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บทคัดยอ 
งานวิจยันี้ไดศึกษา Theta functions รูปแบบใหมใน Ramanujan's quartic theory  ผูวิจยัไดคิดคนเอกลักษณ
ของฟงกชันนีใ้นทํานองเดียวกับ Jacobian theta functions และ Cubic theta functions 

 

Abstract 
A new general theta function in Ramanujan's quartic theory is introduced. Some properties analogous to 
those of classical Jacobian theta functions and cubic theta functions are established here. 
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บทนํา 
 
โครงงานวิจัยนี้ไดทําการศึกษาเกีย่วกับ Theta functions ในการศึกษาคณิตศาสตรสาขาทฤษฎีจํานวน ฟงกชันหนึ่ง
ท่ีมีความสําคัญมากคือ Theta functions ซ่ึงเปนฟงกชันของตัวแปรเซิงซอน ฟงกชันนี้ถูกคนพบคร้ังแรกใน
ศตวรรษท่ี 18   โดย Leonard Euler และไดถูกศึกษาอยางกวางขวางในศตวรรษท่ี 19  โดยนักคณติศาสตรหลาย
ทาน เชน Carl Friedrich Gauss, Carl Gustav Jacob Jacobi  เปนตน เนือ่งจาก Jacobi ไดศึกษาฟงกชันนี้อยางลึกซ้ึง
และเปนระบบ ตอมาเราจึงนยิมเรียกฟงกชันนี้วา Jacobi’s theta functions (หรือ Classical Theta Functions) ซ่ึงมี
อยู 4 ฟงกชันคือ 1 2 3, ,    และ 4  ให   เปนจํานวนเซิงซอนใด ๆ  ซ่ึงสวนจินตภาพเปนจํานวนจริงบวกและ
เขียน q  ในรูป iq e   แลวเรานยิามวา 
 
 
 
 
 
 

 
ในชวงตนศตวรรษท่ี 20 Srinivasa Ramanujan นักคณิตศาสตรชาวอินเดยีไดคนพบรูปแบบท่ัวไปของ Theta 
functions ซ่ึงมีนิยามดังนี ้

 

 
เราจะเห็นไดวา 1 2 3, ,    และ 4  เปนเพียงกรณีพิเศษของฟงกชัน f  เทานั้น จากการคนพบนี้ทําใหองคความรู
เกี่ยวกับฟงกชันนี้ไดพัฒนามากยิ่งข้ึนไปอีก ฟงกชันนี้ไดมีการนําไปใชในหลายสาขาวิชาของคณิตศาสตร เชน q-
Series, Modular Equations, Partition Theory, Elliptic Functions, Algebraic Geometry, Complex Analysis, 
Quadratic Forms เปนตน และยังไดมีการนําฟงกชันนีไ้ปประยุกตใชในสาขาวิชาอ่ืน ๆ อีกดวย เชน Soliton 
Theory, Quantum Field Theory, Models of Lattice Gases, Particle Physics เปนตน ในป ค.ศ. 1989 Jonathan M. 
Borwein และ Peter B. Borwein ไดคนพบฟงกชันท่ีมีลักษณะคลายกับ Jacobi’s theta functions แตมีความซับซอน
มากข้ึน ตอมาเรียกวา Cubic theta functions (หรือ two-dimesional theta functions) มีนิยามดังตอไปนี้ 
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เม่ือ 2 /3ie    ซ่ึงในภายหลังสมบัติตาง ๆ ของฟงกชันนีไ้ดถูกคิดคนข้ึนมามากมายโดยนักคณิตศาสตรหลาย
ทาน เม่ือเร็ว ๆ นี้ในป 2009 Daniel Schultz ไดคนพบฟงกชันใหมท่ีเรียกวา Quartic theta functions จากการศกึษา 
Jacobi’s theta functions และ Cubic theta functions บน Riemann surfaces ฟงกชันดงักลาวมีนยิามดังนี ้

 
 
 

โดยท่ี 1 2| | 1,| | 1q q   ฟงกชันใหมท่ีเพิ่งคนพบนีย้ังไมไดเปนท่ีรูจักกนักวางขวางนัก  ผูวิจยัเกดิความสนใจ
และไดศึกษาฟงกชันนี ้ ซ่ึงสามารถคิดคนสมบัติใหม ๆ ของฟงกชันนี้เพิ่มเติมไดในทํานองเดยีวกับ Jacobi’s 
Theta Functions และ Cubic Theta Functions ซ่ึงจะทําใหองคความรูเกี่ยวกับ Quartic Theta Functions นี้
กวางขวางมากยิ่งข้ึน และคาดหวังวาในอนาคตอาจจะมีการนําเอาความรูเกี่ยวกับฟงกชันนี้ไปประยกุตใชใน
สาขาวิชาอ่ืนอีกดวย 

2 2 21 1 1
( ) ( ) ( )

2 2 2
1 2 1 2 3 1 2 1 2 3

, ,

( , , , , ) :
a c a b b c a b c

a b c

q q x x x q q x x x
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วัตถุประสงค 

 
1. ศึกษาคิดคนเอกลักษณและสมบัติตาง ๆ  ของ Quartic theta functions ในทํานองเดยีวกับ Jacobi’s 

theta functions และ Cubic theta functions   
2. สรางความสัมพันธระหวาง Quartic theta functions และ Cubic theta functions 
3. การประยกุตใชเอกลักษณของ Quartic theta functions 
4. สรางความสัมพันธระหวาง Quartic theta functions กับฟงกชันอ่ืน ๆ  ท่ีใชกันอยางแพรหลายใน

คณิตศาสตร 
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ผลการวิจัย 
ผูวิจัยไดศึกษา  Quartic theta function ซ่ึงมีนิยามดังนี ้
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โดยท่ี 2 40 1,0 1m m     และ 2 1( , ; ; )F a b c z  คือ Ordinary hypergeometric function  

ทฤษฎีบทท่ีกลาวถึงตอไปนีจ้ะขอละการพสูิจนไว สําหรับการพิสูจนสามารถดูไดจากบทความท่ีตีพิมพแลว
ในภาคผนวก ทฤษฎีบทแรกจะกลาวถึงสมบัติพื้นฐานของฟงกชัน 1 2 1 2 3( , , , , )q q x x x  

ทฤษฎีบท 1 

1. 2 4 1 2 3 2 4 3 2 1( , , , , ) ( , , , , )q q x x x q q x x x   

2. 1 1 1
2 4 1 2 3 2 4 1 2 3( , , , , ) ( , , , , )q q x x x q q x x x      

3.  
2 4 1 2 3

1 11 1 1 1
1 1 1 1 1 12 22 2 2 2

1 3 1 3 2 3 2 31 2 1 22 2 2 2 2 2
2 2 4 4 4 4

2 2 3 3 1 1

1
12

1 3 1 32
2

2 2
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q f q q f q q
x x x x

     
                                    

    

เม่ือ ( 1)/2 ( 1)/2( , ) n n n n

n
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   คือ Ramanujan’s general theta function  

4. ถา , ,p q r  เปนจํานวนคูแลว 

2 2 2

2 4 1 2 3

/2 /2 /2 ( ) /8 ( ) /8 ( ) /8 ( )/2 ( )/2 ( 2 )/2 ( )/2 ( )/2
1 2 3 2 4 2 4 2 4 1 4 2 2 4 3

( , , , , )

( , , , , )p q r p r p q q r p r p q p q r p r q r

q q x x x

x x x q q q q q q x q x q q x



         

 

5. ถา , , , , ,m n k p q r  เปนจํานวนคูโดยท่ี    1
0 mod 4

2
mp nq kr    แลว 

 ( )/4 ( )/4 ( 2 )/4 ( )/4 ( )/4
2, 4 2 4 4 2 4, , , 0m p r p q n p q r k p r q rq q i q q i q i q q         
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6. ถา Re ,Re 0s t   แลว 

   
2 2 2( ) /8 ( ) /4 / 2 / ( )/2 / ( )/ ( )/2 ( )/
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7. ให {0,1,2,3}m  และ n  เปนจํานวนเต็ม จะไดวา 
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 เนื่องจากฟงกชันมีความซับซอนของพารามิเตอร  ผูวิจัยจึงทําการศึกษากรณีเฉพาะของฟงกชัน   
ดังตอไปนี ้กําหนดให 
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จากความสัมพนัธระหวางฟงกชัน   กับฟงกชัน f ในทฤษฎีบท 1 ขอ 3 ผูวิจัยไดใชเอกลักษณของฟงกชัน 
f  ซ่ึงคิดคนโดย Srinivasa Ramanujan มาพิสูจนเอกลักษณในทฤษฎีบทตอไปนี ้
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ทฤษฎีบท 2 

 

 

1/2 2 1/2 1/2 2 1/2
1 2 4 2 4 2 4

2 1/2 1/2
2 2 4 2 4 4

1/2 2 1/2 1/2 2 1/2
3 2 4 2 4 2 4

2
4 2 4 2 4
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5 2 4 2 4 2 4

1
( , ) ( ) ( ) ( ) ( )

2

( , ) ( ) ( ) ( )

1
( , ) ( ) ( ) ( ) ( )

2

( , ) 4 ( ) ( )

1
( , ) ( ) ( ) ( ) (

2

q q q q q q

q q q q q

q q q q q q

q q q q

q q q q q q

    

   

    

  

    

   

  

   



    

 

/2

1/2 2 1/2 1/2 2 1/2
6 2 4 2 4 2 4

)
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2
q q q q q q       

 

โดยท่ี ( ) ( , )q f q q   และ 3( ) ( , )q f q q   เม่ือ f คือฟงกชันท่ีนิยามไวในทฤษฎีบท 1 ขอ 3  ซ่ึงสอง
ฟงกชันนีเ้ปนกรณีเฉพาะของฟงกชัน f  ท่ีรูจักกันอยางกวางขวาง และจากการประยุกตใชความสัมพนัธ
ของ   และ   ทําใหเราไดบทแทรกตอไปนี ้

บทแทรก 3 

   
 

   

   
   

1/2
2 4

1 2 4 2 4 2 4

1/41/8
2 2 4 2 4 2 4

1/2
2 4

3 2 4 2 4 2 4

1/8 1/4
4 2 4 2 4 2 4

1/2
2 4

5 2 4 2 4 2 4

1/2
2 4

6 2 4 2 4 2 4

( , ) 1 1 1
2

( , ) (1 ) 1

( , ) 1 1 1
2

( , )

( , ) 1 1 1
2

( , ) 1 1 1
2

z z
q q m m m m

q q z z m m

z z
q q m m m m

q q z z m m

z z
q q m m m m

z z
q q m m m m













    

  

    



    

    

 

เม่ือ 2 2 1 2
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บทแทรก 5 ถาให 1 2m m m   จะไดวา 

 
 

3/8
1 2 4 2 4 4 2 4 2 4

3/8 1/2
2 2 4 2 4 5 2 4 2 4

1/2
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บทแทรก 6 ถาให 1 2m m m   จะไดวา 
2 2 2
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3 2 4
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1 2 4 3 2 4 5 2 4
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5 2 4 6 2 4 1 2 4 5 2 4

) ( , )

( , ) ( , ) 2 2 ( , )

( , ) ( , ) 2 2 ( , ) ( , )

q q

q q q q q q

q q q q q q q q



  

   

 

 

 

จากสูตรขางตน ผูวิจยัพบวาถาเราคํานวณคาของฟงกชัน   สําหรับบางคา 2m  และ 4m  ในทฤษฎีบท 2 จะ
ไดความสัมพนัธระหวาง   กบั   (Gamma function) ดังตอไปนี ้

ทฤษฎีบท 3 

 1. ถา 2 4

1

2
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2. ถา 2

2 3

4
m


  และ 4
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3. ถา 2
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5 7 2 5
2 3 ( ) ( ) ( ) ( )
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4. ถา 2
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1. ขอคิดเห็น/ขอเสนอแนะในสวนท่ีไมสามารถดําเนินการวิจัยไดตามวัตถุประสงค 

งานวิจยันี้ไดวางแผนการดําเนินงานตลอดโครงการไว 4 หัวขอ คือ 

1. สรางเอกลักษณของ Quartic theta functions 

2. สรางความสัมพันธระหวาง Quartic theta functions และ Cubic theta functions 

3. ประยุกตเอกลักษณของ Quartic theta functions เพื่อใชสรางเอกลักษณใหมใน Partition Theory 

4. หาความสัมพนัธระหวาง Quartic theta functions กับฟงกชันอ่ืนๆ 

สวนท่ีไมสามารถดําเนินการวจิัยไดตามวัตถุประสงคมีอยู 2 หวัขอ คือ 

1. หัวขอท่ี 2 การสรางความสัมพันธระหวาง Quartic theta functions และ Cubic theta functions นัน้ 
ผูวิจัยยังไมสามารถทํางานวิจัยในหวัขอนีไ้ดตามเปาหมายท่ีวางไว เพราะฟงกชันท่ีผูวิจยัศึกษามี

ความสัมพันธกับ 2 1

1 1
( , ;1; )
2 2

F m  และ 2 1

1 3
( , ;1; )
4 4

F m  สวน Cubic theta functions  นั้นมี

ความสัมพันธกับ 2 1

1 2
( , ;1; )
3 3

F m  แตความสัมพันธของ Ordinary hypergeometric function เหลานี้

ยังมีนอย จึงทําใหไมสามารถสรางความสัมพันธระหวาง Quartic theta functions และ Cubic theta 
functions ได 

2. หัวขอท่ี 3 ประยุกตเอกลักษณของ Quartic theta functions เพื่อใชสรางเอกลักษณใหมใน Partition 
Theory ไมสามารถดําเนินได เนื่องจากเวลาในการทําวจิัยไมเพียงพอ 
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1. Introduction

In the classical notation, Jacobi’s theta functions are given by

θ2(q) =
∞∑

n=−∞
q(n+1/2)2 ,

θ3(q) =
∞∑

n=−∞
qn

2
,

and

θ4(q) =
∞∑

n=−∞
(−1)nqn

2
.

Jacobi’s well-known identity is

θ4
3(q) = θ4

2(q) + θ4
4(q). (1)
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In 1989, J.M. Borwein and P.B. Borwein introduced three elegant functions analogous to Jacobi’s theta 
functions, namely, for ω = e2πi/3,

a(q) =
∞∑

m,n=−∞
qn

2+nm+m2
,

b(q) =
∞∑

m,n=−∞
qn

2+nm+m2
ωn−m,

and

c(q) =
∞∑

m,n=−∞
qn

2+nm+m2+n+m+1/3,

and in 1991 [5], they showed that

a(q)3 = b(q)3 + c(q)3. (2)

In 1993, M. Hirschhorn, F. Garvan and J.M. Borwein [6] introduced, for ω = e2πi/3,

a(q, z) =
∞∑

m,n=−∞
qn

2+nm+m2
zn−m,

a′(q, z) =
∞∑

m,n=−∞
qn

2+nm+m2
zn,

b(q, z) =
∞∑

m,n=−∞
qn

2+nm+m2
ωn−mzm,

and

c(q, z) =
∞∑

m,n=−∞
qn

2+nm+m2
qn+mzn−m,

which are generalizations of a(q), b(q) and c(q). They also gave proofs of several identities by employing 
Jacobi’s triple product identity. In 1995, S. Bhargava [4] introduced

a(q, ζ, x) =
∞∑

m,n=−∞
qn

2+nm+m2
ζn+mzn−m,

a generalization of the Hirschhorn–Garvan–Borwein cubic analogues and established some properties of 
a(q, ζ, x). Recently, another generalization of cubic analogues in the form

∞∑
m,n=−∞

qn
2+nm+m2

zm1 zn2

was discovered by Daniel Schultz [10] and was used to extend the previous work of cubic theta functions.
In this paper, we study a function

ϑ(q2, q4, x1, x2, x3) :=
∞∑

q
(a+c)2/2
2 q

(a+b)2/2+(b+c)2/2
4 xa

1x
b
2x

c
3, (3)
a,b,c=−∞
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where, for 0 < α2, α4 < 1,

q2 := exp
(
−π

2F1
( 1

2 ,
1
2 ; 1; 1 − α2

)
2F1

( 1
2 ,

1
2 ; 1;α2

)
)

and

q4 := exp
(
−π

√
22F1

( 1
4 ,

3
4 ; 1; 1 − α4

)
2F1

( 1
4 ,

3
4 ; 1;α4

)
)
,

which we call the general theta function in Ramanujan’s quartic theory. This function was first studied by 
Daniel Schultz for the case α2 = α4 in his unpublished work. However, not too much work has been done 
for this function. We now will establish some of its new identities analogous to those of classical Jacobian 
theta functions and cubic theta functions. In Section 3, we show that ϑ(q2, q4, x1, x2, x3) can be written as 
a sum of products of Ramanujan’s general theta function and we also present its functional equations. In 
Section 4, we derive several identities and some of them are analogous to (1) and (2). Moreover, in the same 
section, explicit evaluations of this function are given.

2. Preliminaries

In his notebooks and his lost notebook [1–3,7–9], Srinivasa Ramanujan developed numerous mathematical 
results involving theta functions. We will use those results to study our quartic theta function. We now 
provide some definitions and preliminary results. As customary and throughout this paper, we assume that 
|q| < 1. For |ab| < 1, Ramanujan’s general theta function f(a, b) is given by

f(a, b) :=
∞∑

n=−∞
an(n+1)/2bn(n−1)/2. (4)

The three most important special cases of f(a, b) [2, p. 36] are

ϕ(q) := f(q, q) =
∞∑

n=−∞
qn

2
,

ψ(q) := f(q, q3) =
∞∑

n=0
qn(n+1)/2,

and

f(−q) := f(−q,−q2) =
∞∑

n=−∞
(−1)nqn(3n−1)/2.

Ramanujan recorded several identities for f(a, b), ϕ(q), and ψ(q). The following lemma provides such iden-
tities.

Lemma 2.1. (See [2, p. 34].) We have

f(a, b) = f(b, a), (5)

f(1, a) = 2f(a, a3), (6)

f(−1, a) = 0, (7)
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and if n is an integer, then

f(a, b) = an(n+1)/2bn(n−1)/2f(a(ab)n, b(ab)−n). (8)

Lemma 2.2. (See [2, pp. 39–40].) We have

ϕ(q) + ϕ(−q) = 2ϕ(q4), (9)

ϕ(q) − ϕ(−q) = 4qψ(q8), (10)

ϕ2(q) − ϕ2(−q) = 8qψ2(q4). (11)

The complete elliptic integral of the first kind K(k) is defined by

K := K(k) :=
π/2∫
0

dθ√
1 − k2 sin2 θ

= π

2 2F1

(
1
2 ,

1
2 ; 1; k2

)
,

where 0 < k < 1 is called the modulus of K and where 2F1
( 1

2 ,
1
2 ; 1;x

)
denotes an ordinary hypergeo-

metric function with |x| < 1. The complementary modulus k′ is defined by k′ :=
√

1 − k2. Let K and 
K ′ denote complete elliptic integrals of the first kind associated with the moduli k and k′, respectively. If 
q = exp(−πK ′/K), then one of the fundamental properties of elliptic functions affirms that [2, p. 101]

ϕ2(q) = 2
π
K(k) = 2F1

(
1
2 ,

1
2 ; 1; k2

)
. (12)

Ramanujan also recorded several formulas for ϕ, ψ, and f at different arguments in terms of α := k2, 
q, and z := 2F1

( 1
2 ,

1
2 ; 1;α

)
by using (12). The following lemmas provide such formulas. First, we give 

evaluations for ϕ.

Lemma 2.3. (See [2, p. 122].) If α, q, and z are defined as above, then

ϕ(q) =
√
z, (13)

ϕ(q2) =
√
z

(
1 +

√
1 − α

2

)1/2

, (14)

ϕ(q4) = 1
2
√
z
(
1 + (1 − α)1/4

)
, (15)

ϕ(q1/2) =
√
z
(
1 +

√
α
)1/2

, (16)

ϕ(−q) =
√
z(1 − α)1/4, (17)

ϕ(−q2) =
√
z(1 − α)1/8, (18)

ϕ(−q1/2) =
√
z
(
1 −

√
α
)1/2

. (19)

Next, the following are evaluations for ψ.

Lemma 2.4. (See [2, p. 123].) In the notation above, we have

ψ(q) =
√

z (
αq−1)1/8 , (20)
2
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ψ(q2) = 1
2
√
z
(
αq−1)1/4 , (21)

ψ(q1/2) =
√
z

(
1 +

√
α

2

)1/4 (
αq−1)1/16 , (22)

ψ(−q1/2) =
√
z

(
1 −√

α

2

)1/4 (
αq−1)1/16 . (23)

3. Basic properties

Recall that a quartic theta function is given by (3) and Ramanujan’s general theta function f(a, b) is 
defined in (4).

Theorem 3.1. We have

(i)

ϑ(q2, q4, x1, x2, x3) = ϑ(q2, q4, x3, x2, x1),

(ii)

ϑ(q2, q4, x1, x2, x3) = ϑ(q2, q4, x−1
1 , x−1

2 , x−1
3 ),

(iii)

2ϑ(q2, q4, x1, x2, x3)

= f

((
x1x3

x2

)1/2

q
1/2
2 ,

(
x1x3

x2

)−1/2

q
1/2
2

)
f

((
x1x2

x3

)1/2

q
1/2
4 ,

(
x1x2

x3

)−1/2

q
1/2
4

)

× f

((
x2x3

x1

)1/2

q
1/2
4 ,

(
x2x3

x1

)−1/2

q
1/2
4

)

+ f

(
−
(
x1x3

x2

)1/2

q
1/2
2 ,−

(
x1x3

x2

)−1/2

q
1/2
2

)
f

(
−
(
x1x2

x3

)1/2

q
1/2
4 ,−

(
x1x2

x3

)−1/2

q
1/2
4

)

× f

(
−
(
x2x3

x1

)1/2

q
1/2
4 ,−

(
x2x3

x1

)−1/2

q
1/2
4

)
,

(iv) for any integers p, q and r such that they are all even,

ϑ(q2, q4, x1, x2, x3)

= x
p/2
1 x

q/2
2 x

r/2
3 q

(p+r)2/8
2 q

(p+q)2/8+(q+r)2/8
4

× ϑ(q2, q4, q(p+r)/2
2 q

(p+q)/2
4 x1, q

(p+2q+r)/2
4 x2, q

(p+r)/2
2 q

(q+r)/2
4 x3),

(v) if m, n, k, p, q and r are even integers such that 1
2 (mp + nq + kr) �≡ 0 (mod 4), then

ϑ
(
q2,q4, i

mq
(p+r)/4
2 q

(p+q)/4
4 , inq

(p+2q+r)/4
4 , ikq

(p+r)/4
2 q

(q+r)/4
4

)
= 0,

and
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(vi) if Re s, Re t > 0, then

ϑ(e−πs, e−πt, eia, eib, eic)

=
√

2
t
√
s
e−(a−b+c)2/8πs−

(
(a−c)2+b2

)
/4πt

× ϑ
(
e−π/s, e−2π/t, e(a−b+c)/2s+b/t, e(a+b−c)/t, e(a−b+c)/2s+(a−c)/t

)
.

Proof of (i) and (ii). These are obvious from the definition of ϑ(q2, q4, x1, x2, x3). �
Proof of (iii). We observe that

2ϑ(q2, q4, x1, x2, x3) =
∞∑

a,b,c=−∞
same parity

q
(a+c)2/8
2 q

(a+b)2/8+(b+c)2/8
4 x

a/2
1 x

b/2
2 x

c/2
3

+
∞∑

a,b,c=−∞
same parity

(−1)a+b+cq
(a+c)2/8
2 q

(a+b)2/8+(b+c)2/8
4 x

a/2
1 x

b/2
2 x

c/2
3 . (24)

For the first sum on the right hand side of (24), change variables by letting a + b = 2p, b + c = 2q and 
a + c = 2r. Then

∞∑
a,b,c=−∞
same parity

q
(a+c)2/8
2 q

(a+b)2/8+(b+c)2/8
4 x

a/2
1 x

b/2
2 x

c/2
3

=
∞∑

p,q,r=−∞
q
r2/2
2 q

p2/2+q2/2
4 x

(p−q+r)/2
1 x

(p+q−r)/2
2 x

(−p+q+r)/2
3

=
( ∞∑

r=−∞
q
r2/2
2 x

r/2
1 x

−r/2
2 x

r/2
3

)( ∞∑
p=−∞

q
p2/2
4 x

p/2
1 x

p/2
2 x

−p/2
3

)( ∞∑
q=−∞

q
q2/2
4 x

−q/2
1 x

q/2
2 x

q/2
3

)

= f

((
x1x3

x2

)1/2

q
1/2
2 ,

(
x1x3

x2

)−1/2

q
1/2
2

)
f

((
x1x2

x3

)1/2

q
1/2
4 ,

(
x1x2

x3

)−1/2

q
1/2
4

)

× f

((
x2x3

x1

)1/2

q
1/2
4 ,

(
x2x3

x1

)−1/2

q
1/2
4

)
,

where the last equality follows from the definition of f(a, b). Similarly, the second sum on the right hand 
side of (24) becomes

∞∑
a,b,c=−∞
same parity

(−1)a+b+cq
(a+c)2/8
2 q

(a+b)2/8+(b+c)2/8
4 x

a/2
1 x

b/2
2 x

c/2
3

= f

(
−
(
x1x3

x2

)1/2

q
1/2
2 ,−

(
x1x3

x2

)−1/2

q
1/2
2

)
f

(
−
(
x1x2

x3

)1/2

q
1/2
4 ,−

(
x1x2

x3

)−1/2

q
1/2
4

)

× f

(
−
(
x2x3

x1

)1/2

q
1/2
4 ,−

(
x2x3

x1

)−1/2

q
1/2
4

)
.

Hence this finishes the proof of (iii). �
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Proof of (iv). Let p, q and r be integers with the same parity. We will utilize (8) to each theta function in 
(iii). For the first theta function of (iii), we see that by (8) with n = (p + r)/2,

f

((
x1x3

x2

)1/2

q
1/2
2 ,

(
x1x3

x2

)−1/2

q
1/2
2

)

=
((

x1x3

x2

)1/2

q
1/2
2

)(p+r)(p+r+2)/8 ((
x1x3

x2

)−1/2

q
1/2
2

)(p+r)(p+r−2)/8

× f

((
x1x3

x2

)1/2

q
(p+r+1)/2
2 ,

(
qp+r
2

x1x3

x2

)−1/2

q
(−p−r+1)/2
2

)

=
(
x1x3

x2

)(p+r)/4

q
(p+r)2/8
2 f

((
qp+r
2

x1x3

x2

)1/2

q
1/2
2 ,

(
qp+r
2

x1x3

x2

)−1/2

q
1/2
2

)
.

Similarly, we use (8) with n = (p + q)/2, (q+ r)/2, (p + r)/2, (p + q)/2, and (q+ r)/2 to the other five theta 
functions of (iii), respectively. Then we obtain

2ϑ(q2, q4, x1, x2, x3)

=
(
x1x3

x2

)(p+r)/4

q
(p+r)2/8
2 f

((
qp+r
2

x1x3

x2

)1/2

q
1/2
2 ,

(
qp+r
2

x1x3

x2

)−1/2

q
1/2
2

)

×
(
x1x2

x3

)(p+q)/4

q
(p+q)2/8
4 f

((
qp+q
4

x1x2

x3

)1/2

q
1/2
4 ,

(
qp+q
4

x1x2

x3

)−1/2

q
1/2
4

)

×
(
x2x3

x1

)(q+r)/4

q
(q+r)2/8
4 f

((
qq+r
4

x2x3

x1

)1/2

q
1/2
4 ,

(
qq+r
4

x2x3

x1

)−1/2

q
1/2
4

)

+ (−1)(p+r)2/4
(
x1x3

x2

)(p+r)/4

q
(p+r)2/8
2 f

(
−
(
qp+r
2

x1x3

x2

)1/2

q
1/2
2 ,−

(
qp+r
2

x1x3

x2

)−1/2

q
1/2
2

)

× (−1)(p+q)2/4
(
x1x2

x3

)(p+q)/4

q
(p+q)2/8
4 f

(
−
(
qp+q
4

x1x2

x3

)1/2

q
1/2
4 ,−

(
qp+q
4

x1x2

x3

)−1/2

q
1/2
4

)

× (−1)(q+r)2/4
(
x2x3

x1

)(q+r)/4

q
(q+r)2/8
4 f

(
−
(
qq+r
4

x2x3

x1

)1/2

q
1/2
4 ,−

(
qq+r
4

x2x3

x1

)−1/2

q
1/2
4

)

= x
p/2
1 x

q/2
2 x

r/2
3 q

(p+r)2/8
2 q

(p+q)2/8+(q+r)2/8
4

×
{
f

((
qp+r
2

x1x3

x2

)1/2

q
1/2
2 ,

(
qp+r
2

x1x3

x2

)−1/2

q
1/2
2

)

× f

((
qp+q
4

x1x2

x3

)1/2

q
1/2
4 ,

(
qp+q
4

x1x2

x3

)−1/2

q
1/2
4

)

× f

((
qq+r
4

x2x3

x1

)1/2

q
1/2
4 ,

(
qq+r
4

x2x3

x1

)−1/2

q
1/2
4

)

+ f

(
−
(
qp+r
2

x1x3

x2

)1/2

q
1/2
2 ,−

(
qp+r
2

x1x3

x2

)−1/2

q
1/2
2

)
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× f

(
−
(
qp+q
4

x1x2

x3

)1/2

q
1/2
4 ,−

(
qp+q
4

x1x2

x3

)−1/2

q
1/2
4

)

× f

(
−
(
qq+r
4

x2x3

x1

)1/2

q
1/2
4 ,−

(
qq+r
4

x2x3

x1

)−1/2

q
1/2
4

)}
.

After employing part (iii) with x1, x2 and x3 replaced by q
(p+r)/2
2 q

(p+q)/2
4 x1, q

(p+2q+r)/2
4 x2 and

q
(p+r)/2
2 q

(q+r)/2
4 x3, respectively, we achieve the proposed formula. �

Proof of (v). By (ii) and (iv), respectively, this yields

ϑ
(
q2, q4, i

mq
(p+r)/4
2 q

(p+q)/4
4 , inq

(p+2q+r)/4
4 , ikq

(p+r)/4
2 q

(q+r)/4
4

)
= ϑ

(
q2, q4, i

−mq
−(p+r)/4
2 q

−(p+q)/4
4 , i−nq

−(p+2q+r)/4
4 , i−kq

−(p+r)/4
2 q

−(q+r)/4
4

)
= i−(mp+nq+kr)/2q

−p(p+r)/8
2 q

−p(p+q)/8
4 q

−q(p+2q+r)/8
4 q

−r(p+r)/8
2 q

−r(q+r)/8
4 q

(p+r)2/8
2

× q
(p+q)2/8+(q+r)2/8
4 ϑ

(
q2, q4, i

mq
(p+r)/4
2 q

(p+q)/4
4 , inq

(p+2q+r)/4
4 , ikq

(p+r)/4
2 q

(q+r)/4
4

)
= i−(mp+nq+kr)/2ϑ

(
q2, q4, i

mq
(p+r)/4
2 q

(p+q)/4
4 , inq

(p+2q+r)/4
4 , ikq

(p+r)/4
2 q

(q+r)/4
4

)
.

Since 1
2(mp + nq + kr) �≡ 0 (mod 4), the desired result follows immediately. �

Proof of (vi). From (iii) with q2 = e−πs, q4 = e−πt, x1 = eia, x2 = eib, and x3 = eic, we find that

2ϑ(e−πs, e−πt, eia, eib, eic)

= f
(
ei(a−b+c)/2−πs/2, e−i(a−b+c)/2−πs/2

)
f
(
ei(a+b−c)/2−πt/2, e−i(a+b−c)/2−πt/2

)
× f

(
ei(−a+b+c)/2−πt/2, e−i(−a+b+c)/2−πt/2

)
+ f

(
−ei(a−b+c)/2−πs/2,−e−i(a−b+c)/2−πs/2

)
f
(
−ei(a+b−c)/2−πt/2,−e−i(a+b−c)/2−πt/2

)
× f

(
−ei(−a+b+c)/2−πt/2,−e−i(−a+b+c)/2−πt/2

)
. (25)

Before proceeding further, we will establish the following identity. By the definition of f(a, b),

f(a, b)f(c, d)f(e, g) + f(−a,−b)f(−c,−d)f(−e,−g)

=
∞∑

m,n,k=−∞
am(m+1)/2bm(m−1)/2cn(n+1)/2dn(n−1)/2ek(k+1)/2gk(k−1)/2

+
∞∑

m,n,k=−∞
am(m+1)/2bm(m−1)/2cn(n+1)/2dn(n−1)/2ek(k+1)/2gk(k−1)/2(−1)m

2+n2+k2

= 2
∑

m even

∑
n even

∑
k even

am(m+1)/2bm(m−1)/2cn(n+1)/2dn(n−1)/2ek(k+1)/2gk(k−1)/2

+ 2
∑

m odd

∑
n odd

∑
k even

am(m+1)/2bm(m−1)/2cn(n+1)/2dn(n−1)/2ek(k+1)/2gk(k−1)/2

+ 2
∑ ∑ ∑

am(m+1)/2bm(m−1)/2cn(n+1)/2dn(n−1)/2ek(k+1)/2gk(k−1)/2
m odd n even k odd
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+ 2
∑

m even

∑
n odd

∑
k odd

am(m+1)/2bm(m−1)/2cn(n+1)/2dn(n−1)/2ek(k+1)/2gk(k−1)/2

= 2f(a3b, ab3)f(c3d, cd3)f(e3g, eg3) + 2acf(a5b3,
b

a
)f(c5d3,

d

c
)f(e3g, eg3)

+ 2aef(a5b3,
b

a
)f(c3d, cd3)f(e5g3,

g

e
) + 2cef(a3b, ab3)f(c5d3,

d

c
)f(e5g3,

g

e
). (26)

Utilize (26) to (25) and obtain

ϑ(e−πs, e−πt, eia, eib, eic)

= f
(
ei(a−b+c)−2πs, e−i(a−b+c)−2πs

)
×
{
f
(
ei(a+b−c)−2πt, e−i(a+b−c)−2πt

)
f
(
ei(−a+b+c)−2πt, e−i(−a+b+c)−2πt

)
+ eib−πtf

(
ei(a+b−c)−4πt, e−i(a+b−c)

)
f
(
ei(−a+b+c)−4πt, e−i(−a+b+c)

)}
+ f

(
ei(a−b+c)−4πs, e−i(a−b+c)

)
×
{
eic−(πs+πt)/2f

(
ei(a+b−c)−2πt, e−i(a+b−c)−2πt

)
f
(
ei(−a+b+c)−4πt, e−i(−a+b+c)

)
+ eia−(πs+πt)/2f

(
ei(a+b−c)−4πt, e−i(a+b−c)

)
f
(
ei(−a+b+c)−2πt, e−i(−a+b+c)−2πt

)}
. (27)

Recall that from Entry 20 in [2, p. 36], if αβ = π, Re(α2) > 0, and n is any complex number, then

√
αf

(
e−α2+nα, e−α2−nα

)
= en

2/4
√

βf
(
e−β2+inβ , e−β2−inβ

)
. (28)

Take α =
√

2πt, β =
√

π/2t and n = iθ/
√

2πt in (28) to obtain

f(eiθ−2πt, e−iθ−2πt) = 1√
2t
e−θ2/8πtf

(
e−θ/2t−π/2t, eθ/2t−π/2t

)
(29)

and take α =
√

2πt, β =
√
π/2t and n = −

√
2πt + iθ/

√
2πt in (28) to obtain

f(eiθ−4πt, e−iθ) = 1√
2t
eπt/2−iθ/2−θ2/8πtf

(
−e−θ/2t−π/2t,−eθ/2t−π/2t

)
. (30)

Applying (29) and (30) to (27) yields

ϑ(e−πs, e−πt, eia, eib, eic)

= 1√
2s

e−(a−b+c)2/8πsf
(
e−(a−b+c)/2s−π/2s, e(a−b+c)/2s−π/2s

)

×
{

1√
2t
e−(a+b−c)2/8πtf

(
e−(a+b−c)/2t−π/2t, e(a+b−c)/2t−π/2t

)

× 1√
2t
e−(−a+b+c)2/8πtf

(
e−(−a+b+c)/2t−π/2t, e(−a+b+c)/2t−π/2t

)

+ eib−πt 1√
2t
eπt/2−i(a+b−c)/2−(a+b−c)2/8πtf

(
−e−(a+b−c)/2t−π/2t,−e(a+b−c)/2t−π/2t

)

× 1√ eπt/2−i(−a+b+c)/2−(−a+b+c)2/8πtf
(
−e−(−a+b+c)/2t−π/2t,−e(−a+b+c)/2t−π/2t

)}

2t
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+ 1√
2s

eπs/2−i(a−b+c)/2−(a−b+c)2/8πsf
(
−e−(a−b+c)/2s−π/2s,−e(a−b+c)/2s−π/2s

)

×
{
eic−(πs+πt)/2 1√

2t
e−(a+b−c)2/8πtf

(
e−(a+b−c)/2t−π/2t, e(a+b−c)/2t−π/2t

)}

× 1√
2t
eπt/2−i(−a+b+c)/2−(−a+b+c)2/8πtf

(
−e−(−a+b+c)/2t−π/2t,−e(−a+b+c)/2t−π/2t

)

+ eia−(πs+πt)/2 1√
2t
eπt/2−i(a+b−c)/2−(a+b−c)2/8πtf

(
−e−(a+b−c)/2t−π/2t,−e(a+b−c)/2t−π/2t

)

× 1√
2t
e−(−a+b+c)2/8πtf

(
e−(−a+b+c)/2t−π/2t, e(−a+b+c)/2t−π/2t

)}

= 1
2t
√

2s
e−(a−b+c)2/8πs−

(
(a−c)2+b2

)
/4πt

{
f
(
e−(a−b+c)/2s−π/2s, e(a−b+c)/2s−π/2s

)

×
{
f
(
e−(a+b−c)/2t−π/2t, e(a+b−c)/2t−π/2t

)
f
(
e−(−a+b+c)/2t−π/2t, e(−a+b+c)/2t−π/2t

)
+ f

(
−e−(a+b−c)/2t−π/2t,−e(a+b−c)/2t−π/2t

)
f
(
−e−(−a+b+c)/2t−π/2t,−e(−a+b+c)/2t−π/2t

)}
+ f

(
−e−(a−b+c)/2s−π/2s,−e(a−b+c)/2s−π/2s

)
×
{
f
(
e−(a+b−c)/2t−π/2t, e(a+b−c)/2t−π/2t

)
f
(
−e−(−a+b+c)/2t−π/2t,−e−(−a+b+c)/2t−π/2t

)
+ f

(
−e−(a+b−c)/2t−π/2t,−e(a+b−c)/2t−π/2t

)
f
(
e−(−a+b+c)/2t−π/2t, e(−a+b+c)/2t−π/2t

)}}
.

Now by Entry 29 in [2, p. 45], if ab = cd, then

f(a, b)f(c, d) + f(−a,−b)f(−c,−d) = 2f(ac, bd)f(ad, bc). (31)

By (31), we deduce that

ϑ(e−πs, e−πt, eia, eib, eic)

= 1
t
√

2s
e−(a−b+c)2/8πs−

(
(a−c)2+b2

)
/4πt

{
f
(
e(a−b+c)/2s−π/2s, e−(a−b+c)/2s−π/2s

)

× f
(
eb/t−π/t, e−b/t−π/t

)
f
(
e(a−c)/t−π/t, e−(a−c)/t−π/t

)
+ f

(
−e(a−b+c)/2s−π/2s,−e−(a−b+c)/2s−π/2s

)
× f

(
−eb/t−π/t,−e−b/t−π/t

)
f
(
−e(a−c)/t−π/t,−e−(a−c)/t−π/t

)}

=
√

2
t
√
s
e−(a−b+c)2/8πs−

(
(a−c)2+b2

)
/4πt

× ϑ
(
e−π/s, e−2π/t, e(a−b+c)/2s+b/t, e(a+b−c)/t, e(a−b+c)/2s+(a−c)/t

)
.

The proof is complete. �
4. Evaluations of quartic theta functions

In this section, we shall evaluate some values of quartic theta functions by using hypergeometric functions. 
Now, we will give explicit values for the function ϑ at arguments x1 = im (q2q4)n/2, x2 = i2mqn4 and 
x3 = i3m (q2q4)n/2, where m ∈ {0, 1, 2, 3} and n is an integer.
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Theorem 4.1. For m ∈ {0, 1, 2, 3} and an integer n, we have

ϑ
(
q2, q4, i

m (q2q4)n/2 , i2mqn4 , i
3m (q2q4)n/2

)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q
−(n2−1)/8
2 q

−(n2−1)/4
4 ϑ

(
q2, q4, (q2q4)1/2 , q4, (q2q4)1/2

)
, if m = 0 and n ≡ 1 (mod 2),

q
−n2/8
2 q

−n2/4
4 ϑ (q2, q4, 1, 1, 1) , if m = 0 and n ≡ 0 (mod 4),

q
−(n2−4)/8
2 q

−(n2−4)/4
4 ϑ

(
q2, q4, q2q4, q

2
4 , q2q4

)
, if m = 0 and n ≡ 2 (mod 4),

in/2q
−n2/8
2 q

−n2/4
4 ϑ

(
q2, q4, i, i

2, i3
)
, if m = 1, 3 and n ≡ 0 (mod 4),

q
−n2/8
2 q

−n2/4
4 ϑ

(
q2, q4, i

2, i4, i6
)
, if m = 2 and n ≡ 0 (mod 4),

q
−(n2−4)/8
2 q

−(n2−4)/4
4 ϑ

(
q2, q4, i

2q2q4, i
4q2

4 , i
6q2q4

)
, if m = 2 and n ≡ 2 (mod 4),

0, otherwise.

Proof. By Theorem 3.1(iii), we obtain

ϑ
(
q2, q4, i

m (q2q4)n/2 , i2mqn4 , i
3m (q2q4)n/2

)
= 1

2

{
f
(
imq

(n+1)/2
2 , (−i)mq

(−n+1)/2
2

)
f
(
q
(n+1)/2
4 , q

(−n+1)/2
4

)
f
(
i2mq

(n+1)/2
4 , i2mq

(−n+1)/2
4

)
+ f

(
−imq

(n+1)/2
2 ,−(−i)mq

(−n+1)/2
2

)
f
(
−q

(n+1)/2
4 ,−q

(−n+1)/2
4

)
× f

(
−i2mq

(n+1)/2
4 ,−i2mq

(−n+1)/2
4

)}
. (32)

We divide the proof into many cases as follows.

Case 1. m = 0.
Case 1.1. n ≡ 1 (mod 2).
Eq. (32) becomes

ϑ
(
q2, q4, (q2q4)(2n+1)/2

, q2n+1
4 , (q2q4)(2n+1)/2

)
= 1

2
{
f
(
qn+1
2 , q−n

2
)
f2 (qn+1

4 , q−n
4

)
+ f

(
−qn+1

2 ,−q−n
2

)
f2 (−qn+1

4 ,−q−n
4

)}
. (33)

Note that by (8) and (7), respectively,

f(−qn+1,−qn) =
(
−qn+1)n(n−1)/2 (−qn)n(n+1)/2

f(−q,−1) = 0. (34)

Also, by (8) again, we have

f(qn+1, q−n) = q−nf(qn, q−(n−1)).

Hence we arrive at

ϑ
(
q2, q4, (q2q4)(2n+1)/2

, q2n+1
4 , (q2q4)(2n+1)/2

)
= 1

2q
−n
2 q−2n

4 f
(
qn2 , q

−(n−1)
2

)
f2

(
qn4 , q

−(n−1)
4

)
. (35)

Then by (33) with n replaced by n − 1 and (34), it follows that

ϑ
(
q2, q4, (q2q4)(2n−1)/2

, q2n−1
4 , (q2q4)(2n−1)/2

)
= 1

f
(
qn2 , q

−(n−1)
2

)
f2

(
qn4 , q

−(n−1)
4

)
. (36)
2



216 B. Yuttanan / J. Math. Anal. Appl. 430 (2015) 205–230
Substituting (36) into (35), we find that

ϑ
(
q2, q4, (q2q4)(2n+1)/2

, q2n+1
4 , (q2q4)(2n+1)/2

)
= q−n

2 q−2n
4 ϑ

(
q2, q4, (q2q4)(2n−1)/2

, q2n−1
4 , (q2q4)(2n−1)/2

)
.

Iterate this n times to deduce the desired result. This case is proved.
Case 1.2. n ≡ 0 (mod 4).
Eq. (32) becomes

ϑ
(
q2, q4, (q2q4)2n , q4n

4 , (q2q4)2n
)

= 1
2

{
f
(
q
2n+1/2
2 , q

−2n+1/2
2

)
f2

(
q
2n+1/2
4 , q

−2n+1/2
4

)
+ f

(
−q

2n+1/2
2 ,−q

−2n+1/2
2

)
f2

(
−q

2n+1/2
4 ,−q

−2n+1/2
4

)}
. (37)

By (8),

f
(
±q2n+1/2,±q−2n+1/2

)
= q−4n+2f

(
±q2n−3/2,±q−2n+5/2

)
.

Then

ϑ
(
q2, q4, (q2q4)2n , q4n

4 , (q2q4)2n
)

= 1
2q

−4n+2
2 q−8n+4

4

{
f
(
q
2n−3/2
2 , q

−2n+5/2
2

)
f2

(
q
2n−3/2
4 , q

−2n+5/2
4

)
+ f

(
−q

2n−3/2
2 ,−q

−2n+5/2
2

)
f2

(
−q

2n−3/2
4 ,−q

−2n+5/2
4

)}
. (38)

By (37) with n replaced by n − 1, it follows that

ϑ
(
q2, q4, (q2q4)2n−2

, q4n−4
4 , (q2q4)2n−2

)
= 1

2

{
f
(
q
2n−3/2
2 , q

−2n+5/2
2

)
f2

(
q
2n−3/2
4 , q

−2n+5/2
4

)
+ f

(
−q

2n−3/2
2 ,−q

−2n+5/2
2

)
f2

(
−q

2n−3/2
4 ,−q

−2n+5/2
4

)}
. (39)

Substituting (39) into (38), we see that

ϑ
(
q2, q4, (q2q4)2n , q4n

4 , (q2q4)2n
)

= q−4n+2
2 q−8n+4

4 ϑ
(
q2, q4, (q2q4)2n−2

, q4n−4
4 , (q2q4)2n−2

)
.

Iterate this n times to obtain the desired result. We finish the proof.
Case 1.3. n ≡ 2 (mod 4).
From (32), we have

ϑ
(
q2, q4, (q2q4)2n+1

, q4n+2
4 , (q2q4)2n+1

)
= 1

2

{
f
(
q
2n+3/2
2 , q

−2n−1/2
2

)
f2

(
q
2n+3/2
4 , q

−2n−1/2
4

)
+ f

(
−q

2n+3/2
2 ,−q

−2n−1/2
2

)
f2

(
−q

2n+3/2
4 ,−q

−2n−1/2
4

)}
. (40)
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By (8),

f
(
±q2n+3/2,±q−2n−1/2

)
= q−4nf

(
±q2n−1/2,±q−2n+3/2

)
.

Then

ϑ
(
q2, q4, (q2q4)2n+1

, q4n+2
4 , (q2q4)2n+1

)
= 1

2q
−4n
2 q−8n

4

{
f
(
q
2n−1/2
2 , q

−2n+3/2
2

)
f2

(
q
2n−1/2
4 , q

−2n+3/2
4

)
+ f

(
−q

2n−1/2
2 ,−q

−2n+3/2
2

)
f2

(
−q

2n−1/2
4 ,−q

−2n+3/2
4

)}
. (41)

By (40) with n replaced by n − 1, we deduce that

ϑ
(
q2, q4, (q2q4)2n−1

, q4n−2
4 , (q2q4)2n−1

)
= 1

2

{
f
(
q
2n−1/2
2 , q

−2n+3/2
2

)
f2

(
q
2n−1/2
4 , q

−2n+3/2
4

)
+ f

(
−q

2n−1/2
2 ,−q

−2n+3/2
2

)
f2

(
−q

2n−1/2
4 ,−q

−2n+3/2
4

)}
. (42)

Substituting (42) into (41), we conclude that

ϑ
(
q2, q4, (q2q4)2n+1

, q4n+2
4 , (q2q4)2n+1

)
= q−4n

2 q−8n
4 ϑ

(
q2, q4, (q2q4)2n−1

, q4n−2
4 , (q2q4)2n−1

)
.

Iterate this identity n times to complete the proof.

Case 2. m = 1.
Case 2.1. n ≡ 1 (mod 2).
Eq. (32) becomes

ϑ
(
q2, q4, i (q2q4)(2n+1)/2

, i2q2n+1
4 , i3 (q2q4)(2n+1)/2

)
= 1

2
{
f
(
iqn+1

2 ,−iq−n
2

)
f
(
qn+1
4 , q−n

4
)
f
(
−qn+1

4 ,−q−n
4

)
+ f

(
−iqn+1

2 ,−q−n
2

)
f
(
−qn+1

4 ,−q−n
4

)
f
(
qn+1
4 , q−n

4
)}

.

By (34), it follows immediately that

ϑ
(
q2, q4, i (q2q4)(2n+1)/2

, i2q2n+1
4 , i3 (q2q4)(2n+1)/2

)
= 0.

The proof is complete.
Case 2.2. n ≡ 0 (mod 4).
We have

ϑ
(
q2, q4, i (q2q4)2n , i2q4n

4 , i3 (q2q4)2n
)

= 1
2

{
f
(
iq

2n+1/2
2 ,−iq

−2n+1/2
2

)
f
(
q
2n+1/2
4 , q

−2n+1/2
4

)
f
(
−q

2n+1/2
4 ,−q

−2n+1/2
4

)
+ f

(
−iq

2n+1/2
2 , iq

−2n+1/2
2

)
f
(
−q

2n+1/2
4 ,−q

−2n+1/2
4

)
f
(
q
2n+1/2
4 , q

−2n+1/2
4

)}
. (43)
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Note that if ab = 1, then by (8),

f
(
aq2n+1/2, bq−2n+1/2

)
= b2q−4n+2f

(
aq2n−3/2, bq−2n+5/2

)
.

Then

ϑ
(
q2, q4, i (q2q4)2n , i2q4n

4 , i3 (q2q4)2n
)

= 1
2 i

2q−4n+2
2 q−8n+4

4

×
{
f
(
iq

2n−3/2
2 ,−iq

−2n+5/2
2

)
f
(
q
2n−3/2
4 , q

−2n+5/2
4

)
f
(
−q

2n−3/2
4 ,−q

−2n+5/2
4

)
+ f

(
−iq

2n−3/2
2 , iq

−2n+5/2
2

)
f
(
−q

2n−3/2
4 ,−q

−2n+5/2
4

)
f
(
q
2n−3/2
4 , q

−2n+5/2
4

)}
. (44)

By (43) with n replaced by n − 1, we find that

ϑ
(
q2, q4, i (q2q4)2n−2

, i2q4n−4
4 , i3 (q2q4)2n−2

)
= 1

2

{
f
(
iq

2n−3/2
2 ,−iq

−2n+5/2
2

)
f
(
q
2n−3/2
4 , q

−2n+5/2
4

)
f
(
−q

2n−3/2
4 ,−q

−2n+5/2
4

)
+ f

(
−iq

2n−3/2
2 , iq

−2n+5/2
2

)
f
(
−q

2n−3/2
4 ,−q

−2n+5/2
4

)
f
(
q
2n−3/2
4 , q

−2n+5/2
4

)}
. (45)

Substitute (45) into (44) to obtain

ϑ
(
q2, q4, i (q2q4)2n , i2q4n

4 , i3 (q2q4)2n
)

= i2q−4n+2
2 q−8n+4

4 ϑ
(
q2, q4, i (q2q4)2n−2

, i2q4n−4
4 , i3 (q2q4)2n−2

)
.

After iterating this identity n times, we complete the proof.
Case 2.3. n ≡ 2 (mod 4).
We see that

ϑ
(
q2, q4, i (q2q4)2n+1

, i2q4n+2
4 , i3 (q2q4)2n+1

)
= 1

2

{
f
(
iq

2n+3/2
2 ,−iq

−2n−1/2
2

)
f
(
q
2n+3/2
4 , q

−2n−1/2
4

)
f
(
−q

2n+3/2
4 ,−q

−2n−1/2
4

)
+ f

(
−iq

2n+3/2
2 , iq

−2n−1/2
2

)
f
(
−q

2n+3/2
4 ,−q

−2n−1/2
4

)
f
(
q
2n+3/2
4 , q

−2n−1/2
4

)}
. (46)

By (8), if ab = 1, then

f
(
aq2n+3/2, bq−2n−1/2

)
= b2q−4nf

(
aq2n−1/2, bq−2n+3/2

)
.

Then

ϑ
(
q2, q4, i (q2q4)2n+1

, i2q4n+2
4 , i3 (q2q4)2n+1

)
= 1

2q
−4n
2 q−8n

4

{
f
(
iq

2n−1/2
2 ,−iq

−2n+3/2
2

)
f
(
q
2n−1/2
4 , q

−2n+3/2
4

)
f
(
−q

2n−1/2
4 ,−q

−2n+3/2
4

)
+ f

(
−iq

2n−1/2
2 , iq

−2n+3/2
2

)
f
(
−q

2n−1/2
4 ,−q

−2n+3/2
4

)
f
(
q
2n−1/2
4 , q

−2n+3/2
4

)}
. (47)



B. Yuttanan / J. Math. Anal. Appl. 430 (2015) 205–230 219
By (46) with n replaced by n − 1, we find that

ϑ
(
q2, q4, i (q2q4)2n−1

, i2q4n−2
4 , i3 (q2q4)2n−1

)
= 1

2

{
f
(
iq

2n−1/2
2 ,−iq

−2n+3/2
2

)
f
(
q
2n−1/2
4 , q

−2n+3/2
4

)
f
(
−q

2n−1/2
4 ,−q

−2n+3/2
4

)
+ f

(
−iq

2n−1/2
2 , iq

−2n+3/2
2

)
f
(
−q

2n−1/2
4 ,−q

−2n+3/2
4

)
f
(
q
2n−1/2
4 , q

−2n+3/2
4

)}
. (48)

Substitute (48) into (47) to obtain

ϑ
(
q2, q4, i (q2q4)2n+1

, i2q4n+2
4 , i3 (q2q4)2n+1

)
= q−4n

2 q−8n
4 ϑ

(
q2, q4, i (q2q4)2n−1

, i2q4n−2
4 , i3 (q2q4)2n−1

)
.

Iterate this identity n times to obtain

ϑ
(
q2, q4, i (q2q4)2n+1

, i2q4n+2
4 , i3 (q2q4)2n+1

)
= q−2n2

2 q−4n2

4 ϑ
(
q2, q4, iq2q4, i

2q2
4 , i

3q2q4
)
.

By Theorem 3.1(ii), (iv) and (i), respectively, we find that

ϑ
(
q2, q4, iq2q4, i

2q2
4 , i

3q2q4
)

= ϑ
(
q2, q4, (iq2q4)−1, (i2q2

4)−1, (i3q2q4)−1)
= i−6ϑ

(
q2, q4, i

3q2q4, i
2q2

4 , iq2q4
)

= −ϑ
(
q2, q4, iq2q4, i

2q2
4 , i

3q2q4
)
.

Then ϑ 
(
q2, q4, iq2q4, i

2q2
4 , i

3q2q4
)

= 0 which completes the proof.

Case 3. m = 2.
Case 3.1. n ≡ 1 (mod 2).
Eq. (32) becomes

ϑ
(
q2, q4, i

2 (q2q4)(2n+1)/2
, i4q2n+1

4 , i6 (q2q4)(2n+1)/2
)

= 1
2
{
f
(
−qn+1

2 ,−q−n
2

)
f2 (qn+1

4 , q−n
4

)
+ f

(
qn+1
2 , q−n

2
)
f2 (−qn+1

4 ,−q−n
4

)}
.

By (34), it follows immediately that

ϑ
(
q2, q4, i

2 (q2q4)(2n+1)/2
, i4q2n+1

4 , i6 (q2q4)(2n+1)/2
)

= 0.

The proof is complete.
Case 3.2. n ≡ 0 (mod 4).
Eq. (32) becomes

ϑ
(
q2, q4, i

2 (q2q4)2n , i4q4n
4 , i6 (q2q4)2n

)
= 1

2

{
f
(
−q

2n+1/2
2 ,−q

−2n+1/2
2

)
f2

(
q
2n+1/2
4 , q

−2n+1/2
4

)
+ f

(
q
2n+1/2
2 , q

−2n+1/2
2

)
f2

(
−q

2n+1/2
4 ,−q

−2n+1/2
4

)}
. (49)
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Note that by (8),

f
(
±q2n+1/2,±q−2n+1/2

)
= q−4n+2f

(
±q2n−3/2,±q−2n+5/2

)
.

Then

ϑ
(
q2, q4, i

2 (q2q4)2n , i4q4n
4 , i6 (q2q4)2n

)

= 1
2q

−4n+2
2 q−8n+4

4

{
f
(
−q

2n−3/2
2 ,−q

−2n+5/2
2

)
f2

(
q
2n−3/2
4 , q

−2n+5/2
4

)
+ f

(
q
2n−3/2
2 , q

−2n+5/2
2

)
f2

(
−q

2n−3/2
4 ,−q

−2n+5/2
4

)}
. (50)

By (49) with n replaced by n + 1, it follows that

ϑ
(
q2, q4, i

2 (q2q4)2n−2
, i4q4n−4

4 , i6 (q2q4)2n−2
)

= 1
2

{
f
(
−q

2n−3/2
2 ,−q

−2n+5/2
2

)
f2

(
q
2n−3/2
4 , q

−2n+5/2
4

)
+ f

(
q
2n−3/2
2 , q

−2n+5/2
2

)
f2

(
−q

2n−3/2
4 ,−q

−2n+5/2
4

)}
. (51)

Substituting (51) into (50), we conclude that

ϑ
(
q2, q4, i

2 (q2q4)2n , i4q4n
4 , i6 (q2q4)2n

)
= q−4n+2

2 q−8n+4
4 ϑ

(
q2, q4, i

2 (q2q4)2n−2
, i4q4n−4

4 , i6 (q2q4)2n−2
)
.

After iterating above identity n times, this yields the desired result.
Case 3.3. n ≡ 2 (mod 4).
From (32), we have

ϑ
(
q2, q4, i

2 (q2q4)2n+1
, i4q4n+2

4 , i6 (q2q4)2n+1
)

= 1
2

{
f
(
−q

2n+3/2
2 ,−q

−2n−1/2
2

)
f2

(
q
2n+3/2
4 , q

−2n−1/2
4

)
+ f

(
q
2n+3/2
2 , q

−2n−1/2
2

)
f2

(
−q

2n+3/2
4 ,−q

−2n−1/2
4

)}
. (52)

By (8),

f
(
±q2n+3/2,±q−2n−1/2

)
= q−4nf

(
±q2n−1/2,±q−2n+3/2

)
.

Then

ϑ
(
q2, q4, i

2 (q2q4)2n+1
, i4q4n+2

4 , i6 (q2q4)2n+1
)

= 1
2q

−4n
2 q−8n

4

{
f
(
−q

2n−1/2
2 ,−q

−2n+3/2
2

)
f2

(
q
2n−1/2
4 , q

−2n+3/2
4

)
+ f

(
q
2n−1/2
2 , q

−2n+3/2
2

)
f2

(
−q

2n−1/2
4 ,−q

−2n+3/2
4

)}
. (53)
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By (52) with n replaced by n + 1, we see that

ϑ
(
q2, q4, i

2 (q2q4)2n−1
, i4q4n−2

4 , i6 (q2q4)2n−1
)

= 1
2

{
f
(
−q

2n−1/2
2 ,−q

−2n+3/2
2

)
f2

(
q
2n−1/2
4 , q

−2n+3/2
4

)
+ f

(
q
2n−1/2
2 , q

−2n+3/2
2

)
f2

(
−q

2n−1/2
4 ,−q

−2n+3/2
4

)}
. (54)

Substitute (54) into (53) to obtain

ϑ
(
q2, q4, i

2 (q2q4)2n+1
, i4q4n+2

4 , i6 (q2q4)2n+1
)

= q−4n
2 q−8n

4 ϑ
(
q2, q4, i

2 (q2q4)2n−1
, i4q4n−2

4 , i6 (q2q4)2n−1
)
.

Iterate above formula n times to finish the proof.

Case 4. m = 3.
We observe that

ϑ
(
q2, q4, i

3 (q2q4)n/2 , i6qn4 , i9 (q2q4)n/2
)

= ϑ
(
q2, q4, i

3 (q2q4)n/2 , i2qn4 , i (q2q4)
n/2

)
= ϑ

(
q2, q4, i (q2q4)n/2 , i2qn4 , i3 (q2q4)n/2

)
,

where the last equality is deduced by Theorem 3.1(i). Hence this case is the same as the case m = 1. �
Like Ramanujan’s general theta function f(a, b) mentioned in Section 2, we now consider some special 

cases of the function ϑ as follows. For our convenience, write

ϑ1(q2, q4) := ϑ(q2, q4, 1, 1, 1),

ϑ2(q2, q4) := ϑ(q2, q4, i, i2, i3),

ϑ3(q2, q4) := ϑ(q2, q4, i2, i4, i6),

ϑ4(q2, q4) := q
1/8
2 q

1/4
4 ϑ

(
q2, q4, (q2q4)1/2, q4, (q2q4)1/2

)
,

ϑ5(q2, q4) := q
1/2
2 q4ϑ(q2, q4, q2q4, q2

4 , q2q4),

ϑ6(q2, q4) := q
1/2
2 q4ϑ(q2, q4, i2q2q4, i4q2

4 , i
6q2q4).

Next, we will express the functions ϑ1, ϑ2, ϑ3, ϑ4, ϑ5 and ϑ6 in terms of ϕ and ψ.

Theorem 4.2. We have

ϑ1(q2, q4) = 1
2

(
ϕ(q1/2

2 )ϕ2(q1/2
4 ) + ϕ(−q

1/2
2 )ϕ2(−q

1/2
4 )

)
, (55)

ϑ2(q2, q4) = ϕ(−q2
2)ϕ(q1/2

4 )ϕ(−q
1/2
4 ), (56)

ϑ3(q2, q4) = 1
2

(
ϕ(q1/2

2 )ϕ2(−q
1/2
4 ) + ϕ(−q

1/2
2 )ϕ2(q1/2

4 )
)
, (57)

ϑ4(q2, q4) = 4q1/8
2 q

1/4
4 ψ(q2)ψ2(q4), (58)

ϑ5(q2, q4) = 1
2

(
ϕ(q1/2

2 )ϕ2(q1/2
4 ) − ϕ(−q

1/2
2 )ϕ2(−q

1/2
4 )

)
, (59)

ϑ6(q2, q4) = 1 (
ϕ(q1/2

2 )ϕ2(−q
1/2
4 ) − ϕ(−q

1/2
2 )ϕ2(q1/2

4 )
)
. (60)
2
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Proof. We employ Theorem 3.1(iii) and use the notation in Section 2. The first and third equalities come 
straightforwardly. For the second and forth identities, we also utilize Eqs. (6) and (7). For the last two 
formulas, we use (8) with n = −1. The proof is complete. �

Before proceeding further, we will establish some formulas for ϕ and ψ in terms of α2, α4, q2, q4, 
z2 := 2F1

( 1
2 ,

1
2 ; 1;α2

)
and z4 := 2F1

( 1
4 ,

3
4 ; 1;α4

)
. We can rewrite (13)–(23) in terms of α2, q2 and z2 as

ϕ(q2) =
√
z2, (61)

ϕ(q2
2) =

√
z2

(
1 +

√
1 − α2

2

)1/2

, (62)

ϕ(q4
2) = 1

2
√
z2

(
1 + (1 − α2)1/4

)
, (63)

ϕ(q1/2
2 ) =

√
z2 (1 +

√
α2 )1/2 , (64)

ϕ(−q2) =
√
z2(1 − α2)1/4, (65)

ϕ(−q2
2) =

√
z2(1 − α2)1/8, (66)

ϕ(−q
1/2
2 ) =

√
z2 (1 −√

α2 )1/2 , (67)

ψ(q2) =
√

z2

2 α
1/8
2 q

−1/8
2 , (68)

ψ(q2
2) =

√
z2

2 α
1/4
2 q

−1/4
2 , (69)

ψ(q1/2
2 ) =

√
z2

(
1 + √

α2

2

)1/4 (
α2q

−1
2

)1/16
, (70)

ψ(−q
1/2
2 ) =

√
z2

(
1 −√

α2

2

)1/4 (
α2q

−1
2

)1/16
, (71)

respectively. In [3, p. 146], there is a procedure for producing formulas in the theory of signature 4 from 
formulas in the classical theory. Suppose that we have a formula

Ω (α2, q2, z2) = 0.

Then we deduce the formula

Ω
(

2√α4

1 + √
α4

, q
1/2
4 , z4 (1 +

√
α4 )1/2

)
= 0.

By (61), (62), (65), (66) and (69) together with the above procedure, this yields

ϕ(q1/2
4 ) =

√
z4 (1 +

√
α4 )1/4 , (72)

ϕ(q4) =
√
z4

(
1 +

√
1 − α4

2

)1/4

, (73)

ϕ(−q
1/2
4 ) =

√
z4 (1 −√

α4 )1/4 , (74)

ϕ(−q4) =
√
z4 (1 − α4)1/8 , (75)

and
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ψ(q4) =
√
z4

2 (2
√
α4 )1/4 q−1/8

4 , (76)

respectively.
With above formulas, we can write ϑ1, ϑ2, ϑ3, ϑ4, ϑ5 and ϑ6 in terms of α2, α4, z2 and z4 as analogues 

of Lemma 2.3 and Lemma 2.4.

Corollary 4.3. We have

ϑ1(q2, q4) =
√
z2z4√
2

(
1 +

√
α2α4 +

√
(1 − α2) (1 − α4)

)1/2
,

ϑ2(q2, q4) =
√
z2z4(1 − α2)1/8 (1 − α4)1/4 ,

ϑ3(q2, q4) =
√
z2z4√
2

(
1 −√

α2α4 +
√

(1 − α2) (1 − α4)
)1/2

,

ϑ4(q2, q4) =
√
z2z4α

1/8
2 α

1/4
4 ,

ϑ5(q2, q4) =
√
z2z4√
2

(
1 +

√
α2α4 −

√
(1 − α2) (1 − α4)

)1/2
,

ϑ6(q2, q4) =
√
z2z4√
2

(
1 −√

α2α4 −
√

(1 − α2) (1 − α4)
)1/2

.

Proof. We will utilize Eqs. (64), (66)–(68) and (72)–(76) to Theorem 4.2 together with the identity

√
1 +

√
a

√
1 +

√
b±

√
1 −

√
a

√
1 −

√
b =

√
2
(
1 +

√
ab±

√
(1 − a)(1 − b)

)1/2
,

where a, b are any numbers in [0, 1]. �
The next corollary is an analogue of (1) and (2).

Corollary 4.4. We have

(i)

ϑ2
1(q2, q4) + ϑ2

6(q2, q4) = ϑ2
3(q2, q4) + ϑ2

5(q2, q4),

(ii)

ϑ2
1(q2, q4) − ϑ2

6(q2, q4) = ϑ2
2(q

1/2
2 , q4) + 2ϑ2

4(q2
2 , q4),

(iii)

ϑ2
3(q2, q4) − ϑ2

5(q2, q4) = ϑ2
2(q

1/2
2 , q4) − 2ϑ2

4(q2
2 , q4).

Proof of (i). The identity follows straightforwardly from Corollary 4.3. �
Proof of (ii). By Corollary 4.3, it follows that

ϑ2
1(q2, q4) − ϑ2

6(q2, q4) = z2z
2
4

(√
α2α4 +

√
(1 − α2) (1 − α4)

)
.
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On the other hand, by (56) and (58), we find that

ϑ2
2(q

1/2
2 , q4) + 2ϑ2

4(q2
2 , q4) = ϕ2(−q2)ϕ2(q1/2

4 )ϕ2(−q
1/2
4 ) + 32q1/2

2 q
1/2
4 ψ2(q2

2)ψ4(q4).

We utilize (65), (69)–(74), and (76) to obtain

ϑ2
2(q

1/2
2 , q4) + 2ϑ2

4(q2
2 , q4) = z2z

2
4
√

(1 − α2) (1 − α4) + z2z
2
4
√
α2α4.

This finishes the proof. �
Proof of (iii). By Corollary 4.3, we deduce that

ϑ2
3(q2, q4) − ϑ2

5(q2, q4) = z2z
2
4

(√
(1 − α2) (1 − α4) −

√
α2α4

)
.

On the other hand, by (56) and (58), we see that

ϑ2
2(q

1/2
2 , q4) − 2ϑ2

4(q2
2 , q4) = ϕ2(−q2)ϕ2(q1/2

4 )ϕ2(−q
1/2
4 ) − 32q1/2

2 q
1/2
4 ψ2(q2

2)ψ4(q4).

Employing (65), (69)–(74), and (76), we conclude that

ϑ2
2(q

1/2
2 , q4) + 2ϑ2

4(q2
2 , q4) = z2z

2
4
√

(1 − α2) (1 − α4) − z2z
2
4
√
α2α4.

We complete the proof. �
Corollary 4.5. If α := α2 = α4, then

ϑ1(q2, q4) =
√
z2z4,

ϑ2(q2, q4) =
√
z2z4 (1 − α)3/8 ,

ϑ3(q2, q4) =
√
z2z4 (1 − α)1/2 ,

ϑ4(q2, q4) =
√
z2z4α

3/8,

ϑ5(q2, q4) =
√
z2z4α

1/2,

ϑ6(q2, q4) = 0.

Proof. The proposed formulas follow readily from Corollary 4.3. �
Corollary 4.6. If α := α2 = α4, then

(i)

ϑ2
3(q2, q4) + ϑ2

5(q2, q4) = ϑ2
1(q2, q4),

(ii)

ϑ
8/3
2 (q2, q4) + ϑ

8/3
4 (q2, q4) = ϑ

8/3
1 (q2, q4),

(iii)

ϑ8
2(q2, q4) = ϑ2

1(q2, q4)ϑ6
3(q2, q4),
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(iv)

ϑ8
4(q2, q4) = ϑ2

1(q2, q4)ϑ6
5(q2, q4),

(v)

ϑ1(q2
2 , q

2
4) − ϑ5(q2

2 , q
2
4) = ϑ3(q2, q4),

(vi)

ϑ3(q2
2 , q

2
4) + ϑ6(q2

2 , q
2
4) = ϑ

1/2
1 (q2, q4)ϑ1/2

3 (q2, q4),

(vii)

ϑ1(q1/2
2 , q

1/2
4 ) − ϑ3(q1/2

2 , q
1/2
4 ) = 2

√
2ϑ5(q2, q4),

(viii)

ϑ5(q1/2
2 , q

1/2
4 ) − ϑ6(q1/2

2 , q
1/2
4 ) = 2

√
2ϑ1/2

1 (q2, q4)ϑ1/2
5 (q2, q4).

Proof of (i)–(iv). The identities (i)–(iv) come straightforwardly from Corollary 4.5. �
Proof of (v). By (55) and (59), we have

ϑ1(q2
2 , q

2
4) − ϑ5(q2

2 , q
2
4) = ϕ(−q2)ϕ2(−q4).

Employing (65) and (75) yields

ϕ(−q2)ϕ2(−q4) =
√
z2z4(1 − α)1/2

= ϑ3(q2, q4).

The last equality follows from (57). We complete the proof. �
Proof of (vi). By (57) and (60), we find that

ϑ3(q2
2 , q

2
4) + ϑ6(q2

2 , q
2
4) = ϕ(q2)ϕ2(−q4).

Utilizing (61) and (75), we deduce that

ϕ(q2)ϕ2(−q4) =
√
z2z4 (1 − α)1/4

= ϑ
1/2
1 (q2, q4)ϑ1/2

3 (q2, q4).

This completes the proof. �
Proof of (vii). Using (55) and (57) along with (10) and (11), it follows that

ϑ1(q1/2
2 , q

1/2
4 ) − ϑ3(q1/2

2 , q
1/2
4 ) = 1

2

(
ϕ(q1/4

2 ) − ϕ(−q
1/4
2 )

)(
ϕ2(q1/4

4 ) − ϕ2(−q
1/4
4 )

)
= 1 (

4q1/4
2 ψ(q2

2)
)(

8q1/4
4 ψ2(q4)

)
.
2
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By (69) and (76), we obtain

1
2

(
4q1/4

2 ψ(q2
2)
)(

8q1/4
4 ψ2(q4)

)
= 2

√
2
√
z2z4α

1/2

= 2
√

2ϑ5(q2, q4).

We finish the proof. �
Proof of (viii). Employing (55) and (57) together with (9) and (11), we find that

ϑ5(q1/2
2 , q

1/2
4 ) − ϑ6(q1/2

2 , q
1/2
4 ) = 1

2

(
ϕ(q1/4

2 ) + ϕ(−q
1/4
2 )

)(
ϕ2(q1/4

4 ) − ϕ2(−q
1/4
4 )

)
= 1

2 (2ϕ(q2))
(
8q1/4

4 ψ2(q4)
)
.

Using (69) and (76) yields

1
2 (2ϕ(q2))

(
8q1/4

4 ψ2(q4)
)

= 2
√

2
√
z2z4α

1/4

= 2
√

2ϑ1/2
1 (q2, q4)ϑ1/2

5 (q2, q4).

The proof is complete. �
Next, we will give explicit evaluations of quartic theta functions for some values of α2 and α4. Before 

proceeding further, we will establish some values of hypergeometric functions.

Lemma 4.7. We have

(i)

2F1

(
1
2 ,

1
2 ; 1; 1

2

)
=

√
π

Γ2(3
4)

,

(ii)

2F1

(
1
3 ,

2
3 ; 1; 1

2

)
=

√
π

Γ(2
3 )Γ(5

6 )
,

(iii)

2F1

(
1
4 ,

3
4 ; 1; 1

2

)
=

√
π

Γ(5
8 )Γ(7

8 )
,

(iv)

2F1

(
1
2 ,

1
2 ; 1; 2 −

√
3

4

)
= 2 · 31/4√π

3Γ(2
3 )Γ(5

6)
,

(v)

2F1

(
1
2 ,

1
2 ; 1; 2 +

√
3

4

)
= 2 · 33/4√π

3Γ(2
3 )Γ(5

6)
,
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(vi)

2F1

(
1
2 ,

1
2 ; 1; 2√

2 + 1

)
=

√
π

Γ(5
8 )Γ(7

8 )

√√
2 + 1√

2
,

(vii)

2F1

(
1
2 ,

1
2 ; 1;

√
2 − 1√
2 + 1

)
=

√
π

Γ(5
8 )Γ(7

8 )

√√
2 + 1
2
√

2
,

(viii)

2F1

(
1
4 ,

3
4 ; 1; 8

9

)
=

√
π

Γ2(3
4)

√
3
2 ,

(ix)

2F1

(
1
4 ,

3
4 ; 1; 1

9

)
=

√
π

Γ2(3
4)

√
3
4 .

Proof. It is well known that Gauss’s second summation formula is

2F1

(
a, b; 1 + a + b

2 ; 1
2

)
=

Γ( 1
2 )Γ(1+a+b

2 )
Γ(1+a

2 )Γ(1+b
2 )

. (77)

Parts (i), (ii) and (iii) follow from (77) with (a, b) = (1
2 , 

1
2 ), (a, b) = (1

3 , 
2
3 ) and (a, b) = (1

4 , 
3
4 ) in (77), 

respectively.
Part (iv) arises from Theorem 5.6 in [3, p. 112],

(
1 + x + x2)

2F1

(
1
2 ,

1
2 ; 1; x

3(2 + x)
1 + 2x

)
=

√
1 + 2x2F1

(
1
3 ,

2
3 ; 1; 27x2(1 + x)2

4(1 + x + x2)3

)

with x =
√

3−1
2 and part (ii).

To establish part (v), use Corollary 5.7 in [3, p. 113],

(
1 + x + x2)

2F1

(
1
2 ,

1
2 ; 1; 1 − x3(2 + x)

1 + 2x

)
=

√
3 + 6x2F1

(
1
3 ,

2
3 ; 1; 1 − 27x2(1 + x)2

4(1 + x + x2)3

)

with x =
√

3−1
2 and part (ii).

Setting x = 1√
2 in Theorem 9.1 from [3, p. 145],

2F1

(
1
2 ,

1
2 ; 1; 2x

1 + x

)
=

√
1 + x2F1

(
1
4 ,

3
4 ; 1;x2

)
,

we easily deduce part (vi) with the help of part (iii).
Part (vii) is an immediate consequence of Theorem 9.2 in [3, p. 145],

2F1

(
1
2 ,

1
2 ; 1; 1 − x

1 + x

)
=

√
1 + x

2 2F1

(
1
4 ,

3
4 ; 1; 1 − x2

)
,

with x = 1√ and part (iii).
2
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To prove part (viii), we employ Entry 33(iv) of Chapter 11 in [1, p. 95],

2F1

(
1
4 ,

3
4 ; 1; 4x

(1 + x)2

)
=

√
1 + x2F1

(
1
2 ,

1
2 ; 1;x

)

with x = 1
2 and part (i).

Part (ix) follows on using Theorem 9.4 in [3, p. 146],

2F1

(
1
4 ,

3
4 ; 1;x2

)
= 1√

1 + 3x2F1

(
1
4 ,

3
4 ; 1; 1 −

(
1 − x

1 + 3x

)2
)

with x = 1
3 and part (viii). �

Some values of the function ϑ are given in the next theorem analogously to that of ϕ and ψ in 
[3, Chapter 35]. We record three cases here; further evaluations involving a hypergeometric function can 
be obtained by similar reasoning.

Theorem 4.8. We have

(i)

ϑ1(e−π, e−π
√

2) = π3/4

Γ(3
4 )Γ(5

8 )Γ(7
8 )

,

ϑ2(e−π, e−π
√

2) = π3/4

23/8Γ(3
4 )Γ(5

8 )Γ(7
8 )

,

ϑ3(e−π, e−π
√

2) = π3/4

21/2Γ(3
4 )Γ(5

8 )Γ(7
8 )

,

ϑ4(e−π, e−π
√

2) = π3/4

23/8Γ(3
4 )Γ(5

8 )Γ(7
8 )

,

ϑ5(e−π, e−π
√

2) = π3/4

21/2Γ(3
4 )Γ(5

8 )Γ(7
8 )

,

ϑ6(e−π, e−π
√

2) = 0,

(ii)

ϑ1(e−π
√

3, e−π
√

2) = π3/4(
√

3 + 1)

33/82Γ(5
8 )Γ(7

8 )
√

Γ(2
3 )Γ(5

6)
,

ϑ2(e−π
√

3, e−π
√

2) =
π3/4 (√3 + 1

)1/4
21/833/8Γ(5

8 )Γ(7
8 )
√

Γ(2
3 )Γ(5

6 )
,

ϑ3(e−π
√

3, e−π
√

2) = π3/431/8

√
2Γ(5

8 )Γ(7
8 )
√

Γ(2
3 )Γ(5

6)
,

ϑ4(e−π
√

3, e−π
√

2) =
π3/4 (√3 − 1

)1/4
21/833/8Γ(5 )Γ(7 )

√
Γ(2 )Γ(5 )

,

8 8 3 6
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ϑ5(e−π
√

3, e−π
√

2) = π3/4

33/8
√

2Γ(5
8 )Γ(7

8 )
√

Γ(2
3 )Γ(5

6 )
,

ϑ6(e−π
√

3, e−π
√

2) = π3/4(
√

3 − 1)

33/82Γ(5
8 )Γ(7

8 )
√

Γ(2
3 )Γ(5

6 )
,

(iii)

ϑ1(e−π/
√

2, e−π) =
π3/4

(√
10

√
2 + 14 + 4

)1/2

29/8Γ(3
4 )
√

Γ(5
8 )Γ(7

8 )
,

ϑ2(e−π/
√

2, e−π) = π3/4

25/8Γ2(3
4 )
√

Γ(5
8 )Γ(7

8 )
,

ϑ3(e−π/
√

2, e−π) =
π3/4

(√
10

√
2 + 14 − 4

)1/2

29/8Γ2(3
4 )
√

Γ(5
8)Γ(7

8 )
,

ϑ4(e−π/
√

2, e−π) =
π3/4 (√2 + 1

)1/8 21/4

Γ2(3
4 )
√

Γ(5
8 )Γ(7

8)
,

ϑ5(e−π/
√

2, e−π) =
π3/4

(√
10

√
2 + 2 + 4

)1/2

29/8Γ2(3
4)
√

Γ(5
8 )Γ(7

8 )
,

ϑ6(e−π/
√

2, e−π) =
π3/4

(√
10

√
2 + 2 − 4

)1/2

29/8Γ2(3
4)
√

Γ(5
8 )Γ(7

8 )
.

Proof of (i). Putting α2 = α4 = 1
2 in the definitions of z2, z4, q2 and q4 together with parts (i) and (iii) of 

Lemma 4.7, it follows that

z2 =
√
π

Γ2(3
4 )

, z4 =
√
π

Γ(5
8 )Γ(7

8 )
, q2 = e−π and q4 = e−π

√
2.

Taking α = 1
2 in Corollary 4.5, the results follow immediately. �

Proof of (ii). Letting α2 = 2−
√

3
4 , α4 = 1

2 in the definitions of z2, z4, q2, q4 and utilizing parts (iii), (iv) and 
(v) of Lemma 4.7, we find that

z2 = 2 · 31/4√π

3Γ(2
3 )Γ(5

6 )
, z4 =

√
π

Γ(5
8)Γ(7

8 )
, q2 = e−π

√
3 and q4 = e−π

√
2.

The proposed results follow readily from Corollary 4.3. �
Proof of (iii). Taking α2 = 2√

2+1 , α4 = 8
9 in the definitions of z2, z4, q2, q4 together with parts (vi), (vii), 

(viii) and (ix) of Lemma 4.7, we deduce that
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z2 =
√
π

Γ(5
8 )Γ(7

8 )

√√
2 + 1√

2
, z4 =

√
π

Γ2(3
4 )

√
3
2 , q2 = e−π/

√
2 and q4 = e−π.

Employing Corollary 4.3 and simplifying, we arrive at the desired results. �
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