and Shaat [47].

To combine the governing differential compatibility equa-
tions of Eqgs. (20) and (21) into a single expression, the
following relation between the first derivative of the surface
shear force Vy,, (x) and nonlocal bending moment M™"(x)
is needed:

dVy,, (x)
dx

dy (x)
dx

(M”L (x) — (eoa)

= (G""):ff

_ (GA

4 d'ZMNL (I))
(1 E)err

FT;
(23)

Employing Eq. (23), the governing differential compati-
bility equations of Egs. (20) and (21) can be written together
in a single expression as:

¢t ML 42 MNL
S A M ) = =
d?py (x)
- 13%{ . forxe(O,L) @4)
where

A= ks 3
(I E)er + (e0@)? (GA)esr
(G + (e0a)* ks
(I E)er + (e9a)? (GA)esr
(1 E)eiy
}.3 = 3
(I Edegr + (e0a)? (GA)err

It is noted that the governing differential compatibility
equation of Eq. (24) is in the same form as that obtained
by Limkatanyu et al. [35] for beams on Winkler-Pasternak
foundation. Consequently, the current problem and the prob-
lem of beams on Winkler-Pasternak foundation are closely

2 g

related. Furthermore, when the effects of nonlocality, Pois-
son’s ratio, and surface energy are all neglected ((epa) =
v = Ej =1 = 0), Eq. (24) is reduced to the governing
differential compatibility equation of the beam on Winkler
foundation as given by Limkatanyu et al. [48].

4 “Exact” Element Stiffness Matrix: Natural
Approach

As mentioned earlier, the current problem and the one related
to the beam on Winkler—Pasternak foundation are similar,
Therefore, the three cases for the homogeneous solution
given in Limkatanyu et al. [35] are applicable to Eq. (24). For
the sake of completeness, it is worth repeating them here:

MNE (x) = ¢) cosh ax cos Bx + ¢; sinhax cos fx }
+ ¢3 coshax sin Bx + ¢4 sinh ax sin Bx
for ky < 2J/A (25)
MNE(x) = qem‘ + czxem_"
+ c3e VRE 4 oyxe— VRIX ] for Az =241
(26)

MNE (x) = ¢ cosh @x cosh Bx + 3 sinh @x cosh fx
+ ¢3 cosh ax sinh Sx + ¢4 sinh ax sinh fx

for Az > 2J/A1 (b))

where the auxiliary variables & and 8 are defined as:

VA A Vi ke
e=ya tT WA=

and ¢j, ¢z, ¢3, and ¢4 are constants of integration to be
determined by imposing the following force boundary con-

ditions:

(28)

dm™N- ] NL
—|—=—-Vi.| =Py -MN©=py;
[ dx x=0 I
NL
[d‘:x —v,,,] =Py MN(L)= P, (29)
x=L

The analytical solution to the governing differential com-
patibility equation of Eq. (24) is central to derive the exact
moment interpolation functions, The matrix virtual force
approach with the exact moment interpolation functions is
employed to derive the exact element flexibility matrix, thus
resulting in the exact element stiffness matrix via the natural
approach (Argyris and Kelsey [49]). Following the afore-
mentioned procedure, Limkatanyu et al, [35] formulated
the exact beam-Winkler—Pasternak foundation element and
subsequently applied this beam-foundation element to the
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problem of beams on elastic substrate media with inclusion
of microstructure and surface effects (Limkatanyu et al. [36]).

In this paper, the exact beam-Winkler-Pasternak foun-
dation element developed by Limkatanyu et al. [35] is
cooperated with the nonlocal elasticity theory and the sur-
face elasticity theory to account for the small-scale effect and
size-dependent effect inherent to nanosized structures. The
natural approach to construct the exact stiffness equation for
nonlocal beams on elastic substrate media with inclusion of
surface effect is presented as follows:

The boundary conditions of Eq. (29) need to be imposed
to construct the exact force interpolation functions. However,
first and third boundary conditions of Eq. (29) need the rela-
tion between Vy,, (x) and MNL {x) since the nonlocal beam-
section bending moment M (x) is the only variable field in
the governing differential compatibility equation of Eq. (24).
Following the procedure presented in Limkatanyu et al, [35],
the surface shear force V,, (x) can be written in terms of the
nonlocal beam-section bending moment MNL (x) as:

Vi (1) =

(G Aeir) ((Gﬁa:r) (dM“L (x)

ks \ (I Eem) dx
NL 34 NL

M (x))_d M (x)) 30)

d:!
2
—(epa)” —— 3

Enforcing the force boundary conditions of Eq. (29) with

the help of Eq. (30), the moment interpolation relation can
be written as:
MN" (x) = Ngg (1) P @31
whereNgg (x)= |_Nssl (x) Ngp2(x) Nga3(x) Ngpa (I)J
is an array containing the moment interpolation functions.
The expression of each moment interpolation function for
each solution case is given in Appendix “Exact moment inter-
polation functions”. Enforcing the expression of Eq. (30)
and differential equilibrium equation of Eq. (15), the surface
shear force V;,, (x) and elastic substrate force D, (x) can be
written in terms of P as:

Ve, (x) =Ny, 5 (x)P
D5 (x) =Np,p (x)P

(32)
(33)

where Ny, g (x) and Np, g (x) are arrays containing the
surface shear force and elastic substrate force interpolation
functions, respectively, and can be expressed in terms of
N BB (X ) as:

GAg GA dN
N sy u)(( eﬁ)( 5 (x)

ks (1 Eefr) dx

&N &N
~ (e0a)? ﬁ(:))_ diﬂ(x)) 34)

4105
_ (GAer) . ,d’Ngg (x))
Np,g (x) = (T Ea) (Nu () = (e0@)” — 3
2
_ d'Ngp (x) 35)

dx?

Applying the virtual force expression of Eq. (17), sub-
stituting Egs. (31, 32), and (33), and accounting for the
arbitrariness of 4P yield the following element flexibility
equation:

FP=U+4U Py (36)
where F is the element flexibility matrix, defined as:
F=Fpp +Fv,_v,. +Fn,n, —Fis @7

whereFgp, Fy, v, .Fp,p,, and Fg';, are the beam, residual
surface stress, elastic substrate, and nonlocal contributions to
the element flexibility matrix, respectively.

1
- Y Y (L
Fun = [ N""(uscn))N”d"
L
T 1
B Vs = | Nvu 8\ (Ga )WV B
L

1
Fp,p, = fN};,s (;)Nn,si*
5
L

NL r [ (e0a)* \d&*Ngp
Fas =fN”((fEen)) Fro

L

(38)

It is observed that unlike the expressions of the beam Fg g,
residual surface stress Fp,“ Vi ? and elastic substrate Fp, p,
flexibility matrices, the nonlocal flexibility matrix Fﬁlé does
not possess a symmetric congruential-transformation form.
Therefore, the resulting flexibility matrix F is unsymmet-
ric. This is in opposition to the element flexibility matrix
derived by Limkatanyu et al. [50] for a nonlocal bar embed-
ded in elastic foundation medium. Even though the nonlocal
contribution to the element flexibility matrix for a nonlo-
cal bar embedded in elastic foundation medium has also
an unsymmetric congruential-transformation form, its result-
ing nonlocal flexibility matrix is still symmetric due to the
invariant nature of its exact force shape functions to the
differentiation, thus rendering the total flexibility matrix
symmetric. Furthermore, it is worth pointing out that the
Poisson’s ratio and surface effects are included into the
proposed beam-elastic substrate model at the section level
through the beam-section rigidities ((/ Eex) and (G Aex))
while the nonlocal effect is incorporated into the proposed
beam-elastic substrate model at the element level through the

nonlocal flexibility matrix F’;k..
4) Springer
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Fig. 3 Beam-elastic substrate element

For the beam-elastic substrate system, it is feasible to
derive the complete element stiffness equation simply by
inverting the element flexibility equation of Eq. (36). This
lies in the fact that the system does not encounter any rigid
body motion due to the presence of the underlying elastic
substrate medium. Consequently, the element stiffness equa-
tion can be derived from Eq. (36) as:

P=KyU+ P:f (39)

where Ky = F~! denotes the complete element stiffness
matrix and P;"f = KyUp, denotes the fixed-end force vector
due to py (x). It is worth mentioning that the subscript N
stands for “Natural”. This is due to the fact that the approach
employed herein to obtain the element stiffness matrix is
known as the natural approach [49]. Furthermore, it should
be noted that even though the resulting flexibility matrix F of
the proposed beam-elastic substrate model is unsymmetric,
its inversion can be computed efficiently with the computer
software Mathematica [51]. This is based on the fact that
any square matrix can be decomposed into symmetric and
antisymmetric matrices.

Figure 3 shows the configuration of the natural nonlocal
beam element on an elastic substrate medium with inclusion
of surface effect.

Fig. 4 Cantilever nanobeam on
elastic substrate medium

v (%)

5 Numerical Examples

The cantilever beam-foundation system shown in Fig. 4 is
employed in this paper to study the characteristics and behav-
iors of a silver nanobeam resting on an elastic substrate
medium. Influences of several system parameters on contact
stiffness and the size-dependent effect on the system response
are also investigated. The beam cross section is rectangu-
lar with a constant depth-to-width ratio h/b of 2. Material
and surface properties of the silver nanobeam come from
those used by He and Lilley [24]. The bulk modulus E, . and
Poisson ratio v of the silver nanobeam are 76 and 0.37 GPa,
respectively, while its residual surface stress 1y and elastic
surface modulus E3 are 0.89 and 1.22 nN/nm, respectively.
These surface properties correspond to the crystallographic
direction of [001] as reported by Shenoy [52]. The nonlocal
scale parameter, taken as (ega) = 200 nm, corresponds to the
one used by Yang and Lim [53]. These beam bulk material
and surface properties of the silver nanobeam are employed
in all subsequent simulation cases.

For a rectangular beam section with width b and height k,
the sectional geometric properties are:

3 3 b1
=Y s

A=bﬁ;f=ﬁ;fp 6 3

(40)

For convenience and generality, the following two dimen-
sionless variables are defined:

_pL?
(1 E)er

T ks LA =
P B

1)

The first reflects the substrate stiffness effect while the
second normalizes different values of the applied load P. The
value of the normalized load parameter P = PL2/ (1 E) ot
is set to be 1 for all simulation cases.

PSS

- i
Srranrrraaraara oule A

b=h/2
L=20h |

Beam: (Silver)

I Beam Section

E =76 GPa;v=037

Nonlocal-Scale Parameter: (e,a) =200 nm

Surface Layer:

Beam-Section Properties:

4] springer

E. =122nN/nn; t,=0.89 nN / nm;
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Fig. 5 Normalized beam-end displacements with various normalized
substrate stiffness parameters kg

5.1 Simulation Case I: Effects of Elastic Substrate
Stiffness

The effects of elastic substrate stiffness on the nanobeam-
substrate responses are investigated in this simulation case.
The beam length L and beam height h are kept at 1000 and
50, respectively. Different elastic substrate stiffnesses k; are
obtained by varying the normalized elastic substrate stiffness
parameter k; from 1 to 100.

Figure 5 compares the beam-end displacements with var-
ious normalized substrate stiffness parameters ks computed
from the classical beam model and the proposed beam model.
The classical beam response is computed merely by neglect-
ing the nonlocal ((ega) = 0) and surface (E}, = 10 = 0)
effects. Clearly, Fig. 5 indicates that considering the nonlocal
and surface effects consistently leads to a stiffer beam-elastic
substrate system. However, Fig. 5 also shows that beam-
end displacements obtained with the proposed beam model
asymptotically approach those obtained with the classical
beam model when the elastic substrate medium becomes
stiffer. Thus, a stiff elastic substrate medium can diminish
the nonlocal and surface effects.

5.2 Simulation Case I1: Bending Responses of
Beam-Elastic Substrate Systems

In this simulation case, different bending responses of beam-
elastic substrate systems with inclusion of nonlocal and/or
surface effects are presented. The beam length L and beam
height & are 1000 and 50nm, respectively. To magnify the
nonlocal and surface effects, a relatively soft elastic substrate
medium (k; = 1) is selected. The result is in accordance with
observation made in Simulation Case I.

Figure 6 compares the beam deflection responses of beam-
elastic substrate systems with inclusion of nonlocal and/or
surface effects. The beam deflection response obtained with
the classical beam model is also superimposed in the same

—— Classical Beam Model
8 | - & Proposed Beam Model with Surface Effect
—8— Proposed Beam Model with Nonlocal Effect

Normalized Beam Deflection (v/li)

—8— Proposed Beam Model with Nonlocal and Surface | |
Effects !

0 5 10 15 20
Nermalized Beam Distance (x/)

Fig. 6 Normalized beam deflection versus normalized beam distance

diagram. It is clear from the figure that either accounting for
the nonlocal or the surface effects results in a stiffer beam
bending response when compared to the classical beam bend-
ing response. Figure 6 also points out that for a set of system
parameters given in this simulation case, the influence of
beam nonlocality is slightly less than that of surface elastic-
ity.

5.3 Simulation Case ITI: Comparative Study of Nonlocal
and Surface Energy Effects

In this simulation case, comparison between nonlocal and
surface effects on system contact stiffness is conducted
through parametric studies of the cantilever beam-substrate
system shown in Fig. 4. To magnify both nonlocal and surface
effects, a relatively soft elastic substrate medium (k; = 1)
is employed. This is in accordance with observation made
in Simulation Case I. Model parameters investigated herein
include the beam depth h and the beam length L. The slen-
derness ration L/ h is used to define the beam depth and beam
length parameters and varies from 10 to 50. A specified value
of slenderness ratio L/ h can be obtained by either keeping
L = 1000nm and varying h, or keeping h = 50nm and
varying L. Figure 7a, b shows the variations of beam surface
area/section area ratio (A /A p) and nonlocal scale parame-
ter/beam depth ratio ((epa) / h) with slendemess ratio L/ h,
respectively. Subsequently, these two plots are found to be
helpful in explaining the simulation results obtained from
parametric studies.

Sensitivity analysis of model parameters on the contact
stiffness is conducted to compare essence of the nonlocal
and surface effects on the system response. Based on the
definition by Khajeansari et al. [32] and Jiang and Yan [26],
the contact stiffness of a beam-substrate system is simply
defined as:

Kenﬂ = Pend
Mend

(42)

4) Springer
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Fig. 7 Variation of beam surfuce area/section area ratio (Ag/Ag) and
nonlocal scale parameter/beam depth ratio ((epa) / #) with slenderness
ratio L/ k

where Pepg and ueng are the imposed force and the induced
displacement at an end point, respectively.

In this simulation case, two types of normalized contact
stiffness are defined and used to measure the essence of the
nonlocal and surface effects on the system contact stiffness.
The first normalized contact stiffness is used to represent the
attribution of the nonlocal effect, and is defined as:

—NL Kﬁf_ﬁur
K =—=xX (43)
lRrSl.rr

where K, %_snr is the contact stiffness accounting for both the
nonlocal and surface effect; and K;ﬁ‘r’ is the contact stiffness
accounting for only the surface effect. The second normalized
contact stiffness is employed to represent the ascription of the
surface effect, and is defined as:

(44)

where K, ﬁ'f is the contact stiffness accounting for only the
nonlocal effect.
Figure 8a shows influences of the beam length L and beam

depth h on the normalized surface contact stiffness .

4) springer
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Fig. 8 Variation of normalized stiffness K= and K with L/

Generally, it indicates that surface effect becomes more pro-
nounced when the beam slenderness ratio L/h increases.
This is in accordance with the observation from Fig. 7a that
the beam surface area/section area ratio (Ag/A ) increases
with the beam slenderness ratio L/h, thus rendering the
surface effect more dominant. It is worth mentioning that
although either increasing the beam length L but retaining
the beam depth A at 50nm, or decreasing the beam depth
h but retaining the beam length L at 1000nm can increase
the beam slenderness ratio L/ h, their associated magnifica-
tion of the surface effect is at different rates. The normalized
surface contact stiffness K~ drastically increases when the
beam depth A is reduced with the constant beam length
L of 1000nm. On the other hand, the normalized surface
contact stiffness YSF gradually increases when the beam
length L is lengthened with the constant beam depth A
of 50nm.

Figure 8b shows influences of the beam length L and beam
depth A on the normalized nonlocal contact stiffness T
It is observed that when the beam length L is lengthened
with the constant beam depth h of 50nm, the normalized
nonlocal contact stiffness K - gradually decreases. This
is due to the dominance of surface effect with increasing
beam surface area/section arearatio (A 5/ A g) when the beam
becomes more slender, thus rendering the nonlocal effect
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less pronounced. On the other hand, the normalized nonlo-
cal contact stiffness K~ increases when the beam depth
h is reduced with the constant beam length L of 1000nm.
This resulting magnification of the nonlocal effect is due to
the increase in nonlocal scale parameter/beam depth ratio
{(epa) / h) with slenderness ratio L/h as shown in Fig. 7h.
However, it is observed that the normalized nonlocal con-
tact stiffness ?NL increases with decreasing rate (concave
downward). The reduction in the rate of increase in the nor-
malized nonlocal contact stiffness TNL is caused by a more
dominant nonlocal effect when the beam depth A is reduced
with the constant beam length L of 1000nm as shown in
Fig. Ba.

6 Summary and Conclusions

In this paper, the beam-Winkler-Pasternak foundation model
is enhanced with the ability to account for the nanoscale
and surface effects. The nonlocal elasticity theory is used
to capture the nanosized structure-dependent effect of the
beam bulk material, while Gurtin-Murdoch surface theory
is employed to account for the surface energy-dependent
size effect. Interaction mechanism between the beam and
the underlying substrate medium is represented by the
Winkler foundation model. A set of governing equations
for a nanobeam-elastic substrate system, viz. equilibrium,
compatibility, and sectional constitutive relations, are con-
sistently derived. The virtual displacement principle is
employed to derive the governing differential equilibrium
equation of the nanobeam-elastic substrate system and its
associated natural boundary conditions while the virtual
force principle is used to work out the governing differen-
tial compatibility equations of the nanobeam-elastic substrate
system and its associated essential boundary conditions. Sec-
tional force—~deformation relations that account for the effects
of Poisson’s ratio and surface energy are formulated, Sim-
ilarity between the current problem and the one related
to the beam on Winkler—Pasternak foundation is noticed
and expedite the model formulation. Therefore, the “nat-
ural” Winkler—Pasternak-based beam element previously
proposed by the first two authors can be modified to study
the problem of beams resting on elastic substrate media with
inclusion of nanosized structure and surface effects. Three
simulation cases are performed to investigate the nanoscale
and surface effects on flexural responses of nanosized beams
on elastic substrate media.

In the first simulation case, it points out that considering
together the effects of beam nonlocality and surface energy
consistently leads to a stiffer beam-elastic substrate system

when compared to the classical beam model. However, this
stiffening effect diminishes when an underlying elastic sub-
strate medium becomes stiffer.

In order to magnify the nonlocal and surface effects, a
relatively soft elastic substrate medium is considered in the
second simulation case. It shows that both nonlocal and
surface effects result in a stiffer flexural response when
compared to the classical beam model with a slightly more
dominance of surface effect for a set of system parameters
investigated in this simulation case.

In the third simulation case, the essences of nonlocal and
surface effects are assessed and compared through parametric
studies of beam slenderness ratio by varying the beam height
h and/or the beamn length L. The simulation results conclude
that surface effect is generally more pronounced than nonlo-
cal effect when the beam becomes more slender especially
with a constant beam length L and a reduced beam depth &.
This is due to the increase in the beam surface area/section
area ratio (Ag/Apg) with the beam slenderness ratio L/ h.
It is worth mentioning the finding by Limkatanyu et al. [35]
that the surface effect is less pronounced than the small-scale
effect of the beam bulk material when the system dimension
is in the order of micrometer.

One next step in this research direction is to include non-
linearities into both the beam and the substrate medium.
Another challenging topic worth investigating in future
works is the derivation of consistent mass and geometric stiff-
ness matrices based on proposed beam-substrate medium.
Finally, it is anticipated that the beam-substrate medium
element developed herein will be useful to scientists and
engineers working in the area of nanoscience and nanoengi-
neering.
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Appendix: Exact Moment Interpolation Functions

The moment interpolation functions case A < 2+/Bmay be
written as:
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The moment interpolation functions caseA = 2+/ B may
be written as:
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6 = 9+ 2vBLI[L — x] + VB [-6L + 3x]

17 = 6(GAeit VB + 4B (GAesr L [L — x]
+(GA)esr VB3 [BL — 4x]

18 = 6(GA)et VB + 4B (GA)esy L[L — x]
+(GA)y VB3 [-8L + 4x]

1o = (GAY [1 - VBx |+ (EDer [VE (GA)er

x [—3 + «“/Ex] ks [—1 i3 &'/Ex]]

mo == (GA% |1+ VBx]

=]

+ (ED)eg [ks ks /Bx+(GA)er VB [3+Bx|
M1 =3(GA)eg VB + 2B (GA)yr L [L — x]
+2(G Ao VB3 [-2L + x]
=3(GA)egr v'B + 2B (GA)yr L [L — x]

ma
+2(GA)g VB 2L — ]

m3 = —1 — 2VBE+D | 2VEx [] _ 2\4/5;;]
+ ez;‘/EL [1 + 2\4/§x]

s =-3— 32VB(L+x) | 2 YBx [3 _ Zﬁx]
+¢2VBL [34 2/Bx]

ms = —1+vB[L—x]
+ VB [ 14+ YB[-L +x]]

4 2VEx [1 +2vBLx — YBIL+ x]]
+2VEL [1 +2vBLx + VB[L +x]]
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me =—3+2vB[L - x]

42 VB [—3 _2YBIL - x]]
4 e2VEx [3 +2VBLx—2YBIL + x]]

4 2VBL [3 +2vBLx +2¥YBL + x]}
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Abstract

This work presents a beam-substrate system with considering the nano-sized and the
nonlinear substrate effects. The nonlocal elasticity theory is used to capture the nanosized-
dependent effect of the beam. The interaction between beam and substrate is introduced
through the Van der Waals (vdW) force theory based on the Lennard-Tones potential. The
finite-element method is employed to obfain the stiffness matrix of the beam on nonlinear
elastic substrate element. Consequently, two numerical simulations of a nano-sized beam are
used 1o ascertain the accuracy of this mode] as well as investigate characteristics and behaviors
of the beam-substrate system with inclusion and nonlinear subsirate effects.

Keywords: Beam-Substrate Elements: Monlocal Elasticity; Van der Waals Interaction Force;
Finite Element; Nano-Size Beam
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