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ABSTRACT

Ramanujan was able to find the factorisation theorem for those two im-
portant identities about the Rogers-Ramanujan continued fraction, resulting into new
identities. In his notebook, he also wrote the 2- and 5-dissections of the Rogers-
Ramanujan continued fraction and its reciprocal.

In this thesis, we factorise some identities about Ramanujan’s cubic
continued fraction analogously to those of the famous Rogers-Ramanujan continued
fraction, following the lead of Ramanujan. As applications, we established as corol-
laries the early works on Ramanujan’s cubic continued fractions. Moreover, we also
recorded several new results for Ramanujan’s cubic continued fraction and provided a
3-dissection property for (q; q)<!(q% ¢*)!. Lastly, we proved the 2-dissection of the

Gollnitz-Gordon functions.
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CHAPTER 1

Introduction

Srinivasa Ramanujan recorded many interesting results for theta func-
tions and continued fractions. Among his discoveries are Rogers-Ramanujan, Ramanujan-
Gollnitz-Gordon and Ramanujan’s cubic continued fractions.

As customary and throughout this thesis, we assume that |¢| < 1 and use

the standard g-product notation

n—1 0
(a; Q)n = H(l — aqk>’ for n> 1, (a, Q)oo — H(]_ _ aq’n)
k=0 n=0

and
(a1, a2, ..., ak; @)oo = (a159)o0(A2; @)oo - - - (k3 @)oo

The symbol (a; ) is the g-analogue of the rising or shifted factorial which is some-
times called the Pochhammer symbol.
Ramanujan’s symmetric two variable general theta function is defined
by .
= > artEpmDR b < 1, (1.1)

which can also be expressed in terms of Jacobi’s triple product identity [6, p.35] by

fla,b) = (—a;ab) oo (—b; ab) oo (ab; ab) . (1.2)

The three significant special cases of f(a,b) [6, p. 36] are

(¢~
plq) == nE_jooq = —q’_q) , (1.3)
. noneny2 _ (50 )00
v(q) == f(a,9") Zq TR (14)
and .
f(=q) = f(=¢,—=¢") = > (=1)"¢"®" V" = (¢;¢)we. (1.5)

where the product representations in (1.3)-(1.5) follow from (1.2).



After Ramanujan, we define

X(0) = (= ¢*) - (1.6)

Note that x(¢) cannot be written as a special case of f(a, b) but it’s very useful to study

Ramanujan’s theta function. The famous identity credited to Euler [21, p. 164] is

1

X(—¢) = ———. (1.7)
= (¢ =)o
The Rogers-Ramanujan continued fraction is defined by
1/5
4q
R(q) =
q
1+
¢
1+
7
1
i 1+..
In compact form,
R(q) := " q ¢ &
B o e S
Two of the most important formulas about R(q) [3, p. 111, [24, pp.
135,238] are
1 f(=4'")
—— —1—-R(q) = 57—, (1.8)
ro T )
1 f(=9)
—— — 11— R(q) = ———=-. (1.9)
R5(q) @ 0/ (=¢°)

G.N. Watson discovered (1.8) and (1.9) in Ramanujan’s notebook and
provided proofs of them in his work [26]. On page 206 of Ramanujan’s lost notebook,
Ramanujan claimed that (1.8) and (1.9) can be factorised and the resulting factorisations
are new identities. As established by Ramanujan [3, pp. 21-22], [24, p. 206], the

factorisations of (1.8) and (1.9) are

R SN~ S S O (Gl ) 1
VR ) = g\ f(=¢°) ,g 1+ yg™/? + /5’

R e S S PG 1
Vv R(q) VR ql/lo\/;gle(Sq”/E’%—q?"/W



( ;(Q)> <%/— B 1/2 \/ 1:[ 1 +7q”/5 T ZB)
< ;(Q))E) - (5 N 1/2 \/ 1:[ 1+ 6qn/5 T g2n/5)5’

5
and § =

where v =

2
On page 229 of his second notebook [23], (see [6, p. 221]), the Ramanujan-

Gollnitz-Gordon continued fraction is defined as

G(q) _ q1/2 q2 q4 q5
Dl I+ A I+ P+ T+ +

The two Gollnitz-Gordon functions S(q) and 7'(¢) are defined [29] as

S (_Q7q2)n n? - q;q ” n 2n
=3 P and Z *+ (1.10)

n n
n=0 ’ n=0 ’

So, the Gollnitz-Gordon identities are given by

1

(05 0%) 00 (0* @)oo (@7 %) o
1

(0% 6%) 0 (0% ¢%) 50 (4% ¢%) o

S(q) =

(1.11)

T(q) = (1.12)

It is easy to see that

T(q)
G(q) = ¢"* 5
=150
S(q) and T'(q) were discovered independently by Go6llnitz [15] and Gor-

don [14] when they worked on the convergence of a continued fraction. In L.J. Slater’s
famous list of 130 identities for Rogers-Ramanujan type [25], S(q) and T'(¢) are equa-
tion (36) and (37). The proofs of (1.11) and (1.12) was provided by G.E. Andrews [2].
K. Alladi [1] considered the odd-even split of the Euler Pentagonal Series and the Tri-
angular Series of Gauss to establish elementary proofs of (1.11) and (1.12). In the spirit
of Ramanujan, B. Yuttanan in 2012 extended the factorisation theorem to G(q). He
factorised some Ramanujan, T. Horie and N. Kanou’s identities and established several

new identities for G(q) [29].



The factorisations for G(q) provided by B. Yuttanan are

RN reron i f2( )
\/G(q)jL ¢a) g f(—ig?) fF(—¢*) v/ x(

—_ Glg) = —; 12f(> 7
VG(9) /f zq/ 8)vx(—q)

1 X n
R (o)

clz(q) - VG = Xl(/(f?(i ( (g) qn/z)’

where (%) is the Kronecker symbol.

Ifa:=+v2—1,8:=+2+1then

n

qn/2 _ aqn _ (_1)nq3n/2)

Neol 1/4f(_q8) Xi‘f) :
.
\/1_ _8/3q) = [ 1/4fﬁ(qn/2)+ ﬂi_;)qsn/z)7
\/1— +ByG(q) = By (1/4;’; ”/2)+ ﬁ@é_q)( 1)”613”/2)7

Recorded on page 366 of Ramanujan’s lost notebook is the cubic con-

tinued fraction defined by

y(q)-:q1/3Q+q2q2+q4q3+q6
1+ 1+ 1+ 14+...

Ramanujan claimed that both v(q) and G(¢) have many properties similar to those es-
tablished for R(q). In his notebooks [6, p. 345], [22] and in his lost notebooks [3, p.
94], [24], Ramanujan found that

N q1/3 x(—q)

v(q) = ) (1.13)

Moreover, Ramanujan recorded several identities involving v(q) [6, p.



345], namely,

H v(ch) - qiﬁ/gcf/jgzi)’
1-au(g) = 2L,
1+ 03161) - CJ%‘EZ?”)’ (1.14)
-0 = EEg
@ + 40v*(q) = (27 + %) 1/3,
@ +4v*(q) = 3 + ﬁff;—%.

This continued fraction recently has been studied by several authors. In 1995, H. H.
Chan [12] derived the formula
1 —v(¢’) +v*(¢°)

30N (3
In 2008, M. S. Mahadeva Naika [20] proved some identities
! ﬁ%—f))”3
— =2 = 2T+ S——~ ,
v3(q) oo ( ¢ f*(=4%) (1.16)
g T Ry
The cubic analogues of (1.8) and (1.9) were proved by H-C. Chan [9],[10, p. 113].
They are
1 (=" f(=¢*?)
—=1-2 = ,
v(q) v(@) B f (%) f(—45) (1.17)
1 _ 7—8U3(q) — f4<_q)f4(_q2) .
v3(q) qf*(—=¢*) f*(—4°)

Before we end this chapter, we give three important definitions.

Definition 1.1. For all n > 0 and n is an integer, the partition of n denoted by p(n) is
the number of ways n can be represented as a sum of positive integers regardless of the

order of the summands.

For example, p(4) = 5,i.e. ,4 =3+1 =2+141 =242 =1+14+1+1.

The generating function for p(n) is

ip(n)q“ —

(@)




Definition 1.2. For all n > 0, c¢(n) is the number of two colour partitions of n with
colours r and b such that colour b only appears in even parts. This is called the cubic

partition function.

Forexample, ¢(2) = 3,¢(3) = 4,c(4) =9andc(n) = >, _, 15, P(2).p(y).

The generating function for ¢(n) is

& 1
> c(n)g" = : (1.18)

(¢ 0)o0 (0?5 %) oo

n=0
Definition 1.3. [8]. If P(q) is a power series in q denoted by >~ arpq®, then the
n—dissection of P(q) is defined by

n—1
P(q) =Y _¢"P(q"),
k=0
where the parts of dissections are P.

In 2011, H. Zhao and Z. Zhong [30] established the 3-dissection prop-
erty for the cubic partition function.

The object of this thesis is to provide a factorisation theorem for v(q)
which is analogous to those established for R(q) and G(q). After that, we use the re-
sults of our factorisations to give another proof of early works by Ramanujan in (1.14),
Chan in (1.15), Mahadeva Naika in (1.16) and Chan in (1.17). Furthermore, we use
(1.13) to establish several new identities for v(g). Moreover, we proved a 3-dissection
property of (1.18). Finally, we establish the 2-dissection of the Gollnitz-Gordon identi-

ties motivated by the work of Hirschhorn [17] on another Ramanujan’s identities.



CHAPTER 2

Some Preliminary Results

We recall a simple fact about the primitive cube root of unity. Let ( =

¢2™/3_ Then, we have

3 ifn=0 (mod 3)
0 ifn#0 (mod 3)
and, for any g € C,
(1-q)(1-Ca)(1—-Cg)=1~¢"
Next, we introduce some preliminary results concerning Ramanujan’s
theta functions and Ramanujan’s cubic continued fraction. Ramanujan recorded several
identities for f(a,b), ¢(q),%(q), f(—q) and x(q) in his lost notebooks. The following

lemmas provide such identities used in this literature.

Lemma 2.1. ([6, p. 48]). Let U, = a™"+tV/2p(n=1/2 gud V,, = q"("=D/2pn(n+D/2 for

each integer n. Then

k—1

Uk r kar
f(Uh‘/l) :;Urf(T:a Ur )7 (21)
for every positive integer k.
Lemma 2.2. ([6, p. 34]). We have
fla,b) = f(b,a), (2.2)
f(1,a) =2f(a,a’) (2.3)

and if n is an integer, then

f(a,b) = a2y =72 £ (q(ab)™ b(ab) ™). (2.4)



Lemma 2.3. ([6, pp. 39-40]). We have

f(=4*) = ¥(=a)x(q), (2.5)
fl@) = x(@) f(=4*), (2.6)
x(9)f(a) = »(a),
p(Q)v(=q) = (@) f(=¢°), (2.8)
f@v(=q) = f*(=¢*), (2.9)
p(—)v* (@) = 2 (—a*), (2.10)
P*(—av(e) = f*(~a). (2.11)

Theorem 2.4. ([20]). We have

=0 _ (@) ¥M(a) — 999 (¢)
fo(=a®)  3(¢®) Y (q) — vt (¢®)’
f(=%)  ¢*(=q) ¢'(=q) = 99*(—=¢°)
0f5(~%) (%) ¢ (—q) — ' (—¢)
f2(=q)  ©*(=q) ¢*(=q) — 9" (=¢*)
( 3
(—¢

o 2(—%) () v'(—q) — ()
f2(=¢%)  ¥*(q) ¥*(q) — 999" ()
F2(=¢%)  ¢3(¢?) ¥*(q) — gt (¢®)

Theorem 2.5. ([20]). We have

=0 _ ¥ ( U(q) = 3q1(q 9))
f3(=4%) 1/1( )\ v(a) — q¥(q°)
(=)  *(@) ¥(g) —3q(¢°)
Pla®)  2(¢) ¥(a) - a(e®)
F=q) _ (=) e(= q)—?w( ’)
qf}(=¢°)  ©*(=¢°) w(—q) —w(—¢°) "’
=) wl=q (w(—q) —3s0(—q9)>2.

Cr=q"®)  o(=¢*) \ o(—q) — o(—¢°)

Theorem 2.6. ([20]). If « =

(1+iv3)x(—q) f(—q")
HnEO,Q,S (mod 4) (1 - aqn) Hn50,1,2 (mod 4) (1 - ﬁqn) 7
(1 —iv3)x(—q) f(—=¢")
ano,m (mod 4)(1 —aq) ano,2,3 (mod 4)(1 - Bqn)’
P (—q) +30°(=¢*) = 4= f(=¢") [ A+ +¢™).

n=0 (mod 3)

o(—q) +iV3p(—¢*) =

o(—q) — iV3p(—¢®) =

2.7)



Theorem 2.7. ([20]). We have

o(q'/?) )

e R T TR o) L
W) 40— ple)
¢3¢ (q°) b nlg)

where ju(q) = 2v(q)v(q?).
In the next section in this chapter, we write briefly on the Chan’s cubic

analogue of an identity that was considered the Ramanujan’s best.

2.1 The cubic analogue of Ramanujan’s ‘“most beautiful identity”

Out of nearly 3,900 results that Ramanujan independently compiled,
one of them stood out. And both G.H. Hardy (Ramanujan’s chief collaborator) and

Major Macmahon agreed that this identity;

is the Ramanujan’s “Most Beautiful Identity”. The consequence of this stunning iden-
tity of Ramanujan is that

p(bn+4) =0 (mod 5).

Motivated by the work of Ramanujan, H.C. Chan [9] in 2010 discovered
the cubic analogue of Ramanujan’s “Most Beautiful Identity having worked extensively

on Ramanujan’s cubic continued fraction.

Theorem 2.8. [9](The cubic analogue of Ramanujan’s “most beautiful identity”). For
n > 0and let c(n) be a cubic partition function with a generating function ), ., c(n)q" =

(¢;0) (a% ¢%) - Then

(% 4%)3. (4% ¢°)3,
(¢ 94 (a% ¢*)4

> e(Bn+2)g" =3 (2.12)
n=0
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Corollary 2.9. We have
c(3n+2)=0 (mod 3). (2.13)

Several authors have recently proved (2.12) following the lead of H.C.
Chan [9]. In 2010, Z. Cao [8] proved it by the 3-dissection of (¢; q)oo(¢%; ¢*)oe and
a strategy similar to the one M.D. Hirschhorn [16] used to establish the Ramanujan’s
“most beautiful identity”. H.H. Chan and P.C. Toh [11] in 2010 proved the existence
of (2.12) by the theory of modular functions. In 2011, H. Zhao and Z. Zhong [30]
established the result by using some Borweins’ cubic theta functions. In 2011, X. Xiong

1 1
[27], [28] gave an elementary proofs by using the 3-dissection of and and

p(=q) (g
meromorphic modular functions respectively. In 2015, N.D. Baruah and K.K. Ojah [5]

gave a new proof by the 3-dissection of (¢; ¢)!(¢% ¢*)=}. W. Chu and R.R. Zhou [13]
in 2015 gave a computational proof of (2.12). K. Banerjee and P.D. Ardhikary [4] in

2017 also provided an elementary alternative proof.

Theorem 2.10. [19](The Jacobi’s triple product identity). For each pair of complex

numbers z and q, with z # 0 and |q| < 1,

3 (1)) = (g,2,427 Y 0. (2.14)

n=—oo

Theorem 2.11. [13](The quintuple product identity). For the indeterminate q and z,

o0

S @A) = (50 S (@R 2 P (215)

n=—oo

Theorem 2.12. [13]. For z # 0,

o

(¢.2,07 5 Qoe(®. 2. P25 oo = (. P D) Y L)
(0% ) Y P g
(2.16)
2.1.1 The 3-dissection of (¢; q)oo(¢%; ¢°) o
Theorem 2.13.
9. ,18)3 3. .6
2. 2 9. 9 18, 18 (”q7°)% 2(Q,Q)oo}
D)oo (@ D)o = (22 ) (@8 ¢8) 3 ML Voo g2\ )0 L g
(4 0)oo (70 )00 = (07307 )oc(q 3 07) {(q?’;qG)m 420 5w (2.17)
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Proof. Here, we show the proof of W. Chu and R.R. Zhou [13]. See also [8], [9]. By

changing ¢ to ¢* and z to ¢ in (2.16), we have

[e.9]

(6 Qoo oo = (65,8, %50 Y ¢° )7

n=—oo
[e.9]

—q(q", 6%, 6" ") Z (1+ q3n+1>q9(g)+6n.

n=—oo

Using (2.14), then

(0)0 (@ 0%) 0 = (0,0, 0" 0") (@, — 0%, =% ) oo — 0(¢"®. &, ;4%

9 9

) —qu _q9’ qg)oo
(2.18)

(@, %, =% ¢")oo — 2%(0"%, &%, 4% ¢"®) (g

After we divide (2.18) through by (¢7; ¢°)so (4%, ¢'®) s, We notice that

(@', 6%, 4" ¢"%) (@, =%, —¢% ¢°)

_ /.3 15. 18 3 6. 9
(0" ) o0 (0% ¢°) e =(0°,070 )=, 450" )0

_ (@) (= )
(4% 4" oo (=6"% ¢%) o

Hence,
(@ D(@® ) (0"%¢°,¢%4% ) .2 (", —¢" —¢" ¢")
(0% 070 (@'%0%)0e (0%, 4%, ¢"%;¢"%) (¢° —¢* =% @)oo
_ (@%d")% e 2q2( 0" ¢°)3,
(4% ¢%) o0 (=% ¢*)oo
_ () . qu(—qg;qg)io
(=% ¢°)%, (—¢% ¢
Note that we get,
. 2. .2
—q— 2q2F(q3) — <Q7Q)oo<q 4 )oo

F(qg) ((]9; qg)OO((118§ q18)oo’

where F(q) = ¢~/?v(q). Also, by changing ¢* to ¢ and subsequently dividing through
by ¢'/? yields the first equality in (1.17). O
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2.1.2 The 3-dissection of (¢; ¢).!(¢% ¢*)

We show H.-C. Chan’s proof here [9]. See also [5]. Replacing ¢ by ¢> in the second
identity of (1.17) and multiplying through by ¢3, we obtain

! — 7(]3 — 8q6F3(q3) = (((q?); qg)OO(QGQ QG))OO ) .

F3(g%) 0°34%)o0 (4" 4"%) o0
So,
1 _ (q qg)oo< 18 ) % 1
(45 9)0(d% ¢*) o (45 9)oo(q? ) (4% 4”)oo(4"%; ¢"®) o
_(¢%4%)%, ( "), F7(¢*) = 7¢° — 8¢°F*(¢*)
(P (q q°)%, . F=Yq3) —q—2¢>F(¢?)

( % 0")2.(4'%4"%)%, 1 9.3 3
(2% ¢*)a (a5 a5 {(FQ(Q?’) 20 F( >>
+q <4q3F2(q3) + %) + 3q2}. (2.19)

It should be noted that we have used the long division in the last equality. Therefore,

the third part of this dissection is equivalent to

3n+2 (q Q) (q q )
;c3n+2) = 3¢° P I (2.20)

To prove (2.12) we divide both sides of (2.20) by ¢* and change ¢ to ¢*/3.

2.2 The 2-, 3-, 4- and 6-dissections of Ramanujan’s cubic continued

fraction v(¢) and its reciprocal

All the results presented here are those of M.D. Hirschhorn and Roselin [18].

Theorem 2.14. The 2-dissections v(q) and its reciprocal are given by

(qq)(qq)_(qq)(qq)
v(q) = (4% o)L q (% 02 (¢ )5,
1/v(q) = (4 a)5 L () (d )

(025090 (05 6%) 00 (0'% ¢12) o (g% q*)oo (%5 ¢5)3,



13

Theorem 2.15. The 3-dissections of v(q) and its reciprocal are given by

(0% ¢%) o (¢, 4%, % °Y) o

v\q) =
@ (.
B q(qﬁ;qﬁ)oo(q157q39,q54;q54)oo P (6% ¢®)o(¢*; 4", 6°4 €)oo
(% ¢®)% (% ¢%)% ’

(% @) oo(—0"% =0, %" ¢* )
1/u(q) = L)l

(4% ¢%)2
N q(q3; ¢*)oo(—¢% —¢*, ¢*"; ¢* o o (@)oo (= —**. 7 ¥ ) o
(4% ¢%)% (45 ¢%)%

Theorem 2.16. The 4-dissections of v(q) and its reciprocal are given by

(CICI)(Q L)

v q =
(@ (425 ¢*2) 2(q"%; ¢*®)4,
((@%5dY)5 (@ ) iy T S O s
1 (q'% q'2)8, (4% ¢®)4. ("% q"?) 12
+4 6(q47q )oo(q 7q )2 ( 7(] 8)ch>o (q4aq4)c2>o(q24;q24)§>o
q (q127 q12) (qu; q12)10 ’
1/(q) = (¢*; 4% ("% ') 2 (6% ¢*1)5, N (6% ¢®) 2 (¢** )2
TR P (%07
o ¢% ¢%)2 (¢*%; ¢")2
(0% %) (4125 6")3, (05 ¢1%) 2 (0% ¢*)
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Theorem 2.17. The 6-dissections of v(q) and its reciprocal are given by
U(q) _ <(q12’ q12)3 (q18.q18)2 (q24 q307q54;q54)oo
(4% ¢%)3, (q36 7*%) oo
6 (%02 (%% )2 (¢°, q 8,q54;q54)oo)
(4% ¢°)3%(q"%; ¢'®)
_q((qu;q”)io(q 4%, ¢ % 4"
(¢% %)%
+2q12(q12;q12)§o(q6,q3°,q78,q1°2,q ,q"° qlog)oo)
(qG. q6)4
_q2((q12;q12)3 5o(a'%:4")%. (6", ¢, ¢ 4" oo
(% 4°)3 (4% %) oo
(6956 673 (¢ ¢ q54;q54)oo>
(¢° q) (q18 q18)
+q3(2(q12;q12)§o(q L0, 4%, 0, 4%, 4% 0"
<q6. q6)4
18(0"% 4% (d%, 4", ¢! qlos)io)

—q

6.
B q4((q12; q12)3 (q18(qqlé>q2 )(206 q48, q54; q54)oo
(q q ) (q36 q36>
(4" 4")2 (4% ¢*°)2.(¢", ¢* ,q54;q54)oo)
(% ¢°)a.(a'%; ¢*®)
B q5((q12; q12)go(q307 q787 q108’ quS)

_|_

(4% %)%
ot (4% 42 (%, ¢*, %, ¢**%, ¢*%®, ¢'%%; ¢'%®) o
1 (¢% ¢%)% '
1/,0((]) _ ((qIS;QIB) (q48 q 7q q108)oo B q6 (q36;q36)go(q24’q847q 7q108) )
(4% ¢%)% (q36 %) o (455 4%)00 (0% 4'2) 00 (085 ¢'%) o
<q12.q ) (q42 q q108 q108>
+q ) o0 ) ) [e o]
(45 ¢%)%
+q2((q36;q36)§o(q487q6°,q ,qlog) _qﬁ(qls;qls)oo(q ,¢",¢" q108)oo)
(4% 45) 00 (0% ¢"2) 00 (4% ¢"%) o (45 45)2 (0% ¢%) o
(q 10" o0 (6%%, 4™, %% ¢'®) o
(q Q)
g )oo (@4, ¢®%, ¢"%; ¢1%8) qﬁ(q%;q%)io(q”,q%,q 5 1% 0 )
(q36 q36) (q6;q6)oo(q12;ql2)oo(q18;qlg)oo
11( 12 ) <q q102 q108 QIOS)OO
(45 %)%,

Corollary 2.18. If we write

=D _and", 1/vlg) =Y bad”,

n>0 n>0



15

then the sign of the a,, is periodic with period 3, and the sign of the b, is periodic with
period 6. Indeed,

ben > 0, azy, = bent1 > 0,b6p4a > 0, a3n1 = bepysz < 0, b6n44 < 0, a3n42 = benys <0

except as = bs = bg = 0.
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CHAPTER 3

New properties for Ramanujan’s continued fractions

In this chapter, we derive new identities involving Ramanujan’s cubic
continued fraction that are analogous to those of the famous Rogers-Ramanujan contin-
ued fraction. Using these new identities, we are able to give the new proofs of several
early results of this continued fraction and also establish a 3-dissection property for the
generating function of the cubic partition function. Lastly, we establish the 2-dissection

of the Ramanujan-Gollnitz-Gordon functions.

3.1 The factorisations of Ramanujan’s cubic continued fraction

Using (1.13), the continued fraction v(q) can be re-expressed as

_ 1/3 (q;q2)oo
U(Q) B (q3.q6)3
s (36°)x(4% 6w
(4% 4°)2%(4% ¢°) (q °)oo
1/3 (¢4 )ww(q )
)

=g 3.1)

Throughout this section, we let { := €™/,
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Theorem 3.1. We have

;q) +1/v(g) = w(q?f) \/ f(_zg)}%qﬁy (32)

V- e \/ et (.3

ARGk e \/ et G4

i = 2y/v(q) = Ny (f;)_;:f;g) = (3.5)

\/1_ +20y/v(q) = e 90((;1;/3) — 56

Vit - 1/Wx<—(q>f<—l/;>f<—q6>’ 7

Proof of (3.2). By (3.1), the left hand side of (3.2) becomes

i(q) PV = 25;16:12;(1;2/;;((555:)) (3.8)

Using Jacobi’s triple product identity (1.2), we have

Fa. ) (0% 0") = (=4:6) oo (=05 ) oo (@3 ) oe (0% 0') oo (—0”; 40 (0"%5 0% ) o

= (0’5 0%)o0(0°; 4" oo (4 7)o (=3 ) oo (=07 0" ) 0o (— 0”5 4 ) oo (=05 ¢%)
= [(=") [ (=¢")(—¢; D)o
_ f(—qg)f(—q6)7 (3.9)

x(—q)

where the last equality is obtained by (1.7). Putting k = 3, a = 1, b = ¢*/® in (2.1)
together with (2.2) and (2.3), it follows that

F6%) = fla. ) + F(& ) + 4" (%, 1)
2f(¢"%,q) = 2f(¢,4*) + 24" f (¢, ¢°)
(q"?) = fla, ) + 4" F(d @), (3.10)
Substituting (3.9) and (3.10) into (3.8), we obtain the result. O

Proof of (3.3). By (3.1), the left hand side of (3.3) becomes

2)— (" f(q ¢.q’)
Vol 1/(”\/qu f(@*, %)

(3.11)
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Putting k = 3,a = 1,b = —(¢'/? in (2.1) together with (2.2) and (2.3), it follows that

F,=¢q"?) = fla, ) + F(@* 0) = Ca P F(d%, 1)
2f(—Cq"%,q) = 2f(q,4*) — 2¢a**£(d*, ¢°)

W(=Cq"?) = fla,4) — Ca"* (%, ). (3.12)
Substituting (3.12) and (3.9) into (3.11), we complete the proof of (3.3). [

Proof of (3.4). By (3.1), the left hand side of (3.4) becomes

1 2 Fla. @)+ Ca P (%, q°)
Jola) = _ 3.13
v(q) FOVla) a5/ f(q,4*) (¢, ¢°) G

Putting k = 3,a = 1,b = (?¢'/3 in (2.1) together with (2.2) and (2.3), it follows that

FLCEP) = fa.6) + f(da) + Ca P F(¢%,1)
2f(C%¢"%,q) = 2f(q.¢*) + 234" f(¢*. ¢°)

() = fa,6%) + Cad' P F (). (3.14)
Substituting (3.14) and (3.9) into (3.13), we complete the proof of (3.4). [l

Proof of (3.5). By (3.1) and (3.9), we have

1 (fla.4*) — 24" f(¢*,¢°))/x(—q)
—92v/u(q) = . 3.15
V(q) & ¢"/5/F(—=¢%) f(—4%) G

Take k = 3,a = (2, b = —(¢'/? in (2.1) and obtain

£, =) = fla. %) + P fla.6%) — ¢a' P F (g%, 1)

¢

Since e

= 1, we arrive at

f(C27 _qu/?))

o = Hed) -2, (3.16)
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Using (1.2), we deduce that

F(2=¢a"?) (=300 %) (6% 41 o

1 +C2 - 1 _|_CQ
= (¢3¢0 (Cq" % 4 o (035 4" o

= f(=q"*) [0 + Cd**) (1 = ¢g*?)

k=1

o0

= f(=¢") (1 = ¢** + )

k=1

o0

14 ¢k
= f(—¢'?) kl;[l Tq(,]f/g
(=) (4 )
(=3¢ P
_ SEdPx (=4

x(—q)

(3.17)

where the last equality is obtained by (1.7). By (3.15), (3.16) and (3.17), we complete
the proof of (3.5). O

Proof of (3.6). By (3.1) and (3.9), the left hand side of (3.6) becomes

1 +2Cm:(f(q,q2)+2Cq1/3f(q3,q9)) X(=q)

V(g) ¢"/%\/ f(—=¢*) f(—d%)
Putting k = 3,a = —(,b = ¢'/3 in (2.1) together with (2.2) and (2.3), it follows that

(3.18)

F(=¢,d"?) = fla,6*) — Cf(Pa) + 2 F (g%, 1)
_ 1/3 1/3
fizbe?) 1g_,q< )~ fla.) + fq_ Cf(q?’,qg)

= f(g.4%) + 264" £(¢*, ¢"). (3.19)
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Using (1.2), we deduce that

F(=Ca?) (G =€) oo(—a" % —(a"?) oo (—CaY3 —Ca %) o
1-¢ 1—¢

=f(—<q1/3)ﬁ 1+ ¢ P (=¢q' ) )(Hq”?’(—cq”?’)‘“)

(

=f(—Cq1/3)ﬁ (1+(1+C Vg3 (—Cq?)* +<2q2/3(—Cq1/3)2k>
(1+Cq1/3(—Cq1/3) +(=¢q"?)? "““))
(

1—(=¢q"?)F + (—Cq1/3)2k>

PRV & S e
_f( (ql 3)H1+(_€q1/3)k
(=) (4 s
(€3 (g ) o
F(=Ca" ) x(¢q*?)

= : 3.20

x(=q) 520

Using (3.18), (3.19) and (3.20), we finish the proof of (3.6). L]
Proof of (3.7). By (3.1) and (3.9), the left hand side of (3.7) becomes
2y _ os2,.1/3¢(.3 9 _

o 2 /o(g) = (f(a,4°) =284 21 (¢ ) v x(=a) (321)

) q) =
v(q) a5/ f(=a®) f(—¢°)

Putting k = 3,a = (%,b = ¢'/? in (2.1) together with (2.2) and (2.3), it follows that

(%) = fla.d®) + (P q) + ¢ F(d% 1)

2 1/3 92g1/3
Tt )+ 2o
= f(q,4%) — 2¢%¢"* f(¢*, 4°). (3.22)



Using (1.2), we deduce that

(%)

(=% %) o(—q

V3 Pt ) e (a3 0P oo

1+

C2q1/3 H (1+C4ql/3 C2q1/3 )<1+q1/3<cqu/3)k>
k=0

F(C2qM)
C2 1/3

CQ 1/3

= f(¢*q"?)

o0

,':18

k=0

,':18

B
Il
o

1—-

(
(1

=t

o

k=

H

() (4 9)s

(=30

1+

1— C2 1/3 CZ 1/3 (<2q1/3)2(1€+1))

C2 1/3 C2 1/3)2k)

et
T+ (@)

_ f(C2q1/3)X<_<2q1/3)
x(=q)
Using (3.21), (3.22) and (3.23), we finish the proof of (3.7).

Corollary 3.2. We have
oy = TP (=)
o D= R T )
1 B V*(q)x(—q)
v(q) tu(e) = "B ) () fF(=a2) f(—45)
1 B F=ax* (=)
g TP tola) = ¢Bo(—q'3) f2(—¢*)x (=) f(—¢5)

Proof of (3.24). We see that

1

By (3.2) and (3.5), it follows that

1
v(q)

—1—=2v(q) =

g~ 1 —2v(q) = (%Jr v(f]))(

1

NCORE: @),

V(g p(—q"?)

g3 f(—

) f(=¢%)

Using (2.8) with ¢ replaced by —¢'/3, we complete the proof of (3.24).

Proof of (3.25). We observe that

v(a)

—1+u(q) =

(v

—N_)(

NGO

+<\/_>.

21

(1 +(1 +C4 1/3 C2 1/3) C4q2/3(<2q1/3>2k>

(3.23)

(3.24)

(3.25)

(3.26)
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Employing (3.3) and (3.4), we arrive at

1 o(a) = V(—=Cq (g P)x(—q)
v(q) L le) = B F(—g3) f(—¢°) : (3.27)

We find that

(€% ) (G G )
( Cq/3; C2q?3) oo (213 C4q2/3) oo
(1— k1) g2(k+1) /3)(1 — (AR 2(k+1)/3)
= IH) (1 4 2R+1gCR+1)/3) (1 — (Ak+2¢(2h+1)/3)
e

1 — (C4(k+1 + CQ (k+1)
-11

W(—Cq" P (q' ) =

2k+1)/3 | A(k+1)/3

P 1 — (442 — (1) g(h+1)/3 4 g(4k+2)/3 (3.28)
Since
<4(k+1) + C2(k+1) _ 2 if 3 ’ k+1
-1 if3tk+1
and
C4k+2 o C2k:+1 — 2 if 3 ’ k +2
—1 if31k+2

the equation (3.28) becomes

Y(=Ca ()
10_0[ PR R (1 gOD/3 y q(2RH0)/3) (1 4 (6k+0)/3 4 ((12k+8)/3)
(1— 2q2k+1 + % 2) (1 + gk D/3 - q(2k42)/3)(1 4 q(Ok+5)/3 1 g(12k+10)/3)

k=0
(1 2k+2 2 1 — q6k+2 1 — q6k+4 1 — q(6k+1)/3 1 — q(6k+5)/3
(1 _ q2k+1 2 (1 _ q(6k+2)/3) (1 _ q(6k+4)/3) < 1— q6kz+1 ) < 1— q6k+5 >
10%)2 (0% 6%) 0 (0" %) oo (0% ¢°) oo (67 %) o
(¢; 4*)3 (a3 ) (4% 6%) o0 (4%3; 6%) oo (*/3; 4%) oo

_ (@%07)5(@%14%)o0(0"% 67 ) o
(45 %)% (45 0%) oo (073 ¢%/%) oo

By (1.4), it follows that

élg

l\'JO

:<

_~1/3 2 1/3\ _ ¥ (q)
W(=Cq")(Cq ) T PIEIPOR (3.29)

Substituting (3.29) into (3.27), the proof is complete.
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Proof of (3.26). We find that

+ 2+ 4v(q) =

).

(3.30)

@ (2 (g

Utilising (3.6) and (3.7), we deduce that

e(Cq)p(=C2¢'?)

1
— +2+4v(q) = aBx (=) f(—a®) f(—q°)

v(q)

For the numerator of (3.30), we see that
(— Cq\/3: Cq1/3) (C2q1/3;C2q1/3)oo
(Cq1/3 —qu/g) (=C2q"% (?¢Y3)

gql/?;)k) (1 — (C2q'3) k)
_H 1+ Cq1/3>k) (1+ <2 1/3 )

¢)F

¢)

0(Cq P)p(—(Pq"?) =

1— (Czk ( ) k/3 + q2k/3
1 + (g‘ka ( k:) k/3 + q2k/3

Since ¢* + (—=¢)kF =2if 3 | k and C% + (=¢)F = —1if 31 k, it follows that

p(Ca") (=4

(1 k+1 +q (k+1))(1 + q(3k+1)/3 +q (3k+1)/3)(1 + q(3k+2)/3 +q (3k+2)/3)
(1 + 2qk+1 +q (k+1))(1 _ q(3k:+1)/3 +q (3k+1)/3)(1 _ q(3k+2)/3 + q2(3k+2)/3)
(
(

1 — gk+1)2 ian) 1 — g3k+2 1+ gBk+1/3 1+ gBk+2)/3
1+ ght1)2 (1 _ q(3k+1)/3) (1 _ q(3k+2)/3) ( 1+ g3k+1 ) ( 1+ g3k+2 )
(;9)% )( (4:6°) 0 (0% ¢*) o )((—q1/3;q)oo(—q2/3;q)oo>
(—:0)% ) \ (=4 ¢*)oc(—0% ¢*) o (0% @)oo (%35 @)oo
( (; 0)% )((q;q)oo(—q3;q3)oo) ((q; Q)oo(—ql/3;q1/3)oo)
(=4 0% ) \(@% @) oo(—@ D)oo ) \ (0% 6"%)oc(—¢; O) o
f(=a)x*(=q)

AR F(—a P (—d )

Using (2.7) with ¢ replaced by —¢'/?, we deduce that

élg

i
o

—

i
o

=

1/3\ o (_/2.1/3y _ f4(_Q)X4(_Q)
P =C0) = T o) (33D

Substituting (3.31) into (3.30), we complete the proof.

Corollary 3.3. We have

# e _ w4(q) Xg(_q)
v3(q) T (9) ql/Zw(q?’)\/f3(—q3)f3(—q6)’ (3.32)

= ) V(-q)
8+/0%(q) )\/f5< P . (3.33)

v3(q) ¢'*x(—q (—¢°)




24

Proof of (3.32). We see that

1 1 1
——— + Vv (g) = (— + v(a)) (— -1+ v(Q))-
v3(q) v(q) v(q)
Multiplying (3.2) and (3.25) yields the desired result. O

Proof of (3.33). Observe that

\/%@—8\/&—((]): (ﬁw v(q)) ($+2+4u(q)).

By (3.5) and (3.26), we readily arrive at (3.33). O

Corollary 3.4. We have

(3.34)

Proof. Note that

1 1 1

—— =T =83 = | —— 3 — 8/v3 .
5T w0 = (5 g @) (= -8V @)
Multiply (3.32) and (3.33) and obtain

| o P ()
T R P P s Ty T

Utilising (2.5) for ¢*(q)x*(—q) and ¥(¢*)x(—¢?), the result follows immediately. []

Before proceeding further, we will write v(¢) in another form. By (2.5)

and (2.6), we have

x(—¢°) = o x(—¢*) = o) (3.35)
respectively. Utilising (3.35), v(¢) in (3.1) can be written as
_ 1/3 xX(—9q)
va) =4 X3(—4?)
2(,3 6
s (¢°) )<f(—q ))
o) (7o
V3 (¢°)x(—q
_ 13
CEA () (3-30)



Corollary 3.5. We have

o(—¢®)
1 ¥(g'"?)
v(q) q*3Y(q®)’
o(—q*"?)
1—2v(q) = )
L, e(=d)
v(q) Px(=)v(¢?)
3 (=) (q)
(o) ©3(=*)Y(g3)’
1 YY)

o (—¢%)’
L o #0v)
v3(q) qe(—a*)V3(¢?)

Proof of (3.37). Note that

L4 0(0) = VO V)

v(q)
By (3.2) and (3.36), we conclude that

V(g ¥ (¢*)x(—q)
f(=*)f(=¢%)
Using (2.5) and (2.7), the result follows immediately.

1+v(g) =

Proof of (3.38). We see that

1 1 1
o U(Q)( @ M))

Employing (3.2) and (3.36), we finish the proof.

Proof of (3.39). Since

1= 20(0) = Vo) (= = 2000 ).

V()
by (3.5) and (3.36), it follows that

13

p(=a"")¥ (%)
1-2 = ,
D= i)
Utilising (2.5) and (2.7), we complete the proof.
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(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)



Proof of (3.40). Since

1 1 1
o Ve <\/v_<q> —h ”@)'

Employing (3.5) and (3.36), we achieve the proposed identity.

Proof of (3.41). Notice that

1t ¥(g) = v3<q>( w}1&,,,,_@+\/v3<q>).

Using (3.32) and (3.36), it follows that

1+v°(q) =

V@)Y (@)X (—q)
(=) (=)
Utilising (2.5)-(2.8), we finish the proof.

Proof of (3.42). We observe that

1 1 1 3
v3(q) = Vv3(q) (\/US((]) TV (q))'

Using (3.32) and (3.36), we complete the proof.

Proof of (3.43). We find that

1= 80%0) = Vo)
By (3.33) and (3.36), we get

sy @ (=0 (=)
1—8v°(q) = =) P~ )

By (2.5) and (2.7), we deduce the desired result.

Proof of (3.44). Since

1 1 1 3
v3(q) 5= Vv3(q) <\/v3(q) —eVY (q)),

by (3.33) and (3.36), we obtain

1 x(=q)f*(=q)

—— — 8= .
v3(q) (@)X (—¢*) f3(—a)
Using (2.5), (2.7) and (2.9)-(2.11), we deduce the desired result.

26
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Corollary 3.6. We have

- Y
= 20(a) = (27 + %)w, (3.46)
@ T 402(g) = 3+ qlff;f‘s—?l_/?g) (3.47)
UQL@ —20(q) =3+ ;;f_S—?i/jz)‘ﬁ)' (3.48)

Proof of (3.45). Observe that

1 s 1 2
—— + 4o? —27=(1+° — 3 :
(U(q) + 4v (CI)> T=01+v (Q))( 0 8v/v (Q)>
By (3.41) and (3.33), we arrive at

ok 4“2(”)3 T TS FCRRTE ©%
Using (2.5), (2.6) and (2.7), we have
V)X (—a) = f(~a), (3.50)
and
W) (=) (=) P (=d°) = [(=7°). (3.51)
Substitute (3.50) and (3.51) into (3.49) and obtain the desired result. O

Proof of (3.46). Employing (3.32), (3.33) and (3.36), it follows that

(wtq) B Mq))g —He mls(q) (wls(q) i ”3@)2(@;3@) -0 Ug(q))
P x (=) (=)

PN O ) ) (32
Using (2.5) and (2.9), we get

VX (=a) [ (=a) = (4% (3.53)
and

V()W) (=) = [ (=4°). (3.54)

Putting (3.53), (3.54) into (3.52), we finish the proof. [l
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Proof of (3.47). Using (3.37) and (3.5), we deduce that

1 23— (14 L o)
o+ 4@ 3= 0 ) (s -2V

V(g ) (—q?)

PP T ) 323
By (2.11), we obtain
()P (=4 = 1 (=4'?) (3.56)
and by (2.6) and (2.7), we get
(=) (=) (=) = FP(=a°). (3.57)

We achieve the proposed formula after substituting (3.56) and (3.57) into (3.55). [l

Proof of (3.48). By (3.5), (3.36), and (3.37), we see that

1 1 2 L y
20 3= m 0P -2

v3(q)
_ V)= ) (=) f(=a°)

(3.58)
293 (¢*)p*(— )
Utilising (2.10), we find that
V(q)e(=¢") = (=", (3.59)
and employing (2.8), (2.9), we obtain
3 6
— — 1
f:()) Z )J;( Q3) — 3(_ 6\ (3.60)
V(@) (—¢®)  f3(—4")
Substituting (3.59) and (3.60) into (3.58), we complete the proof. [l

Corollary 3.7. We have

1 —v(g®) +v*(¢%)

US(Q) = U(qs) 1+ 20(¢®) + 40%(¢?)

Proof. Using (3.25), (3.26) and (3.36), we arrive at

sy L=v(@) +0*(¢*)  (e(=q) vH(g*) Y(g")x(=¢°)
iy o) Feonte) (e )
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By (2.5), we have

W(¢")x(=4") = F(=¢"). (3.62)
Utilising (2.5), (2.7), and (2.6), respectively, we get

W e e

and finally by (2.6), we have

W) (g% 1
e R T D e R U o M

Hence substituting (3.62), (3.63), (3.64) into (3.61) together with (1.8), we conclude

that
1-v(@®)+4%(¢*)  X’(~q9) _
o) T+ 20(@) + 42 NO(=¢%) s
O
Corollary 3.8. (The 3-dissection of (q; q)*(¢%; ¢*)™1).
1 _ PP (=) ( L) (e | af(=a ) (=)
(6 Doo(@% %) 0 [H=) [ (—4°) \ fO(— 18)f2( 5 f(=¢*) [ (=¢"®)
o 2¢°f(=¢*)f*(—=¢") 4q4f2 q*) ( )
o f(=d5) 13 (=) * q°) fo(—
Proof. Multiplying (3.25) and (3.26) together and changing ¢ to ¢*, we obtain
L @) PO (=) ( 1 1
e(—a)v(a) VU)X (=)f(=a*)x*(—¢*) v} (q®)  v(g®)
+3 —2v(¢®) + 4v2(q3)> : (3.65)

Utilising (1.4) and (2.6) in (3.65), we achieve

1 PP EO) (=) 1 1 () 4
@D @ P =) (05 (Uz(qs) T @ +3—20(¢”) +4v(q ))-

Using (1.13) and (2.6), we end the proof. [l
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3.2 The 2-dissection of the Gollnitz-Gordon functions

Theorem 3.9.

S(q) = ( (€% % 0%, %0, 45, 4%, ¢, 4%, %, 47, ¢%%, 42, ¢, ', 128 g128; ¢128)
(0% 0o (@2, 0%, 416, g5, 415, g%, 430, q32, 3%, g%, ¢, g6, 18, g0, 62, q%; gb%)

+ q8 (q4’ q8’ q247 q28’ q40’ q567 q64’ q64’ q72, q88’ q1007 q1047 q120’ q124’ q128, q128; q128)oo )
(0% M) o (@?, ¢ ¢, ¢, 4%, ¢'%, ¢, ¢°2, ¢34, ¢, ¢*%, ¢°°, ¢°°, 42, ¢%2, ¢%*; ¢5%)

+ q< <q8’ q24, q28’ q40’ q56'7 q60’ q647 q64’ q68’ q72, q88’ q1007 q1047 q120’ q128’ q128; q128)Oo
(g% ") o (a?, ", ", 4%, '8, %0, 30, ¢%2, ¢**, ¢4, ¢, ¢*9, ¢, ¢°°, ¢%2, ¢%%; ¢%*) oo

N q6 4 8’ q24’ q36’ q40’ q56, q64’ q647 q72’ q88’ q92’ q104’ q120’ q124’ q1287 q128; q128)oo )

q'.q
(0% ") oo (a?, %, ¢, %5, "8, ¢'%, ¢, ¢°2, ¢4, ¢, ¢*9, ¢*8, ¢°°, 42, ¢%2, ¢%%; %)

(3.67)

T(q) _ ( (q87 (]247 q407 q447 q527 q567 (]647 q64’ q727 q767 q847 q887 q1047 q1207 q1287 q128; q128>oo
(g% q%)oo (45, "0, ¢, 472, 4%, %%, ¢%5, %2, ¢%%, 6°8, 42, 4*2, ¢*%, ¢°%, ¢°%, ¢%%; %) o

+ q8 (q87 q127 q207 q247 q407 (]567 q64, (]647 q727 q887 q104’ quS, q116’ q1207 q1287 q128; q128)0O )
(g% q%)oo (45, 4%, "0, 10, ¢'%, 422, ¢%5, 2, ¢°%, 4*2, ¢*%, ¢°%, ¢°*, 472, 48, ¢5%; %) o

(qS, qQO7 q247 q40’ (]527 q56, q647 q647 q72, q767 q887 q1047 quS, q120, q1287 q128; q128)oo

+q(f
(g% q%)oo (45, "0, ¢, "%, g%, 478, ¢%5, %2, ¢%%, ¢°8, 42, 4*%, ¢°*, ¢°*, ¢°%, ¢%%; %) o

+ A (q87 qu7 61247 q407 q447 q567 q647 qﬁ47 q727 q847 61887 q1047 q1167 q1207 q1287 q128; q128>oo
(g% q%)oo (5, 4%, 410, 4", 422, %2, ¢%5, 2, ¢°3, 4*2, ¢*2, ¢*%, ¢, 4%, ¢°%, %% %) o )
(3.68)
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Proof of (3.67).

1
S(q) =
(45 6%) oo (0% %) (073 ¢%) 0
1
~ (¢, q% q7 ¢°,4"%,¢%; ')
o0 o0 1
(g% g ]Hl 1 —¢%79)(1 — ¢"%~7) ]H (1 —¢"=1)(1 = ¢'%~1%)
_ 1 H (1+¢"7 ) (1 + ¢ 7)(1 — ¢'%)
(44,444 ¢'%) 7 (1= ¢?718)(1 = g?2 1)
o1 (L + @) (1 + ¢19715) (1 — ¢'%)
1_[1 (1 — ¢3%-2)(1 — ¢3%—30)
J
1 8 277
(q q q12 q14 q16 q16 q18 q20 q28 q30 q32 q32 q32 x j_zooq - X J_Zooq ’ ’
(6%, ¢*; %) 1 827
_ x ¢ x ¢
(% ¢%) s (@, ", 4%, "%, ¢, 632, ) o ]Zoo JZOO
(q ,q ,q2)oo 1 3242-2; 7 - 32524305
= X x{ ) @7 +q i
(% %) (>, 4", 4", 4", 4%, 4% %) jz_:oo jz_:oo
« { Z q32j2—14j+q Z q32j2+18j}
Jj=—00 j=—00
I ™ 1
(q4' 7*)oo (@2, ", "%, 4%, ¢*°, ¢*%; ¢*?) o
x {(=¢%, —¢*, 6% ¢*Y oo + ¢ (=%, —¢%, %5 65}
x {(—¢"%, —q‘m,qﬁ“;q‘i‘*)oo +q(=¢", =", ¢* ¢ }
("0 1
(0% ") (@, ", "%, 4%, ¢*°, ¢*%; ¢*?) o
y {(qGO7 q647 q687 q ’q128) N . (q4, q64’ q1247 ql ’q128> }
(q307 q34. q64> q (q2’ q62. q64)
y {(q36’ q64’ q 7q128 q128)oo + q(q28, q64’ q1007 q128’ q128) }
(q18 q46 C]64) (q14 q50.q64)
I R e e R R L e e e g I
(g% ¢ oo (q? g, 15, 418, 418, g7, 30, ¢32, ¢34, q34 q*%,¢%, ¢, ¢, ¢%%, ¢*4; ¢54)
+ (CZS7 q24’ q28’ q407 q567 q60’ q647 q ’q68 q72 q q1007 q1047 q1207 q128’ q128’ q128)
q(q4;q4)oo(q2,q14,q14,q16,qlg,q3°7q3°,q32,q34,q34,q46,q46,q48,q5°,q62 q%;¢%)
T (q‘*,618,6124,q‘°’6,q4°,q“,q64,6164,q72 q88,q92,q1°4,q12°,q124,q . q" ,qm)

(q% ¢

+¢°

oo (@2, % ', 1, ¢18, ¢18, ¢30, ¢32, ¢ q 6, g0, ¢*8, g0, ¢62, 462, ¢64; ¢54)
24 q28 q40q

104 120 124 128 128

% g% g™ ¢, ¢, " 0, ¢ ¢ M 018

a*; q*)
(¢*, 4%,
(¢%q%)

q
(@2, 4%, ¢*, q

14 416 18 4,30 32 34 46 48 450 450 62 62 64. .64
L1018, %0, @32, ¢34, 445, %8, 470, 40, ¢9%, %2, ¢54; ¢4 oo
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Proof of (3.68).

1
(0% 6%) 0 (0% 6%) 0 (0% ) o
1
(3,44 45, qM, 412, 6% 1)

[e.9]

T(q) =

o0

1 1 1
T (g4 4" ¢1%) /H (1 — ¢16k=13)(1 — ¢16k-3) H (1 — ¢'6k=5)(1 — ¢16k—11)

B 1 ﬁ (1 + q16k713)(1 + q16j73)(1 . q16k>
o (q4 q12 q16 q16; qlﬁ)OO et (1 _ q32k—26)<1 _ q32k—6)

H (1-— q32] 10)(1 — g3%-22)

k=1
1 8k2—5k 8k2—3j
<q q ql(] q12 q16 q16 q20 q22 q26 q28 q32 q32 q32 X k;mq x k;mq ’
(q87 q 4; q32)oo 1 8k2—5k 8k2—3j
— X X q X q J
(g% q*)o (4% 4", 4", 4%,¢%,q kz_oo ,20
(q8,q24;q32)oo 1 32k2—10k 3 32k24+22k
= (q4q4) X (q q10 q16 q22 q26 q32 q32 { Z q +q Z q }
! o0 k=—o00 k=—oc0
2 2
X { Z q32k —6k + q5 Z q32k +26k}
k=—0o0 k=—o0
(2% ¢ ¢*) o 1
B (q4'q4)oo 8 (¢ %, ¢'5,¢%2, 4%, 3% ¢*%)
x {(—q 2 e + (4", " ¢ ¢}
X {(—q%, —q38, ¢* ") oo + (=0, =07, 4% ™) o}
() 1
o <q47q4)oo X (qﬁ q10 q16 q22 q26 q32. q32)
y {(q44,q64,q84,q 50" L 5 (4%, ¢%, ¢"%%, g8 q”s)oo}
(q22 q42. q64) <q107 q54 q64)
y {<q 52 q64 q q128 q128> 5 <q12’ q647 q116, q128 q128)oo

(425, 4% ¢%) oo T (4%, ¢%%; %) !
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(qﬁ q24 q40 q44 q52 q56 q64 q72 q76 q84 q88 q104 q120 q120 q128 q128.q128)oo
(g% ") (45, 0", ¢, 422, ¢%%, 4%, 4%, ¢, ¢°3, 438, 42, ¢*2, 4%, ¢4, ¢°%, ¢°%; %) oo

8 12 24 40 44 56 64 64 72 84 88 104 116 120 128 128. 128
s (6%,4%, ¢, ¢, ¢, 0°°, 6%, 6", 4, 6%, ¢, ¢, 60, 0", M0, ¢ ¢ o

(g% oo (%, 4% ¢'°, 4%, 42, 4%, ¢%5, 42, ¢°3, 4*2, ¢*2, ¢*%, ¢°*, 475, ¢°8, 4% ¢%*) o

8 20 .24 40 52 56 64 64 72 76 88 104 108 120 128 128. 128
s (65,6, ¢" % ¢, 6" q™ 0™ a7, ¢ ™ L )

+4q

+4q

(0% @)oo (@%, ¢'0, g0, g0, 422, 420, 420, 432, 438, 438, ¢*2, ¢*8, ¢4, ¢4, ¢°%, ¢54; ¢5%)
g (qS7 q12’ q207 q247 q407 q567 q647 q647 q727 q88’ q1047 q108’ q116, q1207 q1287 q128; q128>oo

(g% q)oo(d5, 6%, ¢, ¢, ¢%6, 422, ¢%5, 42, ¢°3, 4*2, ¢*3, %, ¢°*, 478, ¢°%, 4% %) o

+4q

]
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