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Abstract

A new general theta function in Ramanujan's quartic theory is introduced. Some properties analogous to

those of classical Jacobian theta functions and cubic theta functions are established here.
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1. Introduction

In the classical notation, Jacobi’s theta functions are given by

)= Y o,
a(q) = _fj ¢
and
) = 3 (-1
Jacobi’s well-known identity is
03(q) = 03(q) + 03()- (1)
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In 1989, J.M. Borwein and P.B. Borwein introduced three elegant functions analogous to Jacobi’s theta

functions, namely, for w = e27/3
a(q) = i ninmm?
and
o(q) = i qn2+nm+m2+n+m+1/3,
and in 1991 [5], they showed that
a(q)® = b(q)* + c(q)*. (2)

In 1993, M. Hirschhorn, F. Garvan and J.M. Borwein [6] introduced, for w = ¢>%/3,

oo

_ n2+nm+m2 n—m
a(q72) - E q z )
m,n=—00

oo

2 2
/ _ § n“+nm+m- _n
a (Qa Z) - q Z
m,n=—00

o)
2 2
b(q,Z) — Z qn +nm+m wn—mzm,

m,n=—o0

and

00
n2+nm+m2 n+m _n—m
g,2)= > q g,

m,n=—o0

which are generalizations of a(q), b(¢q) and c(g). They also gave proofs of several identities by employing
Jacobi’s triple product identity. In 1995, S. Bhargava [4] introduced

o0

a(q7 §7 x) _ Z anJrnmﬁLm2 Cnerznfm’

m,n=—o0

a generalization of the Hirschhorn—Garvan—Borwein cubic analogues and established some properties of
a(q, ¢, x). Recently, another generalization of cubic analogues in the form

o0
2 2
n“+nm+m* _m _n
E q D)

m,n=—00
was discovered by Daniel Schultz [10] and was used to extend the previous work of cubic theta functions.

In this paper, we study a function

o0

a—rc 2 a 2 c 2 a c
(g2, q4, 71, T2, T3) = Z qé o /2614(1 Ot /290137127%, (3)

a,b,c=—o00
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where, for 0 < ag, a4 < 1,

and

which we call the general theta function in Ramanujan’s quartic theory. This function was first studied by
Daniel Schultz for the case as = a4 in his unpublished work. However, not too much work has been done
for this function. We now will establish some of its new identities analogous to those of classical Jacobian
theta functions and cubic theta functions. In Section 3, we show that (g2, g4, 1, 22, 3) can be written as
a sum of products of Ramanujan’s general theta function and we also present its functional equations. In
Section 4, we derive several identities and some of them are analogous to (1) and (2). Moreover, in the same
section, explicit evaluations of this function are given.

2. Preliminaries

In his notebooks and his lost notebook [1-3,7-9], Srinivasa Ramanujan developed numerous mathematical
results involving theta functions. We will use those results to study our quartic theta function. We now
provide some definitions and preliminary results. As customary and throughout this paper, we assume that
|g| < 1. For |ab|] < 1, Ramanujan’s general theta function f(a,b) is given by

f(a,b) - Z a}n(n+1)/2bn(n71)/2. (4)

n=—oo
The three most important special cases of f(a,b) [2, p. 36] are

ola) = fle.) =Y. ¢,

n—=—oo

U(g) == fg,¢%) =D "2,
n=0

and

oo

f(=q) = f(—q,—*) = Y (=1)rg"Gr=D/2

n=-—oo

Ramanujan recorded several identities for f(a,b), ¢(q), and ¥ (q). The following lemma provides such iden-
tities.

Lemma 2.1. (See [2, p. 3/].) We have
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and if n is an integer, then
fla,b) = a"" V20D f(a(ab)", b(ab) ). (8)

Lemma 2.2. (See [2, pp. 39-40].) We have

o(q) + ¢(—q) = 2¢(q"), 9)
e(q) — o(—q) = 4q1(¢®), (10)
©*(q) — ¢*(—q) = 8q¥*(q"). (11)

The complete elliptic integral of the first kind K (k) is defined by

/2

K::K(k)::O/L:EQF (1 ! 1k2)

1— k2sin2g 2 2’2’

where 0 < k < 1 is called the modulus of K and where o F} (2, 51 ) denotes an ordinary hypergeo-
metric function with |2| < 1. The complementary modulus k' is defined by k' := /1 — k2. Let K and
K’ denote complete elliptic integrals of the first kind associated with the moduli k& and k', respectively. If
q = exp(—mK’/K), then one of the fundamental properties of elliptic functions affirms that [2, p. 101]

2 11
0 = 2K =oh (51582 (12)
Ramanujan also recorded several formulas for ¢, ¢, and f at different arguments in terms of o := k2,

q, and z := o} (2, 35 15 ) by using (12). The following lemmas provide such formulas. First, we give
evaluations for .

Lemma 2.3. (See [2, p. 122].) If o, q, and z are defined as above, then

o(q) = Vz, (13)

o 2):\/5(1+'21_a> : (14)
ola") = 5v7 (1+ (1 - a)4) (15)
(g% = vz (1+ Va)'?, (16)
e(—q) = Vz(1 — a)t/4, (17)
o(—¢%) = Vz(1 - a)'/8, (18)
p(—q"%) = vz (1 - Va)'? (19)

Next, the following are evaluations for .

Lemma 2.4. (See [2, p. 123].) In the notation above, we have

$lg) = ﬁ (aq))"", (20)
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w(q2) _ %\/} ((36(1_1)1/47 (21)
1/4
’L/)(ql/Q) _ \/; (#) (Oéq_l)l/lﬁ, (22)
— 1/4 1/16
vea) = v (F) T e (28)

3. Basic properties

Recall that a quartic theta function is given by (3) and Ramanujan’s general theta function f(a,b) is
defined in (4).

Theorem 3.1. We have
(g2, q4, 1, T2, x3) = U(q2, q4, T3, T2, 1),

19((]27 Q4,£U1,£B2,’I3) = ?9(Q27Q4,$f1,$51a$§1)7
(i)

219(Q2, q4,%1,T2, 13)

1/2 -1/2 1/2 —1/2
. T173 1/2 [ Z1Z3 1/2 T1T2 1/2 [ T1T2 1/2
_f<(—) @ () >f((—) () )
T2 X2 z3 Zs3
T2T3 1/2 1/2 [ T2X3 -1/ 1/2
X f <( ) ‘J4/ a() Q4/ >
€ T
w13\ 1) zizs\ 2 1 w122\ 7 1) AT
+f (— (—) %, - (—) %' ) f (— (—) 0%~ (—) ay/ )
X9 T2 xs3 z3
T2T3 12 1/2 T2T3 1/ 1/2
x f (‘ <—> Q4/ y <—> Q4/ > )
X1 X1

(iv) for any integers p, ¢ and r such that they are all even,

rl9((]27 q4,%1,T2, .TS)
_ x11>/2xg/2x§/2qép+r)2/8q£p+Q)2/8+(q+r)2/8

?

(p+7”)/2q4(1p+q)/2x17 q§p+2q+r)/2

x 9(q2, qa, 95 §p+r)/2qiq+r)/2x3)

T2,q
(v) if m, n, k, p, ¢ and r are even integers such that % (mp+ng+kr) £0 (mod 4), then

9 (gaqu, g PO/, i P e glp I (a1 g

and
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(vi) if Res,Ret > 0, then
19(6_Trs e—7rt eia eib eic)

- ﬁe—(a—zﬂrc)z/&rs—((a—c>2+52)/4’“
tVs

% 9 (64/57 e/t (la=bte) 254D/t (atb—c)/t e(a7b+c)/2s+(afc)/t) _

Proof of (i) and (ii). These are obvious from the definition of ¥(ge, g4, 1, Z2,23). O

Proof of (iii). We observe that

i q(a+c)2/8q(a+b)2/8+(b+c)2/8x?/2x3/2x§/2

29(q2, q4, 1, T2, T3) = 5 i

a,b,c=—oc0
same parity

> 2 2 2
+ Z (_1)a+b+cq£a+0) /Sqé(la"‘b) /8+(b+c) /856(11/23312)/21‘3/2. (24)
a,b,c=—oc0
same parity
For the first sum on the right hand side of (24), change variables by letting a + b = 2p, b + ¢ = 2¢ and
a+ ¢ = 2r. Then
- a+c)?/8 (a+b)2/84+(b+c)?/8 a/2 b/2 c¢/2
Z qg+)/q4(1+)/+(+)/501/1’2/333/
a,b,c=—o00
same parity

oo

2/2 p?/2+44¢%/2 (p—q+r)/2 —r)/2 (- 2
_ Z q;"/q4p/+q/x§p q+r)/ xép-%q r)/ xg pt+q+r)/

p,q,r=—00

Oor22r27r2r2 - 2/2 p/2 p/2 —p/2 = 2/2 —q/2 q/2 q/2
:(Z(h/ml/xz/xg/)(Zqi/xf/xg/x3p/><zqZ/xIQ/xg/xg/>

r=-—00 p=—00 q=—00

1/2 —1/2 1/2 —1/2
o 123 1/2 [ 173 1/2 T1X2 1/2 [ T122 1/2
—f(( > G (—) s )f(( ) a4y <—> ‘N )
To To X3 zs3
T2X3 1z 1/2 [ 2273 1/ 1/2
X f (( ) Q4/ ) ( ) q4/ ) )
I T

where the last equality follows from the definition of f(a,b). Similarly, the second sum on the right hand
side of (24) becomes

o0

Z (_1)a+b+cq§a+c)2/8qia+b)2/8+(b+c)2/8$clz/2xg/2m§/2

a,b,c=—o00
same parity

1/2 -1/2 1/2 -1/2
_ T1T3 1/2 13 1/2 L1122 1/2 T1T2 1/2
= (— (—) 4@~ (—) a5 > f (— <—> ' - (—) a4y )
T2 T2 X3 I3
zax3\ 7?12 woxs\ V7 1)
Xf<_(l'1> q4/a_<$1> Q4/>

Hence this finishes the proof of (ili). O
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Proof of (iv). Let p, ¢ and r be integers with the same parity. We will utilize (8) to each theta function in
(iii). For the first theta function of (iii), we see that by (8) with n = (p+1r)/2,

1/2 —1/2
173 1/2 [ 123 1/2
f <( ) q2 ’ < ) q2 )
T2 To
1/2 (p+7)(p+r+2)/8 —1/2 (p+r)(pt+r—2)/8
T1T3 1/2 L123 1/2
= <<—> dz > (( ) d2 )

T2 T2

RN N2
123 1)/2 rL1T3 —p—r+1)/2
X f (( ) q§p+r+ )/ ’<q§+ ) qé p—r+1)/ )
Z2 x2
C(ms\ P s prr 1123\ 1 ([ pemas T 1)
=\ — qds f 4o — 4 s\ 9 — 4o .
To T2 T2

Similarly, we use (8) with n = (p+q)/2, (¢g+7)/2, (p+7r)/2, (p+q)/2, and (¢+7)/2 to the other five theta
functions of (iii), respectively. Then we obtain

219(%,(]4751”1; 1’2,1’3)

_ [ T1T3 (pr)/4 q(p+r)2/sf qp+rl“1$3 1z q1/2 qp-‘,—’r‘ T1T3 e q1/2
o 2 2 —mz 2 | 92 —xg 2
2

(p+a)/4
 (B) T gty ((q

T3

(a+r)/4
ToT )2 »T2X
x (—2 3) "y <<q3+ -

T

(p+r)?/a [ T1%3 e/ (p+7)2/8 p+r T1T3 1/2 1/2 p+r T1T3 —1/2 1/2
+(=1) ‘D) fl-\le — e -l — %
o o Lo

(p+aq)/4 1/2 -1/2
x (—1)(E+0)?/4 (ﬂ) /s (qi*qﬂ) a2 (qi+q%> qi/2>

T3

(g+r)/4 1/2 —1/2
X (—1)a+m?/4 (%) AT _(qfr%) qi/2’_(qz+rx2_5f3) cﬁ”)

Mo

r r 2 2 r 2
_ xi}/?mg/?xsﬂqéﬁ ) /8q§P+Q) /8+(q+r)°/8

ropa\ /2 popa\ /2
123 1/2 123 1/2
X {f ((qé’”—) a0’ 7((1§+T—> a’ >
T2 T2
z122\ /2 ziwe\ 2
122 1/2 1Z2 1/2
x f <<q§+q—> a)/ 7<qi‘i+q—> a/ )
xs3 €3
1/2 —1/2
g+r X223 1/2 q+r X223 1/2
<Q4 —> qs <Q4 _> 4y )
X1 T
1/2 —1/2
p+r L1L3 1/2 p+r L1L3 1/2
—\q% — 4o ,—\q — qo
T2 €2
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z120\ 2 zrme\ 2
142 1/2 142 1/2
x f <— (qff”—) o - (qi”q—) 0’ >
T3 T3
Tod 1/2 ToT —1/2
+r 4243 1/2 + 243 1/2
(L mm) () )
Ty Z1

After employing part (iii) with 1, 2o and z3 replaced by q§p+r)/2qip+q)/2x1, qip+2q+7’)/2zg and
qép +n/ 2q£q+r)/ 2373, respectively, we achieve the proposed formula. 0O

Proof of (v). By (ii) and (iv), respectively, this yields

) (q% qa, imqép“)/“qflp*q)/‘*, inqé(lp+2q+r)/4, Z.kqép+r)/4q£q+r)/4>

=9 (q27 qa, i—mq;(p+r)/4q;(l7+4)/47 Z-—nq;(17+2q+r)/47 i_kq;(p+r)/4q;(q+r)/4>
= z'*(mp+nq+kr)/2q2—p(p+r)/8q4—p(p+q)/8q4—Q(p+2q+7")/8q;7"(p+r)/8q4—7‘(q+7")/Sqép—s-r)z/s

2 r)? .m r .n r . r r
» qé(lerq) /8+(a+7)?/8,9 (qg,q4,z q£p+ )/4q£p+q)/47l q£p+2q+ )/4,qu§p+ )/4q4(1q+ )/4)

— j—(mptng+kr)/2, (QQ7 , imqépw)/4q4(11)+q)/47 i"qip+2q+r)/47 ikq§p+r)/4q§Q+r)/4> )

Since % (mp + ng+ kr) # 0 (mod 4), the desired result follows immediately. O
Proof of (vi). From (iii) with go = €™, g4 = ™™, 21 = €%, 25 = €*, and 23 = €', we find that

2’[9(677“, efwt’ eia7 €ib, eic)
_ f (ei(a—b-i-c)/2—7rs/27 6—i(a—b+c)/2—7rs/2) f (ei(a+b—c)/2—7rt/2’ e—i(a+b—c)/2—7rt/2)

x f (ei(fa+b+c)/2f7rt/2 efi(fa+b+c)/277rt/2)

+f (_ei(a7b+c)/277rs/27 _efi(a7b+c)/277rs/2) f (_ei(a+bfc)/277rt/2’ _efi(a+b7c)/277rt/2)

x f (_ei(—a+b+c)/2—m‘,/2’ _e—i(—a+b+c)/2—7rt/2> .

Before proceeding further, we will establish the following identity. By the definition of f(a,b),

f(a7 b)f(ca d)f(e’ Q) + f(_av _b)f(_C’ _d)f(_ev _g)
— i am(m+1)/2bm(m—1)/2cn(n+1)/2dn(n—1)/26k(k+1)/29k(k—1)/2
m,n,k=—o0
00
+ Z am(7n+1)/2bm(7rL—1)/20n(n+1)/2dn(n—l)/Zek(k+1)/29k(k—1)/2(_1)m2+n2+k2
m,n,k=—o0

-9 Z Z Z am(m+1)/2bm(m—1)/26n(n+1)/2dn(n—1)/26k(k+1)/29k(k—1)/2

m even n even k even

19 Z Z Z ™) /2 (m=1) /2 n(n1) /2 gn(n=1) /2 h(k+1) /2 h(k=1)/2

m odd n odd k even

+2 Z Z Z am(m+1)/2bm(mf1)/2Cn(nJrl)/2dn(nf1)/26k(k+1)/2‘gk:(k71)/2

m odd n even k odd
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+2 Z Z Z am(m+1)/2bm(m—1)/26n(n+1)/Zdn(n—1)/2ek(k+1)/2gk(k—l)/2

m evenn odd k odd
= 2 (b, ab) f(Pd, ) (e, e6°) + 2acf (@, ), D) 79, e)
+ 2aef(a’b?, g)f(cgd, cd®) f(e®g?, g) + 2cef(a®b,ab®) f(c°d?, CEl)f(e“r’gg7 g). (26)
Utilize (26) to (25) and obtain
H(e™™, e, el ¢, i)
—f (ei(a—b+c)—2ﬂ's7 e—i(a—b+c)—2ﬂ's)
% {f (ei(aer—c)—zm7 e—i(a+b—c)—27rt) f (ei(—a+b+c)—2‘n—t’ e—i(—a+b+c)—27rt)
et f (ei(a+b—c)—4‘n—t, e—i(a+b—c)) f (ei(—a+b+c)—47rt’ e—i(—a+b+c))}
yf (ei(a—b+c)—47rs)e—i(a—b+c))
% { ic— (7rs+7rt)/2f( i(at+b—c)— 27rt’efi(a+bfc)727rt) f (ei(fa+b+c)747rt’efi(fa+b+c)>

n eiaf(frerﬂt)/Zf (ei(a+bfc)747rt’ e*i(aerfc)) f (ez’(fa+b+c)727rt’ efi(fa+b+c)*27rt) } . (27)

Recall that from Entry 20 in [2, p. 36], if a8 = 7, Re(a?) > 0, and n is any complex number, then

it (e o) 0 iy (0, ). o
Take o = /2rt, B = \/W and n = 19/\/2_7# in (28) to obtain
F(eif=2mt g=io=2mty _ 71276792/%7 (679/2t77r/2t’ 69/275771'/21‘,) (29)
and take o = \/27t, B = \/7/2t and n = —/2wt +if/+/27t in (28) to obtain
f(ei9—47rt7e—1'9) _ %em/z—iem—e?/smf (_6—9/2t—7r/2t’ _69/2t—7r/2t) _ (30)

Applying (29) and (30) to (27) yields

19(67775 677rt, eza’ ezb’ ezc)

1 —(a b+c)? /871'3f ( —(a—b+c)/2s—7/2s e(a—b+c)/2s—7r/2s>
Va5 ’
{ 5 —(a+b—c)2/87rtf (e—(a+b—c)/2t—7r/2t’ e(a+b—c)/2t—7r/2t>

X
—

% \/2_te—(—a+b+c)2/87rtf (e—(—a+b+c)/2t—7r/2t7e(—a+b+c)/2t—7r/2t>
4 gib—mt Leﬂ't/Q—i(a—&-b—C)/2—(a+b—c)2/87rtf (_e—(a+b—c)/2t—7r/2t’ _e(a+b—c)/2t—ﬂ'/2t>

V2t
1

% _eﬂ't/Z—i(—a+b+c)/2—(—a+b+c)2/87rtf (_e—(—a+b+c)/2t—7r/2t7 _e(—a+b+c)/2t—ﬂ/2t)}

V2t
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n 1 eﬂs/Q—i(a—b+c)/2—(a—b+c)2/87r5f (_e—(a—b+c)/25—‘n’/2s’ _e(a—b+c)/25—ﬂ'/25)

V2s
1
ic—(ms+7t)/2 Lt —(a+b—c)?/8mt ( (a+b—c)/2t—7/2t _(a+b—c)/2t— W/Qt)}
X e , €
{ V2t f
y 1 ewt/Zfi(7a+b+c)/27(7a+b+c)2/87rtf (_ef(fa+b+c)/2t7ﬂ'/2t _e(7a+b+c)/2t77r/2t)
V2t ’
. 1 . 2
+ eza—(ﬂ’s-{-ﬂ't)/Q eﬂ't/2—z(a+b—c)/2—(a+b—c) /8wt (_e—(a+b—c)/2t—7r/2t’ _e(a+b—c)/2t—7r/2t>
V2t f
1 2
—(—a+btc)?/8rt ( —(—a+btc)/2t—m/2t (a+b+c)/2t7r/2t)}
X ——e e ,e
V2t !
1

_ e—(a—b+c)2/87rs—((a—c)2+b2)/47rt{f- (e—(a—b+c)/23—7r/23, e(a—b+c)/2$—7r/2$)
2tV/2s

% {f (e—(a+b—c)/2t—7r/2t’ e(a+b—c)/2t—7r/2t> f (e—(—a+b+c)/2t—7r/2t7 e(—a+b+c)/2t—7r/2t>

T f( —(atb—c)/2t—m/2t 6(a+b7c)/2t7‘n—/2t> f (767(7a+b+c)/2t77r/2t,76(7a+b+c)/2t77r/2t)}
+f< (a—b+c)/2s—m/2s _e(a7b+c)/2sf7r/2s)

% {f (e—(a+b—c)/2t—7r/2t’ e(a+b—c)/2t—7r/2t) f (_e—(—a+b+c)/2t—7r/2t’ _e—(—a+b+c)/2t—7r/2t)

T f( —(a+b—c)/2t—m/2t 6(a+bfc)/2t7ﬂ'/2t> f <67(7a+b+c)/2t77r/2t 6(7a+b+c)/2t77r/2t>}}'
Now by Entry 29 in [2, p. 45], if ab = cd, then

f(av b)f(C, d) + f(_a7 _b)f(_cv _d) = 2f(ac, bd)f(ad7 bC) (31)
By (31), we deduce that

—7s _—7wt _ia _ib _ic
e ™ e et e ")

_ 1 e—(a—b+c)2/8ﬂ'8—((a—c)2+b2)/4ﬂ't {f (6(0,—b-l—c)/QS—Tr/Qs7 e—(a—b+c)/23—7r/2s)

t\/2s
x f (eb/t—ﬂ/t’ e—b/t—ﬂ-/t) f (e(a—c)/t—ﬂ'/t’ e—(a—c)/t—w/t)

+ f <_6(a—b+c)/25—7r/25, _6—(a—b+c)/25—7r/25)
¥ f (_eb/tﬂr/t, _efb/tfﬂ'/t> f (_e(afc)/tffr/tv _ef(afc)/tfﬂ'/t)}

_ ﬁef(a7b+c)2/87rsf((afc)2+b2)/4ﬂ't
t/'s

%0 (eﬂr/s’ e 2/t pla=bte)/25+b/t ((atb—c)/t e(a7b+c)/2s+(afc)/t> .
The proof is complete. O
4. Evaluations of quartic theta functions
In this section, we shall evaluate some values of quartic theta functions by using hypergeometric functions.

Now, we will give explicit values for the function ¥ at arguments x; = i™ (q2q4)n/ 2 xy = i2mq} and
3 =™ (qu4)"/2, where m € {0,1,2,3} and n is an integer.
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Theorem 4.1. For m € {0,1,2,3} and an integer n, we have

ﬁ(qz,tJ4,im (g2q2)""? 2" g}, ™ (qaqa )"/2)

—(n2— _(n2— .
o A ( D/t (QQ>Q47 (QQQ4)1/2,Q47 ((12114)1/2) , ifm=0andn=1 (mod 2),

~n/8 _"/ﬁ(qg,q4,1,1,1) if m=0 and n =0 (mod 4),

dz

s (-8 *(" ] (92: G4, 424, 43, 424) if m =0 andn =2 (mod 4),
) vy "/8 "/ﬁ(q2,q4,z,z %), ifm=1,3 and n =0 (mod 4),

q;”/8q"/19(q2 qa, 12,1, 6)7 if m=2 and n =0 (mod 4),

—(n?— —(n*— . . . .
a5 "I (g, 44, Pgoaa, R P araa) if m =2 and n =2 (mod 4),

0, otherwise.

Proof. By Theorem 3.1(iii), we obtain

-m n/2 m.n m n/2
19(6127(14,1 (g2q2)™"? ;2™ g, %™ (q2q4) /)

1 _ _ _
. {f (imqén—kl)/Q,(_i)mqé n+1)/2) f ((L(ln4-1)/27%(1 n+1)/2> f (igmqin+1)/2 iqui n+1)/2)

5 ’

2
+f< .m (n+1)/2’_(_i)mqéfn+l)/2> f (_qz(Ln+1)/27_qz(;n+1)/2)

s i i)} =

We divide the proof into many cases as follows.

Case 1. m = 0.
Case 1.1. n =1 (mod 2).
Eq. (32) becomes

9 (42,01, (202) "2 g3, (QQQ4)(2n+1)/2>
:—{f(n+1,‘I2 )f2(n+1,qu )+f( n+1 )f2( n+1 _q;n)}' (33)

Note that by (8) and (7), respectively,
n n n n(n—1)/2 nan(n
F=g™ —q") = (=g )" TR (g2 (g 1) = 0, (34)
Also, by (8) again, we have
F@ e =q " f(q" g Y).
Hence we arrive at

)(2n+1)/2 2n+1

¢ (q a0 >(2n+1)/2)

19(6127 44, (4294
= %qz o f (QQ7Q2 ) £ (q47q4 = 1)) : (35)

Then by (33) with n replaced by n — 1 and (34), it follows that

19(6127614,((12614)(2”71)/ N (q2q4)(2"71)/2) = %f (qgaqi( )f2 (q4aq4 - 1))~ (36)
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Substituting (36) into (35), we find that

ﬁ(qz, @, (q2q2) ®" 2 gt (q2q4)(2"+1)/2)
= ¢ g Y (qz, g, (q2q2) > V2 2n (q2q4)(2"_”/2) .

Iterate this n times to deduce the desired result. This case is proved.
Case 1.2. n =0 (mod 4).
Eq. (32) becomes

2 2
Y (qQ,q4, (g2q4)"" , 44", (q2q4) ”)

1 _ —
_ {f (q§n+1/27q2 2n+1/2) fz (qinH/Qv‘M 2n+1/2)

2
tf (_q§n+1/27 _q;2n+1/2) 2 (_qzn+1/2’ _q;2n+1/2) } (37)
By (8),
f (iq2n+1/2, iq72n+1/2) — g int2g (iq2n73/2, iq72n+5/2) .
Then

2 2
¥ (qz,q4,(q2Q4) "4y (02q4) ”)

1 _ _ 2n—3/2 —2n+5/2 2n—3/2 —2n+5/2
=§q24"+2q48”+4{f (q2" 2 /)f2 (q4” 2 /)

+ f (—qi"_g/Q, —q§2"+5/2) £ (—qin_w, —q4_2"+5/2) } : (38)

By (37) with n replaced by n — 1, it follows that

2n—2 — 2n—2
19(612,(147(@(14) A (eaa)™ )

_ % {f (q§n73/27q;2n+5/2) 12 (qin73/2,q472n+5/2>

¥ f (7q§n—3/2’ 7q2—2n+5/2) 2 (—qi"“”? 7q4—2n+5/2>} ' (39)

Substituting (39) into (38), we see that

19((12, a1, (02q4)" , 43", (q2q4)2")
= g, ""T2q ¥y (q2, a1, (q22)°" 2 L q4m 4, (qQQ4)2"_2) :

Iterate this n times to obtain the desired result. We finish the proof.
Case 1.3. n =2 (mod 4).
From (32), we have

2 1 2 1
¥ <QQaQ47(Q2Q4) g (g2q0)""T )

_ % {f (q§n+3/2’q2—2n—1/2) 12 (qin+3/27q4—2n—1/2)

+ f (—Q§"+3/27 —q2_2"_1/2) f? (—qi”+3/2, —q4_2”_1/2>} : (40)
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By (8),
f (iq2n+3/27 :I:q72n71/2) — gy (:‘:qznq/z7 iq72n+3/2) _
Then
Y (qz, s (q200)*" gdm 2, (Q2Q4)2n+1)
;qz“‘"qzs" {f (q§" 1z q_2"+3/2) f2( i 1/2414_2””/2)
+ f( 2n— 1/2’_q2—2n+3/2) 2 <—(Jin_1/2:—q4_2n+3/2)}~ (41)

By (40) with n replaced by n — 1, we deduce that

2n— 2n—1
ﬁ(qz,q47(q2q4) L2 (gega)™" )

_ % {f (qgn—l/27q2—2n+3/2) fg( 2n—1/2 q4—2n+3/2)

n f( 2n— 1/2’_q2—2n+3/2) 2 (_qin—1/27_q4—2n+3/2>}' (42)

Substituting (42) into (41), we conclude that

ﬁ<q27q47(q2q4)2"+1,qi”+2 (qzq4)2"+1) =q;""q " (qzyqz;,(qch;)2 —gin? (q2q4)2"_1).

Iterate this identity n times to complete the proof.

Case 2. m = 1.
Case 2.1. n =1 (mod 2).
Eq. (32) becomes

v (CJz, 01,7 (q2q0) D7 g3 i (Q2Q4)(2n+1)/2)

= % {f (igs*" —igs™) f (a4t ar™) f (=g —a™)
+ f(=iggt =g ™) f (—ad T = ™) f (@ ™)}

By (34), it follows immediately that

9 (q27 qa,i (q2q4)( n+1)/2 ,i2qi”+1,i3 (q2q4)(2n+1)/2> —o.

The proof is complete.
Case 2.2. n =0 (mod 4).
We have

2
9 (qz,cm, (0202)>" , 241", i (qaqa) ")

1 . 2n+1/2 . —2n+1/2 2n+1/2 —2n+1/2 2n+1/2 —2n+1/2
f{f(qum_ / y Gy n+/)f(‘]4n+/7Q4 n+/)f(*Q47l+/7*Q4 n+/)

2
ny (_iq§n+1/2’iq2—2n+1/2) f (_qin—i—l/Q, _q4—2n+1/2) s (qin-i—l/Q, q4—2n+1/2)} _ (43)
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Note that if ab = 1, then by (8),

F (aq2n+1/27 bq72n+1/2> _ p2gint2y (aq2n73/2,bq72n+5/2) .

Then
ﬁ(qz,q4, (0200)"" ,i%q4", 7 (q204)° )
_ ;z gy dnt2gr et
{7 (™) () ()
i f( . 2n 3/2 iq;2n+5/2) f (_qin73/27_q12n+5/2) f (qin73/2’q472n+5/2)}' (44)
By (43) with n replaced by n — 1, we find that
ﬂ(qz,Q4,i(qzq4)2"_2 g3, 3(q2q4)2"_2)
L (o g ) g (g5 g g, gy
e G W G e e N e e e | B (45)
Substitute (45) into (44) to obtain
19(Q27Q4, (q2q1)" i%q3™, i (Q2Q4)2n>
= i%gy, " 2q S Y (qz,q4, (q204)°" 2, 1%q4" 8% (q244 )2”72) :
After iterating this identity n times, we complete the proof
Case 2.3. n =2 (mod 4).
We see that
9 <Q27 Ga,i (goqa)™" 7" 2, 4 (q2q4)2"+1)
_ % {f (iq§n+3/2, _iq272n71/2) 7 (qin+3/27q472n71/2) f <_93n+3/2a _q472n71/2)
+ f (—iqgn+3/2,iq{2"_l/2> f (—qi"+3/z, —q4_2”_1/2) f (qi”+3/2,QZ2"_1/2)} : (46)

By (8), if ab =1, then

f (aq2n+3/2, bq72n71/2) — g i (aq2n71/2, bq—2n+3/2) .
Then

. 2 1 2 1
i (qz,CJ4,Z(q2q4) TR (gaqa)™T )

1 —4n n 2n—1/2 . —2n+3/2 2n—1/2 —2n+3/2 2n—1/2 —2n+3/2
2q24q48 {f(zq 2 —igy +/)f(q4 ” g +/>f(—q4 A +/>

n f( iqgn 1/2 iq2—2n+3/2> f (_qin—l/Q,_qZ2n+3/2) f (qin—1/27q4—2n+3/2)}. (47)
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By (46) with n replaced by n — 1, we find that

19(612,(14, (92q4)”" 424" 2,4 (g2aa )2"_1)
1 . 2n—1/2 . —2n+3/2 2n—1/2 —2n+3/2 2n—1/2 —2n+3/2
=2{f(q2 2 _ig, +/)f(q4 4 +/)f(—(a 2 _a ”)

4 f( qun 1/2 .q2—2n+3/2> f (_qin—l/Q’_qZ2n+3/2)f(qin—1/2’q4—2n+3/2>}. (48)
Substitute (48) into (47) to obtain

2 1 2 1
¥ (qz,q4, (g2q2)"" ", i%q1" 2, (goqa) ™" )

n—1 2n—1
=q;"q %" 19(612,q4, (g2q2)°" ", 25724 (qaqu)™” )

Iterate this identity n times to obtain

2n+1 2n+1 —92n2 _—4n? . . .
2B (goqu)™" ) =¢; 7" q; " 9 (g2, 44,0204, 3203, 1 q2qu) -

Y (qz,q4,i(qzq4) g

By Theorem 3.1(ii), (iv) and (i), respectively, we find that

9 (92, 04,9204, 5° 03, °q2q4) = 9 (a2, qu, (ig2qs) ", (%a5) ", (i*qoqa) ™)
=i"% (g2, q4,7° 4204, 9° 03, iq204)
=9 (q23 Q4aiQ2Q4,iQQZ7iSQQQ4) .

Then o (qg7 q4,1q2q4,1°G3, i3qQQ4) = 0 which completes the proof.

Case 3. m = 2.
Case 3.1. n =1 (mod 2).
Eq. (32) becomes

9 (42,01, (a2a) *" 2 463710 (g200) D)

:—{f< n+1’_ )fQ(n+1’q4 )_|_f<n+1,q2 )f2( n+1 q4—n)}
By (34), it follows immediately that

9 (qg,q4,z’2 (q2q4)(2n+1)/2 7Z~4qin+1’i6 (q2q4)(2n+1)/2) —o.

The proof is complete.
Case 3.2. n =0 (mod 4).
Eq. (32) becomes

. . 2
J (Q27Q4,12 (g2q4)°" ,i%qi™, i (qaqa) n)

1 — _
_ 5 {f <7q§n+1/27 —4 2n+1/2) f2 ( 2n+1/2,q4 2n+1/2)

N f( 2n+1/2 0 2n+1/2) 72 (_qin+1/2’_q4—2n+1/2)}. (49)
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Note that by (8),

f (iq2n+l/2 iq—2n+l/2) — gt (ian—3/2 iq—2n+5/2) _

Then

¥ (qz, q1,1% (g2q4)"" i qi", 0 (qu4)2")

1 410 _an 2m—3/2  —2n+5/2 2n—3/2 —2n+5/2
2q24+2q48+4{f(7q2" R "+/)f2< "R g ”+/)

(G () ) 0

By (49) with n replaced by n + 1, it follows that

. 2n—2 2n—2
9 (42,00, (202)" 182", 1 (g201)" )

_ % {f (_qgn—3/2,_q2—2n+5/2) 12 < 2n— 3/27q4—2n+5/2>

N f( on—3/2 q_2n+5/2> 12 (_ 2n—3/2 —q4_2n+5/2)}- (51)

)42

Substituting (51) into (50), we conclude that

) (Qm 1,72 (qaqu)™™ itqy", i (Q2Q4)2n>

_ . 2n—2 2n—2
=gy " 8y (Q27Q4722 (g200)™" %, i%aqy" 1% (q2q)™ )

After iterating above identity n times, this yields the desired result.

Case 3.3. n =2 (mod 4).
From (32), we have

. 2 1 2 1
V0 (qQ,q4,22 (g2q2)°" 1 ity 200 (goqu)™™ )

_ 1 {f (_q§n+3/2’ _q2—2n 1/2) 2 < 2n+3/2 q4—2n—1/2>

2
I f( 2n+3/27q;2n 1/2) 2 (_ 2n+3/2’_q472n71/2)}. (52)
By (8),
f (:‘:qszrB/z7 iq72n71/2) —qging (j:anq/z7 iq—2n+3/2> _
Then

)2n+1 g2 6 (4qa )2n+1)

v (qQ, 1,7* (q2qa Litqy

;q274"q478” {f( qgn 1/2 _q;2n+3/2) f2( 2n— 1/2’q;2n+3/2)

+ f( 2n—1/2 a5 2n+3/2) fz (_qin—l/Q’_q4—2n+3/2)}. (53)
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By (52) with n replaced by n + 1, we see that

. 2 1 2n—1
¥ (qz,q4,Z2 (g2q4)™" iy 2,i5 (goqu)™ )

_ % {f (_q§n71/27_q;2n+3/2> 12 ( 2n— 1/27q22n+3/2)

N f( on—1/2 q;2"+3/2) 12 (_ znfl/Q’_q;2n+3/2)}. (54)

Substitute (54) into (53) to obtain

)2n+1 Z4qin+2 .6 (q a4 )2n+1>

v (Q27Q47i2 (q2q4
= g5 *"q " (qz,Q4,i2 (9244)*" " i% 5™ 2,1 (q244 )2"_1)-

Iterate above formula n times to finish the proof.

Case 4. m = 3.
We observe that

200 i (gagqa)™ ) =1 (q27q47i3 (q2q4)”/2,quZ,i(qzq4)”/2>

=1 (Q2,q47 (Q2Q4) "/ Z qysi (Q2Q4)n/2)7

¥ (qz, qa,1° (q2q4)

where the last equality is deduced by Theorem 3.1(i). Hence this case is the same as the case m =1. O

Like Ramanujan’s general theta function f(a,b) mentioned in Section 2, we now consider some special
cases of the function ¢ as follows. For our convenience, write

ﬂ(q27Q4a 1 )

V1(q2,q4) =

02(g2, 1) = 9(q2, s, 4,3%,4°),
( ) =
( ):

19((]2)(]47 ,7’ 7i6)7

= g5/%q,/* 19(Qz,q4,(qth4) /2 ,q4,(q2q4)1/2),

93(q2, g4

94(q2, g4

1/2
U5(q2,q4) == QQ/ q29(q2, G4, 4294, 43, 4244,

1/2 .
95(g2,41) = 03" > qa9(q2, 4a, 2024, 1 ¢3 14244).

Next, we will express the functions 91, ¥, 93, ¥4, J5 and g in terms of ¢ and .

Theorem 4.2. We have

D1 as) = 5 (2@ D@ + ol (—ai) (55)
Va(2, 01) = p(—ad) e (" )p(—ai®), (56)
Islazan) = 3 (w0} )P0/ + o0} (@) 67)
(g2, aa) = 403" 0y 9 (2) 0 (aa), (58)
05(q2,q4) = % (w(q§/2)¢2(Qi/2) - w(—qi/z)sf(—qi/rz)) ; (59)

V6(q2, qa) = % (@(9&”)@ (—q)"%) — @(—q§/2)¢2(qi/2)) : (60)
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Proof. We employ Theorem 3.1(iii) and use the notation in Section 2. The first and third equalities come
straightforwardly. For the second and forth identities, we also utilize Egs. (6) and (7). For the last two
formulas, we use (8) with n = —1. The proof is complete. O

Before proceeding further, we will establish some formulas for ¢ and ¥ in terms of as, a4, g2, qu,
29 = o F] (1 L 1;042) and z4 := o} (1 3. 1;a4). We can rewrite (13)-(23) in terms of aw, g2 and 25 as

202 474
©(q2) = V22, (61)
p— 1/2

o) = va (SR ) (62)
p(g3) = %\/5 (1 +(1- 02)1/4> : (63)
play"*) = Va2 (L+ V)2, (64)
p(—g2) = V22 (1 — az)'/*, (65)
p(—a3) = Vza(l — a)'/%, (66)
o(-a%) = va (1= yaz)'?, (67)
bla) = ) Far "0, (63)
vlad) = V20l g, (69)

o 1/4 11
v =va (F ) () (t0)

— 02 1/4 1\ 1/1
veal =va (5 ) (), (1)

respectively. In [3, p. 146], there is a procedure for producing formulas in the theory of signature 4 from
formulas in the classical theory. Suppose that we have a formula

9(0427(]2,22) =0.

Then we deduce the formula

2oy 1/ 1/2
_— 1 = (.
Q<1+\/a_4,q4 ,24 (14 V/ag) 0

By (61), (62), (65), (66) and (69) together with the above procedure, this yields

o(ay?) = Ve L+ yaa)'*, (72)
— 1/4

oo =va (FE =) (73)

o(—a)%) = vz (1 — yag)'*, (74)

o(—q1) = vz (1 —ag)'/?, (75)

and



B. Yuttanan / J. Math. Anal. Appl. 430 (2015) 205-230 223

vla) = Y v, (76)

respectively.
With above formulas, we can write ¥, 92, U3, ¥4, ¥5 and ¥g in terms of oo, ay, 22 and z, as analogues
of Lemma 2.3 and Lemma 2.4.

Corollary 4.3. We have

V1(q2,q4) = \/\7_24 (1-1-\/042044-1-\/ (1 —ao) 1—a4))1/2,

D2(g2,qa) = V/Z2za(1 — az)V/® (1 — au) /",

22 1/2
19 (QQ,(]4) \/\7_4 (1—\/0420644—\/1—042 1—0[4)) s
Da(az, a) = Vz2za0y S/,

Ot a0) = Y2 (14 vazms - V= e T an))

96(q2,q4) = \/\;—Z4 (1—\/m-\/1—a2 1—a4))1/2.

Proof. We will utilize Eqgs. (64), (66)-(68) and (72)-(76) to Theorem 4.2 together with the identity

V14 vay1+vo+4/1—vay1-vb f(1+\/_i\/m)1/2

where a, b are any numbers in [0,1]. O

The next corollary is an analogue of (1) and (2).

Corollary 4.4. We have

(i)
03(q2, qa) + V5 (q2, q1) = 93(q2, qa) + V2 (g2, qu),
(i)
93 (a2, q1) — 92(az, 1) = 03(ay"%, qu) + 203 (a3, qu),
(iii)

930z, a1) = 93(a2, 02) = V3(ar"*, a0) — 203(63, a0).
Proof of (i). The identity follows straightforwardly from Corollary 4.3. O

Proof of (ii). By Corollary 4.3, it follows that

?9%(1127(14) - 19%(112, qa) = Zzzi (\/042044 + \/(1 —ag)(1-— a4)) .
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On the other hand, by (56) and (58), we find that

9345, q1) + 203(3, 41) = P> (—a2)0(ay”*)* (—ai”?) + 3205 %4} "2 (a3)0* ().

We utilize (65), (69)(74), and (76) to obtain

93(05"%, aa) + 203(63 aa) = 2223/ (1 — a2) (1 — ) + 2223 /.
This finishes the proof. O

Proof of (iii). By Corollary 4.3, we deduce that

V3(q2, 1) — V3 (a2, qu) = 2223 (\/(1 —ao)(1—oy)— \/042014) .
On the other hand, by (56) and (58), we see that
93(a"%, a1) — 203(a3, a1) = ©*(—a2) (@ ") (—aa”®) — 3201 *0*(a3)0* ().

Employing (65), (69)—(74), and (76), we conclude that

93(0y"% aa) + 203(63. @a) = 2223/ (1 — a2) (1 — ) — 2223 /s,
We complete the proof. 0O

Corollary 4.5. If o := as = ay, then

V1(q2, q4) = V2224,
O2(2.02) = V27 (1 - )™,
U3(q2,q4) = /2224 (1 —a)'?,
V4(q2, qa) = /222100

U5 (g2, q4) = V222100

J6(q2,q4) = 0.

Proof. The proposed formulas follow readily from Corollary 4.3. O

Corollary 4.6. If o := as = ay, then

(i)
93(q2, qa) + U3(q2, qa) = 93 (g2, qu),
(if)
95 (g2, 04) + 93 (a2, a) = 97 (g2, ),
(iii)

ﬁg(QQa (I4) - 79%((]2, (J4)?9g((J2a Q4)a
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(iv)
05(q2, q4) = 97(q2, 94)98 (02, qa),
(v)
01(d3, 45) — U5(d3, 4F) = V3(g2, 4a),
(vi)
95(63.43) + V6(a3. 43) = 91 (g2 0a)05"* (g2 a).
(vii)
(0%, a)") = 9s(ay"*, a)'%) = 2v205 (2, ),
(viii)

Os(a%, 00”) = V(ay”*, ad’®) = 2v201 % (a2, 02)03"* (a2, au).-
Proof of (i)—(iv). The identities (i)—(iv) come straightforwardly from Corollary 4.5. O
Proof of (v). By (55) and (59), we have
91(a3, ) — U543, 47) = o(~2)* (—aa)-
Employing (65) and (75) yields

@(—Q2)902(—q4) = \/524(1 _ Oé)l/2
= 193(q2, qa)-

The last equality follows from (57). We complete the proof. O
Proof of (vi). By (57) and (60), we find that

93(a3,43) + V6(43, 47) = (a2)* (—aa).
Utilizing (61) and (75), we deduce that

0(02)¢° (—as) = v/Z2za (1 — )/
= UQ}M(Q% Q4)19é/2(Q27 qa).

This completes the proof. 0O

Proof of (vii). Using (55) and (57) along with (10) and (11), it follows that

1
91(ay"% a2"?) — 93(a5"% 0/?) = 3 (@(qy‘) — <p(—q§/4)) (@2((&/4) — @2(—@1/4))

1

2

(4q§/ 4@11(613)) (Sqi/ 41/12((14)) :
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By (69) and (76), we obtain

(40" 0(aD)) (80" 02 (a)) = 2v2y/Zp200' 2
= 2v205(q2, q1).-

N =

We finish the proof. O

Proof of (viii). Employing (55) and (57) together with (9) and (11), we find that

1
ds(as* ai"®) = vo(a* 01 = 5 (el + o(-a) (P@") - e (-ai')

1
= 5 2e(a) (84" (@)
Using (69) and (76) yields

1

5 (2¢0(42)) (SQi/4w2(<J4)) = 2V2/z3240"/*

= 2v201"% (42, 42)93* (a2, 4a).-

The proof is complete. O

Next, we will give explicit evaluations of quartic theta functions for some values of oy and 4. Before
proceeding further, we will establish some values of hypergeometric functions.

Lemma 4.7. We have

(i)
111\ VA
2F1 (5757155> - F2(%)’
(ii)
12 1\ A
2“<?§*5>m@m@’
(iii)
13 1\__ /&
o <Z’ 1,1, 5) = ma
(iv)
11 2-v3\ 2.3Y4/r
21 (2’2’1’ 4 ) S 3r(2T(2)’
v)

11 243 2334/
oF1 | 555 = T By’
2’2 4 3T(2)T(3)
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(vi)
112 \_ VT V24l
2F1<2’2’1’ﬁ+1> ET@Y vz
(vii)
11 v2-1\ Vo [V2+1
2F1<2’2’1’\/§+1>_F(%)F(§) 22
(viii)
13 8\ 7 [3
2b1 (4 'y ’§> TT23)V 2
(ix)

1 b 1 I(1)r(itetd
or (o L 1) T
2 2 1 1

Parts (i), (i) and (iii) follow from (77) with (a,b) = (3, 1), (a,b) = (3,2) and (a,b) = (1, 2) in

respectively.
Part (iv) arises from Theorem 5.6 in [3, p. 112],

11 232+0) 2 . 272%(1 + x)?
1 S A By Pt Gl A [/ ity A (R Pt Sl et A
(I+z+2%), 1(272’ 119w + 2x26] 33774(1+x+x2)3

with z = % and part (ii).
To establish part (v), use Corollary 5.7 in [3, p. 113],

11 3(2 + ) 2 2722(1 + x)?
1 Nom (2,211 22T O BT Ga R | P G e
(L+a+a%) 1(2’2’ S P Forh 3 3 T Al zt22)°

with = \/‘3’2_1 and part (ii).

Setting = = % in Theorem 9.1 from [3, p. 145],
11 2x 3
F(2 2,1,1+ ) \/l—i—ngl(—Zlac)

we easily deduce part (vi) with the help of part (iii).
Part (vii) is an immediate consequence of Theorem 9.2 in [3, p. 145],

11 1—=z 1+ 13 9
I 5 1 =4/—F——2F |5 51—
21(2 2”1+x> 2 21<4’477 x)’

with z = % and part (iii).
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To prove part (viii), we employ Entry 33(iv) of Chapter 11 in [1, p. 95],

13 4 11
2F1( 1 7:”) — V11 2o} (— 1;x>

107 1+a)2 279’

with z = § and part (i).

Part (ix) follows on using Theorem 9.4 in [3, p. 146],

2
13 1 13 1—2
F(=,512% ) = —aF | -, 53131 —
2 1(4’4’ x) 1+32° 1(4’4’ ’ <1+3x>>
1

with x = 3 and part (viii). O

Some values of the function ¥ are given in the next theorem analogously to that of ¢ and % in
[3, Chapter 35]. We record three cases here; further evaluations involving a hypergeometric function can
be obtained by similar reasoning.

Theorem 4.8. We have

(i)
73/4
By e ™V = ——
INCIINEIINE))
3/4
9 - —7m2 _ ﬂ—
2(6 , € ) 23/8F(%)F(%)F(%)7
3/4
9 - —mV/2 _ ™
) S SR )
3/4
9 —r _—mV2 _ ™
4(6 , € ) 23/8F(%)F(§)F(§)7
3/4
9 -1 —m/2 — ™
() S S )
Je(e™ ™, eiﬁﬁ) =0,
(i)
3 —m m3/4 \/§+1
R E e
39/590(2)T(1), [T2)0(2)
wvE - w4 (V3 1)
da(e”™,e7VE 5( 7)2 5
21/833/8T ()T (5)4/T(5)T(3)
e £3/431/8
Do, e = 5\ 7 2\ 5
V2L ()T (5)/T(3T(F)

194(677”/3, 677“/5) =

[\
—_
~
[od
w
w
~
o]
—
—~
ot | —
~—
—
—~
[o ] BN
~—
—
—~
win
~—
—
—~
oot
~—
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O5(e ™3, e7™V2) = . 2
33/8V2T (2)T(Z)/T(3)I(2)

3/4( /2
o(e ™5, e = TS

(iii)

1/2

73/4 (\/10\/5 T4+ 4)

eV emm) = :
29/8T(2)/T(2)T(Z)

Da(e™™/V2 ™) = :

1/2

73/ ( 10v/2 + 4—4)

’193(67#/\/5,67”) = ,
29/8T2(3), /T(2)r (%)

w4 (V2 +1) 21

r2()yLE0E)

1/2
73/ (\/10\/5 Y24 4) /
195(6_”/‘/5,6_”) = )

29/5T2(3) /T3 (D)

dale ™V ) =

1/2

7r3/4( 10\/§+2—4)

252(3)\ T GI0(E)

ﬂG(e_w/ﬂa e_ﬂ-) =

Proof of (i). Putting ap = oy = %

Lemma 4.7, it follows that

in the definitions of z2, 24, ¢2 and ¢4 together with parts (i) and (iii) of

VT VT - -
29 = ——=, 24 = —m s @ =ce and gs=e .
r2(3) LI (E)

Taking a = % in Corollary 4.5, the results follow immediately. O
Proof of (ii). Letting oy = 2*4\/57 o = 3 in the definitions of z2, 24, g2, ¢4 and utilizing parts (iii), (iv) and
(v) of Lemma 4.7, we find that

9.3/4 /& T o —r

Z2=27\/5_, Z4=%, @=c™ and  g=ec V2
35T (5) IT(5)

The proposed results follow readily from Corollary 4.3. O

8
9
(viii) and (ix) of Lemma 4.7, we deduce that

Proof of (iii). Taking ay = ﬁ, ay = ¢ in the definitions of zq, 24, g2, q4 together with parts (vi), (vii),
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—T

Z9 = and q=e

4 = ——==

reorm\ vz T

\/E \/§+1 ﬁ \/§ q2_e—7r/\/§
9’

Employing Corollary 4.3 and simplifying, we arrive at the desired results. O
Acknowledgments

The author wishes to thank Bruce C. Berndt and Sarachai Kongsiriwong for useful suggestions and encour-
agement. The author is supported by a grant from Prince of Songkla University, contract No. SCI550398S.

References

[1] B.C. Berndt, Ramanujan’s Notebooks, Part II, Springer-Verlag, New York, 1989.

[2] B.C. Berndt, Ramanujan’s Notebooks, Part III, Springer-Verlag, New York, 1991.

[3] B.C. Berndt, Ramanujan’s Notebooks, Part V, Springer-Verlag, New York, 1998.

[4] S. Bhargava, Unification of the cubic analogues of the Jacobian theta-function, J. Math. Anal. Appl. 193 (2) (1995)
543-558.

[5] J.M. Borwein, P.B. Borwein, A cubic counterpart of Jacobi’s identity and the AGM, Trans. Amer. Math. Soc. 323 (2)
(1991) 691-701.

[6] M.D. Hirschhorn, F. Garvan, J. Borwein, Cubic analogues of the Jacobian theta function 9(z, ¢), Canad. J. Math. 45 (4)
(1993) 673-694.

[7] S. Ramanujan, Collected Papers, Cambridge University Press, Cambridge, 1927; reprinted by Chelsea, New York, 1962;
reprinted by the American Mathematical Society, Providence, RI, 2000.

[8] S. Ramanujan, Notebooks (2 volumes), Tata Institute of Fundamental Research, Bombay, 1957.

[9] S. Ramanujan, The Lost Notebook and Other Unpublished Papers, Narosa, New Delhi, 1988.

[10] D. Schultz, Cubic theta functions, Adv. Math. 248 (2013) 618-697.


http://refhub.elsevier.com/S0022-247X(15)00431-X/bib4265726E647432s1
http://refhub.elsevier.com/S0022-247X(15)00431-X/bib4265726E647433s1
http://refhub.elsevier.com/S0022-247X(15)00431-X/bib4265726E647435s1
http://refhub.elsevier.com/S0022-247X(15)00431-X/bib426861726761766131s1
http://refhub.elsevier.com/S0022-247X(15)00431-X/bib426861726761766131s1
http://refhub.elsevier.com/S0022-247X(15)00431-X/bib426F727765696E32s1
http://refhub.elsevier.com/S0022-247X(15)00431-X/bib426F727765696E32s1
http://refhub.elsevier.com/S0022-247X(15)00431-X/bib486972736368686F726E32s1
http://refhub.elsevier.com/S0022-247X(15)00431-X/bib486972736368686F726E32s1
http://refhub.elsevier.com/S0022-247X(15)00431-X/bib52616D616E756A616E31s1
http://refhub.elsevier.com/S0022-247X(15)00431-X/bib52616D616E756A616E31s1
http://refhub.elsevier.com/S0022-247X(15)00431-X/bib52616D616E756A616E32s1
http://refhub.elsevier.com/S0022-247X(15)00431-X/bib52616D616E756A616E33s1
http://refhub.elsevier.com/S0022-247X(15)00431-X/bib536368756C747A31s1

	แบบรายงานฉบับสมบูรณ์

	Ramanujan's Alternative Quartic Theory of Theta Functions

