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Thesis Title Finite Beam Element on Nonlinear Two-Parameter Foundation Model
Author Mr. Worathep Sae-Long
Major Program Civil Engineering (Structural Engineering)
Academic Year 2013
ABSTRACT

This thesis presents an inelastic beam element resting on two-parameter
foundation. It is based on Euler-Bernoulli beam theory and an assumption of plane strain for soil
or foundation. The element is derived from a displacement-based formulation. The nonlinear
responses of the problem are obtained from the analysis with the improved displacement shape
functions elements. The improved displacement shape functions are derived from homogeneous
solution of the governing differential equilibrium equation. It can be divided to three cases for
the homogeneous solutions. Because the values of the beam and foundations parameters may not
be constant, the average technique will be used to approximate for the improved displacement
shape functions. The numerical examples are used to verify the accuracy and the efficiency of the

beam element model.

Keywords : beam elements, two-parameter foundation, virtual displacement principle, Pasternak

foundation, nonlinear analysis, Winkler-Pasternak foundation
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dd' d' a v
2.1 NP NNYIVBINUIIHIVY

Y
msaduuuTassiuaivves Inssadnuugiusrindaraanaeldusanszi

[

o { a 14 ] 1 a a (3
ninmeuen Tagna liaghiinganssunenamaaseglusdaiaan AengAnssuveidg

@ o 4 o o 7 @ [ a
NAIINTUTININTET Lﬁammiﬂammﬂszmmmuuaaﬂ aa@%ﬁugﬂﬂamﬂuﬁmwmu

[ a o 14

oA i 9 ° ' A A P Aa
FUIRYINUADULITUAU ﬁ’]llﬁuﬂﬁiﬂﬂl@ﬂlm@m@QﬂqﬁﬂuqﬁjﬂGlUﬂﬁm@a']ﬁﬁﬂﬂﬂﬂ']ﬁu@ﬂ?ﬂ

U

o—

[

a A . .. L X K wa o I as a .
Wnan13AugY (Elastic Limit) $ausgnugauauiiaveaiag thuldammquidaradn (Blastic
Theory)
d‘ Y 1 a o dy Y~ ) a A a
LW’E]ELW\TI‘(’JG]’E]ﬂ'ﬁWWNaLﬂaEJ"U’ENﬂiLJW'I Tuam? ﬂuhlﬂiJﬂ'liu'WlQ‘HQﬂﬁ'lﬁ@ﬂ
ya 4 a s a A ~ o 1 o 2
N11%31ﬂ51$WWE}@1ﬂ553J‘1/”\‘1ﬂﬁf”f’]ﬁ@l5sllﬂﬁﬂuﬁi@j?uﬁ?ﬂ‘ﬂﬂi%ﬂ?@ﬂﬂ?u HagUING Y

a J I L4
N13UATIENATIUVDY Euler-Bernoulli Gl%’)mi'l%ﬂﬁiyﬁ'l"llf]\?ﬂ'lu

2.1.1 wqyf]mﬁmswﬁmmm Euler-Bernoulli (Euler-Bernoulli Beam Theory)

a 4 = a (%

ﬂﬂ‘]ﬂaﬂ'liﬂlﬂ‘i1$ﬂﬂ'lu%ﬂﬁ Euler-Bernoulli uﬁumim ﬁaizumwﬁﬁmmm
o I a [ a A A [ . .

muﬂqmgﬂuizummm ‘ViiN%Tﬂlﬂﬂﬂ1§Lﬂaﬂu§ﬂLu@\ﬁﬂﬂﬂTiﬂﬂ (Plane Section Remain Plane)

v H ] a {
lLﬁ%i%uTﬂElx‘]ﬂ\?ﬁ\?ﬂ'lﬂﬂﬂﬂﬁﬁﬁ@@ﬂlllLﬂuL!u’JEITJ"UE]\?ﬂ1H‘ﬁli1W%1iﬂHﬂ@ulﬂﬂﬂ1ilﬂaﬂu§ﬂ
4 % 4 { t’
1199910A15AA (Plane Section Normal to the Longitudinal Axis) MspdeuinIanamans

awnsnesuiemsilasugilvesnihdanmunnnsanladweaalugii 2.1 Fengilya ab

l
a A = [ a

Wugahinsannewnanisnlasuntasgl TasAvaennmanisaeuntlasgl gaiis

10
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a = I e @ Y e & ] a 2’, ] Y a
W‘D'liﬂﬂ!ﬂaﬂulﬂllﬂﬂ a'b %Sﬁﬂlﬂ@llﬂ'ﬂﬂqﬂ a'b GNFNDY TS HIVANLASANRINNVLIUIDINDY

ANE1IVDINIIAR (81999910 Limkatanyu, 2008)

b

V(%)

v(x,y) = vo(y)

reference " s x
axis |_| \\
b we

(81984910 : Limkatanyu, 2008, pp. 90.)
~ a A A s Y o Aa Y A o
51U 2.1 eFvIEMsIAARUNNNNAMAnTVBIHTNdAN NI AN TdHaIpIIINNITAR

A a Y o . \ A A o 1 4
iﬂﬂg‘ﬂ‘ﬂ 2.1 Wa1saIvuIae a'-b ﬂ'li!,ﬂa’ﬂu‘VIG]'ILLWH\?U@\W]'IH?('INWT’L]WVI\Q

4

NNANVTUNUTAITNNT

2-1)
V(X) =V, (X) (2-2)
1o uy(x) AvAININTZIATULNITIWENAY (Initial Horizontal Displacement),
A 1 1% A A Y .. . . A Jd o
Vo (X) ADAINITNTZIATUUUIAUTUAY (Initial Vertical Displacement), u(x) fAowanyu

Y] d v o
ATNTEIATULUUITIV (Horizontal Displacement Function), V(X) AW TUNITAIZIA

Tunu9IA9 (Vertical Displacement Function) ttag y Aoszes U149
MNauMIN (2-1)-(2-2) aeandesnumsnlasunilasgiae

ANIATIAANLUILNY (Axial Strain) g(x):

W) 0o I -y (3)
dx dx dx

e(x) =
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a A A .
ANUIATBAUDININUTUNDU (Shear Strain) y(X) :

y(x):dV(X)+dU(X):_dVo(X)+dVo(X):0 (2-4)
dx dy dx dx
' ' 2
1o so(x):dug—(x) AeAinuIATeANLAUS198Y LAy K(X)Zd;;gx) Ao
X X

AN TRIUDINTNAAAIY (Section Curvature) 1INANNITN (2-4) AuyAgumsn)asunilasg

4 ~ A A S 1w 4
NNNAMAATANVIATYALUDININLTURDUNAUNINUFGUY

o a s A o a a { o w
msadnuuTiasImadiamaaiiiiosiasanganssuvesauiingziiny
9 = o 9 = o dy o A a o A =
TATIaINUMINBLINTIY TaslnanmsnugIunand Aensauyaaulsnuaaing
A Aa { o w ' o <
wpAnssuvesauNnsznuInseadweglugdveuuiiassalsa iudu

9
[

4 v Y
puusiassnugutziuausluaiuisvaisil laun npusiassyuaiu

e

umgmuﬁ’mafjuugmimul%}ﬁuéfu (Inelastic Bar Element Resting on Winkler Foundation),
v v
u,mJmaawumumuﬁawaguugmsm"l%’quf?f'u (Inelastic Beam Element Resting on
Winkler Foundation) 1aZdnH1UT1A09NIAITHAUIABIINLUULTIA0INNA1INIVIAY AD
o Qy ! A ] Y a 9 (% .
puuSaesFudIuMUNIeguUgIUTIN ST uduilszinn 2 @auls (Inclastic Beam Element

Resting on Two-Parameter Foundation)

2.2 BUDI0ITUAIUIUINAUTN DY VNG U1 131BUdY (Inelastic Bar Element

Resting on Winkler Foundation)

¥
=

y '
I,I,‘U‘]Jihﬁﬂﬂ%uﬁ’)ullu’JLLﬂuVI'J1\1'E)§1Ju:§']u§1ﬂll%jl%ﬁlt%}uldlllu’lﬂﬂwujj']u
a 4 o zay 1 { ] . { a
ﬂﬁ?miTngﬁnﬂLL‘U‘Uﬁﬂa@\‘lGlfi‘!ﬁ’li‘lﬂTuﬁQTQGQUHQTHiTﬂ"UGQ Winkler Iﬂﬂ‘ﬁWf}ﬂﬂiﬂJ“’Uﬂﬂ
a A o Y o a A o Y Ay 2 '
ﬂu'ﬂ5@@11&i1ﬂiq]ﬂﬂ?ﬁ@ﬁﬂ’)ﬂllﬂﬂ%'lﬁﬁ]\iﬁﬂiﬂﬂﬂTl’iLH‘VIGHU‘V]1ulli\11ullu’31lﬂu“ﬂ@\1°}5uﬁ’)u

UUANU
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2.2.1 HenN (Definitions)

a = = ° L, ya g X
Tunsaifineil WnduenvusiaesFudIumuAUUUTIUIIN 5B UdY 9
uanslanalugii 2.2 Taoilu 1 wamwudilszaonlidae 2 Tnua Funaz Tnuatlsznou Ty

#8 1 SuAUDATAIN (Degree of Freedom) ADAININTZIA IULUILAY (Axial Displacement)
1 (% d' a YA
mmiﬂixﬂﬂ‘ﬂiﬁuﬂmmiauﬂmqﬂﬂa
U={u u} (2-5)

A A 4 o A A v (J
weo U ﬂﬁ]l’)ﬂl@]ﬁ]iﬂ’liﬂ’ligﬂﬂﬂiﬁuﬂ, u ﬂ'ﬁ]ﬂ’]iﬂigﬂﬂiuuuﬁuﬂuuﬁgﬁﬁlaﬂ]

d's} 19 Y o Y] A =3 A J g’;
‘VI“VIE]EJ@Q%I 31 ymuﬂmmmmmaﬂwuﬂum
A a YA
Lliﬂﬂiﬁuﬂﬁﬁﬂiﬂuﬂ"mqﬂﬂ@
P={N, N} (2-6)

A A 2 ~ A @ Ay q 9
we P ﬂ@t?ﬂ!@@il!‘iﬂﬂiﬂuﬂ, N ﬂammﬁGluuml,muuazmmwwaaag%

@

(% da 2 1A 1 3’,
oy ﬂymuﬂmmmmmaﬂwuﬂum

uEJNI

(813999910 : Sae-Long LazAME, 2013)

{ J 2 1 { '
gﬂ“ﬁ 2.2 L'E]La!,lluG]61]'E'NGI)"Llﬁ'JuLlu')tlﬂuﬁ?’]ﬂﬂgﬂuﬁj’]ui’lﬂ Winkler
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[ vy
msnszaalutunuinthdalaguesFudiumuiunu u,(x) ansodion

saudlunnaes 1dae
u(x) ={uz ()} 2-7)

~ A Y o 2 1 a I
mmmwwwumﬂimGuewumuumuﬂu gB(X) SREVRER R TIRPUR R FVISIAT!

J) YA
nNae3 lano

dg (x) ={e: ()} (2-8)

[ v J @
INANVTUNUTIEHINNANUATUA &5 (X) HazNIINIEIA IuLUILAY ug ()

{ Y o £ [ 1 9 1 Y
ﬁ‘lfiumﬂﬂﬂGumﬂfuﬁ’muu’guﬂu ﬁ’liJWiﬂWWﬂ’l]lﬂIﬂﬂﬁﬁ\iW’luﬂ’]ﬂﬁﬂﬂ’lﬁﬂﬁ’]ﬂﬁ@ﬂﬂa@ﬂ

dug (x)

(Compatibility Equation) fi® &, (X) = ;
X

ﬁmﬁméﬁﬂuclugﬂnﬂmaﬂﬁﬁa
dg (X) =05u(x) (2-9)

Taen 8. Ao Differential Operator @150 3R
B P

Os { d } (2-10)

dx

d' Y o Qy 1 a [
u‘iﬂuumgmuﬂﬁmmimﬂlawumuumgmu N(x) QﬂuamagM

nawes D, (x) ansaieuldne
Ds(X) ={N(x) } (2-11)
Y . a i 4 A
MINTZIAVDIFIUTIN Winkler u, (x) gniiemoglunmaes d, (x) Ao

dy (¥) = {uy, ()} (2-12)
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mﬂmqy}jgmsmmm Winkler LLﬁﬁﬁNﬂWiﬂ’JﬁJﬁ@ﬂﬂéjﬂ\‘l #5005V

v J

Y
FUNUTIZTHINAINITNTZIA TUUUIAUVDIFUTIULUILAY Ug (X) AEAINITNISIAUDY

974310 Winkler u, (x) lane
Uy (X) =Ug (X) (2-13)
nnaums -13) aunsodoulugnnaei 1dde
d,, (x) =0,,u(x) (2-14)
\iie &, fio Differential Operator Am130iey 1§Ae
oy =[1] (2-15)

A . A Y o a s
LIUUDINNGTUI Wlnklerﬂﬁum{éﬂﬂﬂ DW(X) Qﬂuﬂ’lﬂiunﬂm@ﬁ DW(X)

=S YA
Tnsaeu lane

Dy (X) ={D,, ()} (2-16)

v d J
2.2.2 i,mmﬁauqan%aagwuﬁmmﬂ@m%uémumunuuugnmn Winkler (Governing

Differential Equilibrium Equation: Bar Element on Winkler Foundation)

Y Y
INNITUINTUITUNTAUAQAUNUNINOAISUDITUFTIUYD YN VDITUTIU

HUAUNTVINAMIAY dx 1A8I199EVUFINTIN Winkler AAAI31N 2.3

ﬁNﬂ1§ﬁNﬂﬂ11—!!!1—!’J!!ﬂ‘l~! :

dN(x)
dx

—ky Uy () =a(x) =0 (2-17)

o N(x) Aouselunuaunuy, k, Aemlugaddunmuvesau uag q(x) Ao

9 1
uWWuﬂ‘Uii‘l@ﬂﬁﬂiz%WﬂWﬂu@ﬂ
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NAUMTN (2-13) TUNTANUAOAAROIANUTUWUT TZHIAINTNIZIA
v v
TULUILAUYOIFUAIUUUILNULAZFIUTIN Winkler 1AW LNUTUANNTN (2-17) F1150
= YA
ey ldne

dN(x)

o wts()-a(x)=0 (2-18)

v o 2

A o X ! a A & av Ay ya
Iﬂfﬂ/]@?uﬂﬁ kW VUBYNVANHUSUDIAUNIDIIUTIN "Jﬁtluxﬂufl EJu]lﬂ‘LlEnll

@ o J [

[ Y o a a A a U
mmauwu‘ﬁmmmﬂ1uiﬂﬂa1uauwuﬁ"l%'wuéfu Tﬂﬂummwmm"ﬁ'iumumm

Q U

AnuduWLTvonaauiia iag
MnauMIn 2-18) aunsadeulugluning lane
05D (X) =8y Dy, (¥) —p(x) =0 (2-19)

A T A 4 Sol @ A o 4
e p(x)={q(x)} A INADIUINUNUITINANNIENINYUDNUDUBDLANUA

g(x)

!
T

N(x) < > N(x) +dN(x)

kyug(x)

dx

] Y Y] '
gﬂ‘ﬂ 2.3 LLWUﬂWW@ﬁig%uﬁ’Juﬂﬁ)ﬂﬂGU'E'NGD'H’(;T’JHLLu’JLLﬂuV]’JNE]gUHf@WHiWﬂ Winkler

a ¢ Y ad v a J .
2.23 msamswvnmmﬁmsnsz%ﬂmmﬂtym%ummmmnuuugmsm Winkler

(Displacement Formulation of Bar Element on Winkler Foundation)

Jd o @ a 1 o A ]
Wansumsnszda u(x) asoesuiglugivesninisnszian lnuanmiunia

nameilendumsnlasunlasglin N, (x) 1dne

u(x) =Nz (x)U (2-20)
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e Ny(x) Aennameiwensunsdsuniaszdieildiuuinnnms

uRaumIaugaFeyusvelym

2.2.4 GUMIANUAOANADI (Compatibility Equation)
mslasuntdasglvestymannsom ldnnaimsnsziai Tnua U Tagass
] @ v IA
FuANNFNNUTAD
d, (x) =B, (XU (2-21)
d, (X) =B, (YU (2-22)

d’ A a S A = [ I J 1
o By(x) uaz By, (x) Aown3ndgniemwdimsulasnudunussznig
v v
msfasunaagdiumnInszIaueIFU@IUILANUIAZFIUITIN Winkler AWAIAY 10150
a YA
feny'18ne
B; (X) =0gNg (X) (2-23)

BW (x)= 8W N B (x) (2-24)

A v

[} v d a H Y3 Qy
225 ANNANWUTVRIAMUANTATAQNHINAAIAUDITUAIUUUINAUIAZFIUSIN Winkler

(Material Constitutive Laws: Bar and Foundation Section)

o v J o J = Qy 1
ANuauiusve s lutuInny N(X) AuAIANuATIA &z (X) VOITUFIU

o Yy % v aa o = YN
u,muﬂug]ﬂm‘wuﬂiwummauwumﬂuﬁumﬂuamm ausaeuldne
A
N(x) =y[es (X)] 150 Dg(x) =w[dg(X)] (2-25)

[ o 4 @ 1 [
ﬂ')’]ilﬁNWH‘ﬁGUENLIJQLﬁﬂ\‘]%’lﬂi’]ﬂi’lﬂ Winkler DW(X) NUAINITINISINUD

. o Yy v o I aa J = YA
31U910 Winkler u,, (x) 'E]ﬂﬂ1‘Vi‘L!ﬂEh"fllﬂ’J']ﬁJﬁiJWU‘ﬁL‘]JU?f?Jﬂ']ill‘]Jaluﬂﬁ ﬁ?u?iﬂlﬂlﬂullﬂﬂﬂ
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D, (x) =E[u, (9] #30 Dy, () =Z[d, (¥)] (2:26)

[ o Y a 9 1 1 A Qy 1
ﬂ’J'IJJﬁiJ“W1!‘ﬁUl'i!,“]NLﬁlﬁ31/?’)1\1?]%&3\illﬁzﬂ?ilﬂﬁﬂﬂllﬂaﬁgﬂﬂlﬂﬁ%uﬁﬂlu

uwannuuazg s Inannsameulugluming ldne
D, (X) = D2 (%) + kyAd, (X) (2-27)
D,, (X) = DS (x) +k,, Ad,, (X) (2-28)

1 ] H Y
1ilo D% (x) wag DY (x) ﬁamummﬁuﬁwﬁmﬂmmawumuumuﬂuuaz
o o 2‘1 A 1 a Jd A [ L% d' Y o Qy 1
FIUINMUAIAY UONNINT Kk, tag k,, AoAuunIngaaiuadudanidalagvesrudiu

LL‘L!’JLLﬂ‘L!Lla$§1ui1ﬂ@1MﬁWﬁﬂ

2.2.6 HiADMINMENOU (The Virtual Displacement Principle)

a 4 a, @
NANMITIATIEHTYNIR875n015n5299 (Displacement-Based Formulation)
] Y] A o Y A o 1
FIUanMIvesnuaieu M ldaumsaugaluannisn (2-19) gnmvuasglugzilves Weak
° o o S w . v & =~ &
Sense Tagmvualdwensunisnszsa su(x) 1Hudus Arbitrary aativaiunsadowiu

A1N5 Weak Equilibrium 1afe
[ou" (@D () + 8}, Dyy () ~p(x))dx =0 (2-29)
L
UNUAIFUAITA (2-27)-(2-28) adluaun1sN (2-29) MAUUNINTOUNLATA

v Y
1eNaIU (Integration by Parts) HAZNAMTUNUATUAITN (2-20) aalyl muummsam&miugﬂ

aum3 W ludoamud 1aae

(Kg +K,)AU=P (P2 +P)) (2-30)


http://dict.longdo.com/search/Arbitrary
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4 a d A 2 U
Kg =IBTB(x)DB(x)BB(x)dx Ao@LUANNS NFaAIuaURIFUA MUY,
L
4 a Jd A
Ky =.|'B\IV (x)D,, (x)B,, (x)dx ﬁm@mmummiﬂ«mmwguammgmﬁﬂ Winkler;
L
0 T 0 A s 4 v 2
Ps =IBB(x)DB(x)dx ABLINIADTLDLALUUALITIATUNIUVDIFUTIULUULNU; LAY
L
0 T 0 i~ g g Y, .
Py =.|'BW (x)Dy, (x)dx ABNINIABTIDLALNUALUTIATUNIUVDIFIUTIN Winkler
L

[ a 4 Y a [ Y .
i]Tﬂ‘ViaﬂﬂﬁﬂW‘J’JLﬂ’iT%‘Viﬂillu“rﬂﬂ’JEJ’J%ﬂﬁﬂizilﬂ (Displacement-Based
Qy 1 H [ I
Formulation) mmﬁtywwumuumuﬂuﬁanaguugmimmm Winkler ﬁmﬁaagﬂgﬂu
. . . Y o A A o
WHUNIN Tonti’s Diagram (Tonti, 1977) “l@muﬁﬂﬂugﬂw 2.4 Tﬂﬂmmumwmmuaiugﬂmm
Weak Form 13/® U(X) A® Primary Variable Y03ty dsawnsniir lmianmsnlasuuiasgl
[ 9 ~ dy [ v J
maqﬂmuwﬂﬂﬂmqmuﬁnmimmﬁa@ﬂaaﬂuﬁumw (2-21)-(2-22) UBNNNUANUTUNUT
1 9 % a .

53mNmJﬂﬁmmﬁaﬂﬂam"lﬂmaumiau@agﬂaﬁuwﬂiugﬂmaq Weighted Integral Form

phuwé"ﬂmﬂmmﬁau

End Displacements
[
Essential BCs

l
u (X) —— Strong form p(X)

I ------- Weak form

Compatibility Equilibrium

dg (X) = 0u(x)
[ou" (x)(@5Dg (¥) + 83, Dyy (x) ~P(x))dx = 0
dy, () = B, u(X) 1

1

1
‘ Section Constitutive Law P50 =w[ds ()] i
dg (%),d,, (%) D, (x),D,, (X)
Soil Constitutive Law D,, (X) = E[dw (x)] T

1
Natural BCs
1

1
End Forces

v Y
gﬂﬁ 2.4 UHUNNUDY Tonti éhmuﬁtyviwumuumgmuuu;‘gmim Winkler ﬂWEIGle]}ﬂ1i

Y axd @

?Jlﬂﬁgﬁﬂi]ﬂ NI1INISY
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227 WanFumsnlasumlasyilirsil@a1nnisInsiesi (Improved Displacement Shape

Functions)

a 4 2 U { '
mﬂaumiﬁu@amwwu‘ﬁmmﬁﬂm1%uaauumuﬂu‘ﬁawaguugmim

v

v { d ) o o J v 2 1
Winkler aandasluaunisi (2-18) Weihaumsnnuduiusvosguauiadagsuaiu

HuIU N =k, Wa ()3 sl 2-18) aunInlouauMITuAAT O R LT VDY
Tayminildne
d?ug (x
o et Ky (9 = 40 (231)

4 . YT = ' v Y a
110 k, A0 Axial Rigidity Y@IFUaAIMUUIMNY, k, ADTUgaTAIUNIUYDIAY

1 a 90’ o 1 o
Wsomaaniuavodg1usIN Winkler oz q(x) Avrmiinussnniinsziaieuen

K

Hewauils 4= o dfuuddymaumaFeyius luaunsh 2-31)
B

° o & . A YA
mmmmmmwamaamﬂwu‘ﬁmmﬂtym (Homogeneous Solution) tWd q(x)=0 GG
AX —AX
Ug(X)=ce™ +c,e (2-32)
S a S YA
wamaﬂeumﬂtywmmwsmwu“lugﬂmmmmﬂcﬁ”lﬂﬂ@
us(x)=T"C (2-33)

4 S @ A S o A
e T Asnawesnannisznev lidrelansuluaunisn 2-32) uaz C Ao

S o A ' 1 o o
nwesnanniiznevlidreansnannisnlsius
1ngUd 2.2 Seulvvevveslynt ansodieu 1dde
uB|X:o =u, uay uB|X:L =U, (2-34)

o ] J o [ H [
1/]']ﬂ1'ill‘1/'luﬂ1ﬁ\1ﬂ"]fuﬂ'liﬂﬁgﬂﬂﬁluuuﬂllﬂu UB(X) ﬂ']ﬂﬂllﬂ'li‘ﬁ (2-33) UNUM

1 a 4
aslugums 2-34) awnsodenluglining lade
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Uu=TC (2-35)

4 Aa S 1 ' Av O
o T Aswnsngnldudasszninaainnanaly (Generalized Coordinates)

AUAINITNILIAN 11 UA
NUUINMTUNUAIANMTN (2-35) Tuaunisn (2-33) ansaenld
Us(X) =" TU=N;(x)U (2-36)

1o Ny () =[ N (0) Ng,(x)] fetamaeiuaiiilszneulddrodansn
susi Idnamsiinsgdvesdym Tunsaindus 4 Taudhlndgud deddugiseild

namsnnzivealyzaareiiumstiumslszanaisidudsaumaduasa
ﬁqﬁsﬁ’ugﬂénﬁ"lﬁ’mﬂmﬁmwﬁmmﬂtym N, (X)
N, = csch[AL]sinh[A(L—x)] (2-37)
N;, =csch[AL]sinh[Ax] (2-33)

s & S T oAy Y a s ~ )
’E]‘lgW'L!‘ﬁ H Uﬂuﬂﬂlﬂﬂﬁﬂﬂ%ugﬂiNﬂqﬂﬁﬂﬂﬂ?i’)LﬂiWZﬂ"U'fNﬂinﬂWlEJUﬂU

Yg, =—Acosh[A(L—x)Jcsch[AL] (2-39)
Yy, = Acosh[Ax]csch[AL] (2-40)

A o 1 o d o 1 ~ a 4
Tunsainamaatls 2 Taudrlndgud Wendugilsenldanmsimazives

Taym N, (x) awnsadeulugivesaumsiduaselddo

Ny, =1-= (2-41)

N, = (2-42)
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U U % % U 1 = v N X
oynutousunilsveuliisugliuiiouduszeznia x: Y,Ax):%
X
1
Y, =—= (2-43)
B1 L
1
Y, == (2-44)
B2 L

vy
dm5uA1 Axial Rigidity Yoe¥uaauuumny k, uagalugaadiuniuves

v A o a

a A @ 1 A o Y
AUNIDIIUIIN kW1uﬂ31ﬂﬁilwu‘ﬁ‘ll@Qﬂﬂ!ﬁhﬂ@’)ﬁﬂ@ﬁ]ﬂﬂflllﬂﬁﬂ auls A ﬁ"liﬂﬁfl‘l/ﬂulﬂ

q

a 1 ~ VoA 9 g’; 1 9 dy A A 1 Y ]
inﬂl“l/lﬂuﬂﬂ'li?ﬂﬂ'llﬂﬁfﬁnﬂﬂﬁﬂﬁﬁﬂiuﬂ]u@]’E]Llﬂ'ﬁ]uWH'I‘LlL‘W’E]‘V]ﬁ]gllﬂﬂi&’NWmﬂ'lﬁ\?ﬂ%ugﬂi'l\?

U

Y 9
N; (X) “luﬂizmumssumwuﬂmsnﬂuuq

matamslsznm Aemaauls kiF uaz kiE azgaminumasnouilum

aunagals A2 uaaalasaaunian (2-45)

AVE
/fLAVE — k‘\N (2_45)

insa i, NIP ApdiulIuya

z
@
=
)
@
O
—
e
=
N
—
-
o
=
Toe
—
=
e
=
=)
D
®
)
=
=)

Y
Tumseuninse vaz L ﬁammanmawumu i

2.3 amm"mm%udmﬂmﬁanuugmﬁn"l%ﬁaaé’m (Inelastic Beam Element

Resting on Winkler Foundation)

° & 1 A =y a o I
LL‘]J‘]Jﬁ]”lai’Nﬂf‘L!ﬁﬁuﬂ”lu‘ﬂ’J"IQTJ‘L!;@”IHS”Iﬂ@ﬁ"Iﬁ@]ﬂ‘]Ji%LﬂTI 1 aas 1lu

[ A o k) A 1 =) a = a A 1
I,I,‘U‘]Jiﬂa’é]\iu‘iﬂ‘i/]gﬂunﬁuﬁ)cluﬂﬁLLﬂﬂﬂlu‘I/ﬂﬂﬂ.l‘ﬂ’JNﬂgﬂungﬁﬂﬂaWﬁﬁﬂ NIDLTYNONYDIN

“UPUTIA0IV0Y Winkler (1867)” asuaaslugdn 2.5 asuldimsaunldunuiiaed
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a [ @ Y A 9 & o Y o [ 1 =\ a A A
NOHANTTUANVUTUNUD Ulil"]f\‘l!,ﬁu Fam liuyutIasaena1d YUseansmmuazanudilou

Y [l

39U FeihiinIsenrmsiauenuuiansnana1d 1ain Limkatanyu 11a2 Spacone (2006)
. < Y

1182 Limkatanyu Lagane (2013 a) 1Y uAY

¥, vp(X)

A

q(x)

o ST

(@ywﬁqmﬂ : Limkatanyu Llagame, 2012 b)
~ A . Y %’ % A o
gﬂ‘ﬂ 2.5 ﬂtymmumwuugmim Winkler mﬂsl,@umuﬂmmﬂwﬂizm

¥ '
ANYATIUNUTIUATIAYVOUDTIA0 Winkler ABLTIUHAT1v09AUN N
A a < o 1 @ ' A o a A S

YANNIITUT L‘IJL!ﬁﬂﬁ')uTﬂﬂ@]i\?ﬂ‘ﬂi%ﬂ$1ﬂﬁﬁ§@ﬂ1ﬂ1§ﬂizfﬂﬂ{lulluﬁﬂﬂﬂuﬂ']uv}‘ﬂqﬂuu"] Tﬂﬂ
o a a J o =Y = o =Y 1 (Y
ﬂWﬁﬂQWQ@ﬂiiNﬂlﬂQ@uﬂ’Nﬂﬁﬁ'l’(?f@liiugﬂﬂl@ﬁuﬂﬂﬁnﬁ@ﬂﬁﬂiﬁ munmmmﬁﬂiumazm
Sﬁssﬁ'@ﬁu %Tﬂﬁﬂﬂaﬁmuﬁ\iﬂﬁl”lﬁ Lﬁf’)ﬂd\llliﬂﬂizﬁTaQUHLLUU‘STaf’N‘l]&ﬁﬂﬂ?ﬁﬂiﬂﬁﬁllﬁﬂﬁiﬂ
ﬂ‘ﬁ 2.6 (a) Lu’ﬂx‘lﬁﬂﬂ‘ﬂ'ﬂllﬁNWH‘ﬁﬂJf’NLLUUﬁ]Tﬁ@Qﬁﬂﬁﬁiutma LAY Lﬂﬂﬂ']ﬁﬂiﬂﬂ'ﬂlu@ﬂlliﬂ

o A o 1 o K < a i a a v a A a
ﬂ‘iZ‘l/l'lﬁﬂi$‘l/]1¢]’f]l,l,ﬂﬂi]1ﬁﬂdﬁﬂ%0¢]’)u‘uc] Gluﬂ'ﬂlllﬂ‘ui]iﬁlﬁaﬂumﬂﬂ'ﬁﬂ?ﬂﬁﬁl WNIAUITINA

mingaauuaetienaaslugli 2.6 (b)
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(a) (b)

57 2.6 520z Inadlununasenuusaesgusniiosnnusansziaiane Tag lunosan

HauDdIA1U (a) Winkler Foundation (b) Elastic Solid Foundation

2.3.1 HeNu (Definitions)

s O L = . ya 9 Y
Tunsaifinil duaueFudunuioweguugunn ISFudu uaasldaaly
= = @ Y & ' v v o
511 2.7 Taeilu 1 eawudisznenlidie 2 Trua Fwaaz Tnuailszneulidae 2 suau
93NN (Degree of Freedoms) A9 A1N15N52IATUIUIAY (Vertical Displacement) ttazyuiia

(Rotation)

11, I"rl Vg, Vs

rs

( e R

ATTILTTTETE RN NN NN NN
(813999910 : Limkatanyu tagAag, 2013 a)

317 2.7 ipramudvesmuieeguLgIUIIN Winkler

G

1 v A a YA
ﬂ”lﬂ"liﬂ'iSﬁ]ﬂ‘lfljﬂuﬂﬁ”lu”liﬂuﬂ"lll"lﬂﬂ@

U={v, 6 v, 6} (2-46)
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A A s o A A 9 A A
we U ﬂalﬂﬂlﬁﬂﬁﬂ’]iﬂ’]ﬁgﬂﬂﬂjﬁillﬂ, \" ﬂ@ﬂ1§ﬂ§$ﬂﬂ1ﬂllu3@\1, 0 A9

1 a % ~ 9 19 Y o [ da = VoA 1 3’_,
mynmuazmmwwaa%% iuaﬂymumummmmaﬂwuﬂuuq

U 9

A a YA
LLi\iﬂIT‘iMﬂﬁWiJﬁﬂuﬂﬁJllﬂﬂ@

P={V, M; V, M} (2-47)
A A o A A A A o
we P ﬂ@ljﬂ!@@‘jlﬁqwiﬁu@, V AT URoU, M ﬂ@ﬂWIﬂJlﬂJuﬁlLag

3 A 9 19 Y o Y] A =3 A J g’;
Alavnviovoyla 3! ﬂymuﬂmmmmmaﬂwuﬂum

Q

i H Yy
MINTLIA TULUIAY Vg (X) ﬁwﬁ'wm“lmmawumumu TIUTOUYINTIN

Flunnaes1dne

u(x) ={vg (X)} (2-48)

Y A Y o 2 ' a I~
ﬂ'J”IllIﬂ\'iGU@\‘lﬂ']‘Ll KB(X) WWUW@Qiﬂ“]“U@Q“D’u@T'JuﬂWN o HeNs I

nnaes 1dne
dg (X) ={xz (X)} (2-49)

o v o 1 o A {
VAANUFUNUTTLHINANU AL x5 (x) 1AZNITNTZIATUIUIAY v, (X) N

Y
NEAA 1A V0B UAIUAIUAINITANIATIA JATATIHIUNIITUAITANNTOANA DI

Vg (%)

oy aqe . d = a 4
(Compatibility ~ Equation) Ao Kg(X) = e HAZIINNYHYNITUATIEHATUUDI Euler-

. = d’ A 1 o a d' = d‘ Y o Qal [
Bernoulli ﬂ1ima;sﬂmmmmmmau"lnum1Winif,m Tﬂﬂmmmaumwmmimmawumu

MU IdanaumMsauaa lngnss
= S YA
awnsodeuluginnees ldne
d; (X) =05u(x) (2-50)

T o, Ao Differential Operator @113 01 1Af0
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d2
0. =| — 2-51
® {dxz} @51

@ { @ 2 J a 1 4
Tumudsa M(x) nihdalagvesyuaiuau gaiioweglunnmes D, (x)

annsaouluginnaei ldne
De(¥)={V(x) } (2-52)
M3N5EIAVBIFINGIN Winkler u, (x) gnileweglunmasi d, (x) fie
d,, (x) ={uy (9} (2-53)

. v
%1ﬂ1/]i]191§]§1u51ﬂﬂ]€)\1 Winkler HAZANNITANINTOANRBIFINITOIVS

mmﬁnﬁuﬁszwiwmmsﬂszﬁ’ﬂ“luumﬁwm%yudaumuuazgmimmm Winkler 1ano
Uy, (X) = Vg (X) (2-54)
MNTUMTR (2-54) annsaouluginnnes lade
d,, (x) =0,,u(x) (2-55)
\iie 8, fio Differential Operator A 130ley 1§Ae
2w =[1] (2-56)

A . A Y o a 14
HIAUUDIVINGIUTIN Winkler DW(X) T]Wu?@]ﬂslﬂ”] Qﬂuﬂ’lllcl,umﬂmf]i Dy, (x)

= YA
Tnsneu lane

Dy (x)={Dy, (X)} (2-57)
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v d 3
232 auMsaNgaT YN HEV Il 1B uaIUAIMUUFIUS 1D Winkler (Governing

Differential Equilibrium Equation: Beam Element on Winkler Foundation)

Y 1 { g v { o
wﬂ15mwumumuﬁa1wugm5m Winklerﬂ”IEJGlsgl)u”lﬁLlﬂ‘Uﬁ’iﬂﬂﬁﬂizﬂW

Q

=

@ A A o 2 [ < o 1 o
aaaadluzin 28 Tashusannqgannsgiivusudiuanuiudadiulasnsany
9

J v o Aaa 2 { v o J J [ v 3
ﬂ'lﬂWﬁﬂﬁ%ﬂﬂﬁlﬂﬂﬁuﬁ%ﬂuu‘]Llaﬁﬂ'ﬂllﬁuWu‘ﬁﬁ%ﬁ']NLLﬁﬂﬂUﬂ'lﬂWﬁﬂﬁ%%m“]_]uull]QWMﬂQ‘Uﬂﬁ

q

' v 1]
gf Lﬁaﬁmﬁwmimmwumwaﬁizmmmuﬁ@qaumiﬁu@amawumumuﬁawm@mfﬂﬂ

Winkler AdL@aaaun1sN (2-58) uag (2-59)
q(x)

RNy

V(x) V(x) +dV(x)

M(x) s -1 M(x) + dM(x)

(N O O

kv (x)
} {
dx

(5’N§Qfmﬂ : Limkatanyu (lagnale, 2013 a)

v v H
g‘ﬂﬁ 2.8 uwumwaﬁiwumuﬂ@ﬂqmaqmuﬁmmquugmim Winkler

anMIaNQAlUIUIAA :

%jtq(x)—kwv,g(x)zo (2-58)

d
ﬁNﬂ]ﬁﬁNanN!Nuﬂ :

dM (%)

-V =0 2-59
i (2-59)

e V(x) Aeausadon, M(x) Aemlumuddn, q(x) Asusameusni
o 1 A J v (% A = 1 v Y a
nazgiaenIu, vy(x) AeWenFumsnszialuuulag uay k, aealugaadiuniuvesau

X a 1 [} %’ [} ] I~
(Terzaghi, 1955) Fam1lavinmsnagevau laun n1snaaeuMsSUIMIAVeILHUIMAN
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(Plate Load Test) ﬂ1§ﬂﬂﬁ@ﬂﬂ1iquﬁﬁmﬂﬁau (Consolidation Test) MINAADUNIAIAIBIAY 11

a J A
wuya LNy (Triaxial Test) tazmsnaassunavosiiouusas 1y (CBR Test)

o v o [ d' é =1 [ d' g’/ o
MMMy ousuIniueunUsTezne x luagunsh (2-59) 11w
am lduumua luaumsn (2-58) aunso@suldasaunisn (2-60)

d*M (x)
d2

+ Ky Ve (¥) = () (2-60)
MNaUMIN (2-60) aunsaeulugiuning laae

95Dy (X) =0y Dy, (X) —p(x) =0 (2-61)

d' T A 14 d' o 1 Qy 1
1o p(X)={q(xX)} ADINIADIUTINIIUDNINNTSNIADFUFAIUATUYD

G
[ o 4 Y] @
mﬂmmmjwuﬁmmﬁaﬂﬂa”awmm@mmmﬂmu (Material Constitutive
Law):
d?v, (x
M =El # (2-62)
dx

v J

Wmmsunumaunsi 2-62) luaunish (2-60) v¢ laaunsauaaBaoywus

VDI ﬂﬂlu 111 (Governing Differential Equilibrium Equation) Ao

g1 4V (X)+|<WV (x) = q(x) (2-63)

oA El AvA1 Flexural Rigidity Y04A1U

a Y 4 ! o a
INAUMIANQAFIOYNUT IUaun1sh (2-63) in1swarsanlugl
v Ja o = ISP Vv J
AUNTONNUTIFIOYWUT (Homogeneous Form) Tasfitisaniguanlauninugud q(x)=0

v A A o Y =
aaaaluannsn 2-64) onkamay Mriua lnveuwaveynine 0<x<L

d v (X) %9y vy (x)=0 (2-64)
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o

A . » & a s
ﬂ']ﬂﬁuﬂWﬁﬁNﬂaiulLuﬂﬂﬂﬁNﬂWﬁﬁ (2-58) GlugﬂﬁuﬂWi!@ﬂWU‘ﬁL“ﬁﬂﬂH UD

a 1 v A . d‘ o I Qy U YA
(g(x) =0) WTOUINNATIAUAY (Soil Pressure) ﬂﬂigﬂ']ﬁﬁ)clfut’f’JUﬂ']ullﬂﬂ@
P(x) =kyVs (X) (2-65)
d’ = v A d' o 1 Qy 1
1o P(X) ABUTIAUAUNNTENIADFUTIUAIU

a d a (Y] a
2.3.3 fn‘i?lﬂ5131‘1&383%ﬂ1iﬂ§$§)ﬂﬂli’)x‘l‘ﬂiyﬂ1‘ﬂuﬁ'?uﬂ1uﬂ14§11451ﬂ Winkler (Displacement

Formulation of Winkler-Based Beam Element)

WanFumsnszia u(x) awnsneiuieluglduesninisnizdai Inua U

HunannmeflanFumsnlasunlasglin N, (x) 18ae
u(x) =Nz (x)U (2-66)

4 d v { 1 { [
e Ny(x) fennweslandumslasumlasgiinenldsuinanmsud

a v
ﬁMﬂWiﬁNﬂﬁL%ﬂﬂHWH‘ﬁﬂlﬁNﬁﬂlﬂﬂW

2.3.4 GUMSANUAOANADI (Compatibility Equation)

msulasunlasgilvestiymeansam ldnnaimsnszdan Tnua U Tasase
] @ o IA
FuANNFNIITAD
dg (x) =Bg (U (2-67)
d, (x)=B, (XU (2-68)

A A a s A = @ o J 1
we By (x) wag By, (X) ABDIUNI NFENHIWDINTUYaInNUTUNUTIZHIN

msnlasunlasgivmmsnsziavesnunazgusin Winkler mud1ay awsation ldae

B, (X) = 9,N, (X) (2-69)
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B,, (X) =, N, (X) (2-70)

%

(v v d wa Y Y Qy
2.3.5 ANHAUNHUTVOINUTND ’d@ﬁﬁ%ﬂﬂiﬂqmaa‘vuﬁauﬂ1usta$§m'im Winkler

(Material Constitutive Laws: Beam and Foundation Section)
[ ] 4 Jd o o 1 Y
ANuFNRUTVoITumUAaa M(x) NUAIANNTAIUBINIY Ky (X)  §n
o YA [ v JQ aa J = YA
ﬂ']ﬁuﬂﬁlﬁllﬂ'ﬂllﬁllWu‘ﬁlﬂuﬁhﬂﬁllﬂmuﬂi mmamm&u"lﬂﬂa
A
M (X) = y[xs (X)] 150 Dg(x) =y[dg(X)] (2-71)

[ o 4 Y 1 [
ﬂ’)'lllﬁllwu'ﬁ“llﬂﬂl,ljﬁLﬁi’]\‘]i]'lﬂi'lﬂﬁ'lﬂ"]]@\? Winkler DW(X) NUAINITNISIA

. o Y v o Jd aa o = YA
VDITTUTINWinkler uW(x) gﬂmwuﬂclwummauwumﬂuﬁumﬁ'luamﬂi ﬁHJﬁﬂL“UEJullﬂﬂ@

D, (x) =E[u, (9] 130 Dy, (x)=Z[d,, ()] (2:72)

[ Y Y a 9 1 1 d' Qy 1
m13Jtmwu‘ﬁ"l,:iu,mmuizmwﬂnwmazmmJaﬂuuﬂmgﬂmawumumu

pazgusnaunsadeulugluning lane
D, (x) = D2 (x) + kA, (X) 2-73)
D,, (X) = D, (x) +k,, Ad,, (X) (2-74)

] v ' Y
i DY(x) waz DY (x) AeAsasuAuRrIdalagvesFua UL

o dy A 1 a Jd A [ d' Y o
FIUNAVAAY - UININU K, uag k,, ﬂ?JFHL?J'VIﬁﬂcﬁﬁﬁWLuﬁﬁMWﬁﬂﬁuW@ﬂ%ﬂGU’EN

Y
‘If‘l!ﬁ’J‘L!ﬂTL!LLﬁ$f§WHﬂﬂ@ﬂithﬂ‘U

2.3.6 HADMINUENOY (The Virtual Displacement Principle)

a 4 a [
NNITAUATIY wﬂigmﬁ”am%'mi N329A (Displacement-Based Formulation)

Huranmsvesalon i ldaumsaugaluaumsi 2-61) gnimuasglugives Weak
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v
Sense lagmnualifandunisnsyda su(x) Wuduals Arbitrary dariuaunsoeowily

TUN1T Weak Equilibrium 1ade

IduT(x)(ﬁgDB(x)Jr@\L D,, (X) —p(x))dx=0 (2-75)

MMSUNUATUMTN  (2-73)-(2-74) adluaunisn (2-75) 910U URINS
v Y
BUNNTALENEIY (Integration by Parts) LaLHIMIUNUAAUNTN (2-66) A9 1 Aarua s

onlugdaums Il ludomamud 1dne
(K, +K,,)AU=P— (P +P?) (2-76)

A
19
y
Ks =_[BTB(x)DB(x)BB(x)dx ﬁmammuﬁgumﬂcﬁammuamawumumu;
L
K, =.|'B\IV (x)D,, (X)B,, (x)dx AvtorauuALnInFaaniuaye3§1UIIA Winkler;
L

¢ s ) 2
Pg =J‘BE (X)Dg (X)dX ﬁanﬂmaﬂmamumﬂmumumawumumu; e
L

J J
Py =.|'B\IV (X)Dy, (x)dx ﬁanﬂmaimmmummﬁ’mmummgmim Winkler
L

IANEANITNITIATIHT 1142875 n15n5299 (Displacement-Based
Formulation) oo 3udiun1uiiateeduugiusin winkler arrsaagiiuununin
Tonti’s Diagram 18@auaaslugdit 2.9 Tasfununaminenelugzives Weak Form tife u(x)
A9 Primary Variable 4091011 éqawuwsaﬁﬂﬂﬁwﬁmmﬂéfJumJmgﬂmmﬂﬂmﬂﬂﬂmamu
aunisnnuaeandeluaunish (2-67)2-68) uenaniinudNRUTszH I AUN13
anuaeanans lldiaumsauqagneiuielusdves Weighted Integral Form WIUHANNIS

A
NuULgUD U


http://dict.longdo.com/search/Arbitrary
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End Displacements
[
Essential BCs

|
U(X) Strong form p(X)

| ------- Weak form

Compatibility Equilibrium

dg (X) = ogu(x)

B B j Su" (X)(95Dg (X) + 65, Dy, (X) = P(x))dx =0
d,, (X) =38, u(>) L

1
‘ Section Constitutive Law ~ Ps () =W[dg ()] |
dg (x),dy, (X) D, (x),D,, (X)
Soil Constitutive Law D, (x) = E[dw (x)] T

1
Natural BCs
1
1
End Forces

(81994910 : Limkatanyu Lazniz, 2006)

5191 2.9 uHUAMYDS Tonti drvufyMIAIUUUFIUTIN Winkler Maldn1sAnTIZH

F) Aaxy @

AIYITNIINIS

o ¥ ¥ d
2.3.7 WanFumsuldsunlasgsrailaoinnisdns iz (Improved Displacement Shape

Functions)

a v 4 a @ ~
NNTUMIANAATIOYWUT Iuaumsn (2-64) Houamils 1= LT Taen
B
n

d 4 v ¥ & o 1 o
ks =El uaz —— =D e lFlumsudmwamasveslaym aaiwdorhmdndsuumuly
X

AumMIn (2-64) anunsawewiiuaums laasuaasluannsn (2-77)

(D*+42%)Vv,(x)=0 (2-77)

d' 1 9 1
ANTUNITN (2-77) ATINVBIHALR DY ‘lmm
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D, =A+ild (2-78)
D, =-A+ik (2-79)
D,=-1-i (2-80)
D, =A-iA (2-81)

A o 0 A 9 a <
WD 1 ADYIUIULEIEDU INTANNITN (2-78)-(2-81) WALRAYUDITUNITN

(2-77) A®
Vg (X) = a,™ (cos[Ax] +Sin[AX]) + a,e ** (cos[Ax] + Sin[AX]) 2-82)
+a,e " (cos[Ax] —sin[Ax]) + a,e™ (cos[Ax] —sin[AX])
Tagnmamasluaunisn (2-82) linorsanmansanaluuunny (Axial Forces)
VDIFUFAIUAY

Wandu laiwes Tuan (Hyperbolic Functions):
e** = cosh[Ax] +sinh[Ax] (2-83)
e ™ =cosh[Ax]—sinh[Ax] (2-84)

J d v 4 a A =
Lmumﬁm%u“lamaﬂuaﬂiuﬁumiwamaﬂ‘ﬂ (2-82) mmimm&lullﬁ':

Vg (X) = ¢, sin[Ax]sinh[AXx] + ¢, sin[Ax]cosh[AX]

2-85
+C, cos[Ax]sinh[AX] + c, cos[Ax]cosh[Ax] (2:85)
NI (2-85) annsaoulugiluming lafe
Vg(x)=T"C (2-86)

4 1 i A a a Jd o J a
lﬁ’f) C ﬁ@ﬂ1ﬂﬁﬁﬂqﬁ}ﬂ1ﬂﬂ1iﬂuﬂmiﬁ o I ﬁaﬁaﬂ%u"lmwaﬂuammz

@3 In@A (Hyperbolic-Trigonometric Functions)
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4 .. A4 9 o o
ALY DL (Boundary Conditions) ﬂlmﬂtymmﬂmﬂl@mmmﬁﬂﬁmﬂ

uaaz Tnuaawaaslugii 2.7 1dun

.dvg

Val,o =V11W

=6;Vg|,, =V, uaz %ﬁ =0, (2-87)

x=0 X x=L

° ' x> Y 2 o S o
mmumumﬁqﬂ%umiﬂizmiuumm VB(X) uazauwummﬁm%u
o A o o A A ' A
ﬂTﬁﬂ'§$%ﬂiullu’)ﬂﬂmﬂﬂﬂﬂi%gﬂﬁ ﬁ]"lﬂNfJullsUell@UGluﬁilﬂﬁﬂ (2-87) LL‘I/]‘L!ﬂﬂL!ﬁJJﬂﬁ’V] (2-

86) eusnlouAUFNRUT lughumsnd ldde
Uu=TC (2-88)

1o U AeAIN15NI2 AN 1MUA (Element Nodal Displacements) tag T' A0
a sAq ¥ J 1 Ao . . [ o A 4 o
N3 NFN 1911/a95HM319AINAA (Generalized Coordinates) NUAINITATLIAN 11 UA 1INUUT

MIUNUMTUNT (2-88) luaumsn (2-86) 2214
Vo(X)=T"T'U=N,(x)U (2-89)

1 Ng (%) =[Ng; () Ng, (X) Ngs(x) Ny, ()] foraniaesunanilszneudae
WenFumsnlasunilasglinildnnnisiinsizrivesilaymi (improved Displacement Shape

Functions)

] v
aunisnistasuuiasgdsiaveasudiu (Displacement shape

functions) Ng (X) :

@, cos[2L — X]A + ¢, cos[AX] — ¢, sin[2L — X]A + ¢ Sin[AX]

Ng, (X)= 2% (2-90)
Mo ()= ¢, cos[2L — X]2 — ¢, cos[Ax] + (e*** —1) ¢ sin[Ax] o1

2.4,
N, ()= ¢, cos[L — x]A + ¢, cos[L + X]A + ¢, sin[L — X]A — g, sin[L + x]A4 (2-92)

¢
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¢ Cos[L — X2 — ¢, cos[L + X]2 — (e** — 1), sin[L — X]1
A4,

N, (X)= (2-93)

1 Y
aunisnmisiasundasgilsrauazanuIdsves¥udin (Curvature-

v Y
Displacement Shape Functions) lannmisihaumsnmsasuutasgdinvesudius

dNg (X)
dx

Y] v @

J A & A v
NI UNUTIUAUNHUIUNIUNUIZISNIN X BB(X):

asadenlugdvesnnmes 18ae By (x) =By, (X) By, (X) Bgy(X) By, (¥)]

1 d o
TaguaazWansuausodounszaieldne

A% (¢, cos[2L — X]A — ¢, COS[AX] + ¢, Sin[2L — X]A + ¢, Sin[AX])

Bey (X)= (2-94)
(x) 4
. /1((1_ 2L )¢9 cos[AX]+ ¢, (sin[2L — X]A + Sin[/IX])) 295
4
BBS(X):_M ((¢ + 24, )cos[L — X]2 — g, cos[L + x];—(qs10 +2¢, )sin[L - X]A - g, sin[L+X] 1) (2-96)
. 24((e** ~1) i, cos[L — X} — 243 sin[ AL ]cos[ 2] o)

]

MNAUNIN (2-90)-(2-97) Tdimsiiewdilsmeangldaums luduauile

azadnlumson Tagiaumsainain aun1361999910 Limkatanyu HagaANe (2013 a) /o

—2+cos[2AL] + cosh[24L] 2L, 24(L-X)
o (x+20)2 ; ¢, =€"" +e ;

¢3 — e 4 L | @2x _ 2e2/1(L+x) : ¢4 N (_1+ 2 ); ¢5 — gL _ g24x : ¢6 — ¥ _g24x.

2

@ =

+e*t +2e**t (=2 +cos[24L])

A(L-x)

1
¢7 _ ;¢8 =1+e2/1(|_—x) _2(e2/1|_ +e2/1x); ¢9 — L 4 g24x.

>

e

By = ezz(ux) —1: = _1+e2/1x; ¢12 — ¥l | g ‘s — 9Pl 4 gt _g2ix | 2e2,1(|_+x) Haz

¢, =1+e*
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Tunsaifam Tugdadumuaesau k, Gandrlnd o gruvuilessu
msasundasglitveanmsnszdaluaunisi 2-90)-2-93) Mendumsnfasunlasgiii

< - . . . o .
32nNa181J U Hermitian Polynomials Interpolation Functions WIoaums NYUINNIDIT U Fadou

3o
N, (X)= x(l—%jz (2-98)
N, (X)= 3(82 - 2(83 -1 (2-99)
Ngs (X)= XK%)Z —Gﬂ (2-100)
Ny, (X)= 2(83 —3(%)2 (2-101)

Y
#IMTUAN Flexural Rigidity Y9IFUTIUATU K, !Lﬁ%ﬂ?IN@ﬁﬁﬁ?Hﬂ?H%ﬂﬂﬂu

'
' ISR

A o o J va o A 9
NIFIUIM kw GI,Uﬂ’J13Jﬁ1]WHﬁ°II’E)§Iﬂmﬁ3JU@Dﬁﬂ@WﬂﬂJﬂWlliJﬂﬁﬂ G]’Juﬂi A ﬁ13J1‘§ﬂW1"lﬂi]1ﬂ

P
' 9 A A A

a [ A VA 3’, 1 Y [ d v
mﬂuﬂﬂ”liﬁ”lﬂnﬂﬁfJ%”IﬂﬂTVIQLﬂlﬂuﬂlu@]ﬂuﬂ@uﬁu”luw\l@ﬂi]gulﬂﬂiwﬂmﬂWﬁQﬂ%MﬂWi

{ ' [ %’ o g’/ .
asunlaszlsneg Ny(x) Tunszuiumssuiminussnnuue (Limkatanyu  tagane,

2013 a)

maamsUszunm Aemdands k2 uaz ki azgnuinunagnouiilin

aunagamls A2 uaaalasaluaunisn 2-102)

AVE
ANVE = EVXVE (2-102)
B
' NIP NIP
Taon k2 =Z—k5|‘_wi wag kovE =Z—kWI‘_Wi
i=1 i=1

=

4 1 (%] 1 9ol (%] $ a =) - o
e w AR IAINIIWITNAYABUNINSA i, NIPAod1uIUYa

Y f A
Tumsouninsa wag L ﬁ@mmanmawumu I
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2.4 upuiaesTuaIuMUNNIUUG U 5B uduilszion 2 dauls (Inelastic

Beam Element Resting on Two-Parameter Foundation)

1 ¥ 1
osnnuuuiaosrudumuiINuuIusIneadanlszian 1 aulsvse
HUDT1009U89 Winkler i¥ounnsosluaiumssiaeanganssuvesaniieannnuuudiass
[ 1 =\ a A o =Y 1 v A 1 @ 1a Y =
mﬂm’mamwgmﬂa menam’cﬁJimmazmaﬁizmﬂuuaz'lmﬂwammmmmumau

2 . . A a 49! a = Y Y o A
Gluu,u’am (Vertical Shearing Stress) ﬂlﬂﬂﬂ]uiuﬂu i]\illﬂllﬂ'liW@lu’lLUJ‘]Jiﬂﬁ'ENLW’E]G]fﬂLGHEJ

E4
= 1

9 ' U YA v A
ﬂl@ﬂﬂWﬁ@\?i‘Llﬁ'Juu @I@Nflﬂlluﬂ'l

[

811N AN YA AU UTIaBIN0 T V1IN ANTTU
v o J J o . 1 v 9 9 o A A %
ﬂ’J'lﬂJﬁiJWH‘ﬁi%W'NQLL‘]J‘]J%'Ia’O\‘Iﬁﬂ?\‘lﬂ]@\?i'luiWﬂ Winkler LAREAIUUIAIYNU Iﬂﬁlll!‘WllG]’JLLﬂi
F) = 2 o A o a a a aa I Y Y A o I a
VIUIBNHUNIA LW’E)%TG’l’NW'E]@ﬂ'iSmﬂlﬂﬂﬂulsﬁﬂwaﬂﬁﬂlﬁmﬂ”ﬂuiﬂﬁLﬂﬂﬂﬂﬂﬁﬂ"lWﬂ’J"liJl‘]Ju‘Diﬂ
K
UINUYU
A v Aav 1 Y o o [ 1 A o A A Lg
UUND fmawmuhlﬂmmu@memmmﬂan Iﬂﬂﬁlllqlﬁ ST ERTIS TEURTATETR

a a s ' v Yy
ﬁ‘h"]JWEJWi]GIﬂ‘iﬂJVINﬂﬁﬁ1ﬁﬁiﬂ!!ﬁﬂﬁ1@ﬂu@@ﬂ1ﬂ Ul@l,l,ﬂ

Filonenko-Borodich Foundation (1940)

ANYAFIUVOY Filonenko-Borodich i dauvutazanvosdSusounony

Elastic membrane MtAR0UAIRI8AITIAL T dandaslugi 2.10

Stretched Membrane with Tension

T * T
Spring —%%%%ﬁﬁﬁ:ﬁi
A Rigid Layer

(8199991 : Kerr, 1965)

519 2.10 311310 Filonenko-Borodich

G

1 L:y 1

usadumuvesduinszidedudinlnsedin p(x) arw1soadouy

Tugivesaumsne
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P(X) =Ky Vg (X) =TV (X) dmiuguanmmdouriogiuanunay (2-103)
(

d?vg(X) o o
p(x)szVB(X)—TdB—Z) @113 Strip Foundation (2-104)
X
& ) A 2 2 A =
1@ V° 79 Laplace Operator =— +— Llag T ADLIIA
ox° oy

Hetenyi Foundation (1946)

I ° = v K A a Aa o = a .
Aunyuiiasinlseneumerudivadiwwasshaanuaudaladn (Elastic

a 2o _ & 4 4 o ,
Beam) H30UHUU1NDA1EAN (Elastic  Plate) Baeu1sa/asugaliiiesninnsda (Bending)

awaaaluziln 2.11

Beam or Plate with flexural rigidity D

Spring —%ﬁﬁﬁi
Rigid Layer

(81994910 : Dutta and Roy, 2002)

319 2.11 §71U310 Hetenyi

ANNFURUTTLHINUTIRIUMUVEIAUNNTZ1VUFIUITIA (Force on the

Foundation, Pressure) p(x) Aua1szes Ing weadldasaums:
P(X)=kyVg (X)+DVvg (X) (2-105)

4 S Aa o ] a
o D ADANNUVIFIAAVBILHULDAFAN (Flexural Rigidity of the Elastic
s 1 1 % 3 2 A 1 U [ N 3 ]
Plate) UAWMAY (E,h%)/ (12(1-1,)*), E, Aomdalugaa (Young’s Modulus) Yo iaquay
VN, w, A08AT1AIU NGO (Poisson’s Ratio) VBITAAUAULI, h, ADAIINHUIVOIHWLIN
ot ot 0!

ez V* Ao La lace Operator =—+ —+2———
p p ax4 8y4 ax2y2

Pasternak Foundation (1954)

Pasternak  teruonansuRouluzlvesdilse Tasauyddiuunnazalsvos

d' J [ g‘; ::'91 9 ~ A J g‘; [ d'
mﬁamamaﬂwyuﬂmumu%mwwmwmmaummu ﬂﬁllﬁ@ﬁiugﬂ‘ﬂ 2.12
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Shear Layer with Shear modulus

Spring —»:
Rigid Layer

(819489910 : Schiel, 1942)
A
317 2.12 §714910 Pasternak

Y a A o 1 & ' 9 =
usIdIUMUYeIAUNATEMdesuaIuIATIade p(x) Mnsaweuly
=
silvesaumsne

dvg (X)

> (2-106)

p(x) =kyVs (x) —k,

T k, AoA1 TugaaUBITULTUADY (Shear Modulus of the Shear Layer)

Generalized Foundation

I o A a A A Ao a a (=1 1
LﬂuMUU%Tﬁ@Qﬂﬁﬂuﬁﬂﬂﬂﬁ@m@ﬂﬁﬂiﬂﬂ%Tﬁ@ﬂWQﬁﬂﬁiﬂmﬂﬂﬂu1NUWﬂQHﬁ
= ) Y o Y Il o 1 ' AT
NMiQﬁTUﬂTHHﬁ?ﬂﬁﬂﬁgﬂ@ﬂiﬂﬂﬁﬂhﬂﬂuﬁVﬁﬁ%ﬂT@ﬂﬂﬁJIﬂﬂﬂfhﬂﬂu@FHUﬁﬂﬁﬁujﬂﬂﬁiﬂ
@ a ] Ia I 1 1
NUHYUNITUA (Angle of Rotation) wummmmaﬁﬁumuuazImuumﬂmﬂumwu’wmman

UDIANTU

9 a d' o 1 Qy 1 9 J v
USIMUMUTBIANNNITIMARIUAIN AT p(x) waz Tumuada m, ()

annsaeuluglaumsne

p(X)=kyVg (X) (2-107)
_, v (x) )
m, (x) =k, i (2-108)

= A I v a A A A
Tagi m,(x) Ao TumudAdalunANIa n, n ABNANINNYAIAVUTLUILY

VOITIUIN UAE K, Ao Proportionality Factor
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Kerr Foundation

9

<3| o { o o . A A IR
Lﬂmm‘umamﬁwmmmmmumaewm Winkler Tﬂﬂﬁﬁﬂﬂmagmuuuaz

' g’J A (% A
a1veIrULTuReY A lugilin 2.13

Foundation

First Layer —» %g .
Y Shear Layer with
Shear modulus
Second Layer —»
Rigid Layer
(é’n%ﬁqmﬂ : Gorbunov t1a Posadov, 1949)
319 2.13 §719370 Kerr

a o o 211 = YA
fmmsmeuwu‘ﬁmaumumamummimwu%ﬂe

(1+%]p(x):kEVZp(x)+k2vB(x)—GVsz(x) (2-109)

A A = ¥ A = . .
1o k; AOAIAINAUTIUDIYULTUNOUN 1 (Spring Constant of the First Layer),
A A - y A A . A
K, AoMAINaUTIv09¥UITUNOUN 2 (Spring  Constant of the Second Layer), G 0
' o g A A " Aa X ¥ A ¥
ﬂﬂng]aﬁﬂlewuuﬂmﬂu Uag VB(X) ﬂ’e‘)mi.izEJzIm‘ﬂLﬂmmcluﬁ]fuu,ﬂmauﬁvumﬂ

9 Y
o v A

dy = o d' % =) a o =
UONNUIINLVUTIa0INNAUIAeDANINNIY TuaIuIdeasItau Taties
) d‘ ) ) [ 1 [ Yy Aa A 1 )
HUVAADIVDY Pasternak LW’(’)HTLL‘U‘U%%’I@WNﬂflT’J]l‘IJWﬁlluﬂ“r‘iNﬂﬁ%ﬁﬂ‘ﬁﬂ?WLlﬁzﬂ’NNLWl&ﬂW
ds@’ Qal | Y d‘ a Qal J d' = a
NV ﬂ?ﬂﬁﬂgﬂ?%ﬂﬁ’)ﬂjﬂiﬁﬁiN Lll@Wi]ﬁilﬂ%ut’f’)uﬂWu%’)Nqu;WU‘ﬂﬂ@aTﬁﬂﬂﬂi%mﬂ 2

2 4 o 12
auls meldihminussyninszih naasldasgii 2.14
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507 2.14 JymAUNIDUFIUTIN Winkler-Pasternak Maldusanszihadinane

2.4.1 #eNX (Definitions)

4

Y v
lunsaimsfAnil diguoFudIuAIUNIOYUUFINTIN Winkler-Pasternak
Y o A ~ o 9 = 1
e laaalugdn 2.15 Taenlu 1 eawudlsznenlilaie 2 Tnua Faeas Tnuailsznew
1Ud18 2 SUAVBATAIN (Degree  of Freedoms) 78 AIN1TNTLIATUUUIAG (Vertical
Displacement) uaz:q:uﬁﬂ (Rotation)

.J"" V"‘
1: 41 <

AT TTTTTRTTRTRRNRNRNNNNNNNNNY

{ 4 { '
JU7N 2.15 IAWUATBIAUNINOYUUFIUIIN Winkler-Pasternak
' o A a YA
AmMInszaai Inuaansation 1ade
U={v, 4 v, 6} (2-110)

A A 'z o A A o 4 A
we U ﬂ@l?ﬂl@@ﬁﬂTﬁﬂTi?ﬁ]ﬂV]Iﬁuﬂ, Y ﬂ@ﬂ’]iﬂﬁgﬂﬂiullujﬂ\i, 0 A9

] @ da A ' g
ﬂmnmua GI’JLﬁGUTWifJEJfJEJGl ﬂymuamﬁqmmmaﬂwu@um

u

= = o & A Y
mﬂgﬂw 2.15 Lliﬂ‘ﬂﬂig‘ﬂﬁ/]I‘HuﬂﬁTll"liﬂum&Iulﬂﬂ’f)

P={V, M; V, M} (2-111)
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A A J A A 1 A A ' J o
we P ﬂﬂlﬂﬂm@ﬁl!i\‘lﬂiﬁu@, V A9ALIIReUY, M ﬂf)ﬂ"liiJLiJu@]ﬂﬂ!Lﬁg

'
1A

( { o da 1 g’/
dmviveveylddydnuaiienudeninuaas Tnuatiue

1% A ~ Y o 2 1 I
ﬂ'lﬁﬂﬁgﬂﬂﬁlullu?ﬂ\? VB(X) cﬂﬁu']ﬂﬂclﬂc]maQG]f‘Hﬁ'JUﬂ']u s anu

names lane
u(x) ={vg (x)} (2-112)
AR «, (x) findhdalanvessudiua ausaswilunnaed1die
dg (X) ={xs (X)} (2-113)

[ V-4 v Y o 2 A
fl]’lﬂﬂ’)’luﬁuwu‘ﬁﬁgﬂj’mﬂj’]uiﬂﬁ K‘B(X) LLa$ﬂ1§ﬂi$ﬁ]ﬂ1uLLu’Jﬂ\1 VB(X) N

Yy
ﬁﬁ?@]ﬂﬂlﬂﬂﬂl@ﬂ%uﬁ’)uﬂTuﬁTN'l'iflﬁ'lﬂ'lﬂﬁ%ﬁﬂﬂ@]ix‘]NTLJ“I/HQﬁ‘JJﬂWﬁﬂ’JTJJﬁ’E)ﬂﬂ’g’OQ

d*Vg (x)

a 4
e ‘DWﬂVI‘E]HaﬂWi’JLﬂi”IzﬁﬂWHGIJ@Q Euler-Bernoulli
X

(Compatibility Equation) Ao Kg(X) =

= d‘ A 1 o a l-ﬂ' = d‘ Y o Qy 1
mim&gﬂLuaQmﬂusqmau"lummwmsmw Iﬂﬂﬂl!iﬂlﬂﬂuﬂﬁuTﬁﬂiﬂ‘]‘lJ’fNGIf‘LlﬁTLlﬂTLl

aunsnr lannaumsauaa lnoas

v o A J v o
iﬂﬂﬂ’ﬂhﬁhWH‘ﬁﬂTﬂﬂﬁﬂullﬂa\igﬂua$‘ﬂ\‘iﬂ%uﬂ1iﬂ§$%ﬂﬂlfl\1ﬂ1uﬁ1ﬂ1‘iﬂ

Aonlalugilvesnnmesie
d; (X) =0gu(x) (2-114)

Tagh 8, Ao Differential Operator 1130 He N IdAD

0, =[ d } (2-115)

d?

H 4 1 = 1
Tumudda M(x) tnthdalaquesduaiuaiu gnileweglunnmes D, (x)

=S YA
aunsneu lane

De(X)={M(x) } (2-116)
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@ . a 1 14 A
NINTTIAVDIFIUIIN Winkler u,, (x) Qﬂllf]"IﬁJ’f)ﬁJleUL'Jﬂm@i dw (x) no

dy () ={uy, (0} (2-117)

VINNYBHFIUIINVDI Winkler 1AZAUNITANINADANGDI AINI1TNOTUIY

ANUFNTUT Tz NamININIEda luiuIAIUeIFUAIUATHIAZ FIUTIN Winkler 1A
Uy (X) =V (X) (2-118)
P~ ~ SN YA
nnaumMsh (2-118) awnso@ouluglvesnaes lane
d,, (X) =0,,u(x) (2-119)
1i/® @, Ao Differential Operator A1M130HeW A0
oy =[1] (2-120)

A X A Y o a o
HIUHDNINGTUIN Winkler DW(X) mwum@ﬂm gﬂumaﬂunﬂmai DW (X)

aunsoeulane
D, (x) ={D,, (x)} (2-121)
AINTZIAVBIFIUTIA Pasternak u, (x) gRHeweglunnaes d,(x) Ao
d (X) = {us (x)} (2-122)

%”Iﬂﬁllﬂ”liﬂ’ﬂllﬁ@ﬂﬂé}’ﬂﬂfﬁll”I'iﬂf’)%lﬂﬂﬂ’NNﬁ'INﬁJu‘ﬁ’ﬁgﬁ’jN?‘hﬂTﬁﬂiZ‘ﬁlﬂ

' Y
Gluummm@wumumuuazj;m'imeum Pasternak Mlﬁjﬁ@

U, (X) :% (2-123)

A 2 S YA
NNFUNITN (2-123) mmmmauiugﬂﬁumnﬂmai”l@ﬂa

d, (X) =0,u(x) (2-124)



44

11/® 8, Ao Differential Operator #1130 1AAD

d
8, = [&} (2-125)

4 { (Z a 4
15H99INg 115N Pasternak D, (x) Nnihdalaq gailewlunnaes

D, (x) awnsoioulddfe

D5 (X) ={D5 ()} (2-126)

a o d A v
2.4.2 f;’l’?»lﬂ1iﬂ3~lﬁ]'€l!‘liQﬂHWHﬁﬂl@Q‘ﬂﬂg?ﬂ‘U‘I—!ﬂ’J‘Hﬂ1N‘U‘I—!§1‘H§]ﬂ Winkler-Pasternak
(Governing Differential Equilibrium Equation: Beam Element on Winkler-Pasternak

Foundation)

Y v
WITUWHNUNINOTTE (Free Body Diagram) mawumumuaaaqﬁanaguu
Y

g‘/ = o =y . Y o ~ o [ ~ A
FUUTUROULALUD U005 9U09 Winkler ﬂ?ﬂi@]lﬂ‘ﬁﬂﬂﬂﬁiﬂﬂ“ﬂﬂi%‘ﬂ? ﬂﬁgﬂﬂ 2.16 19

o a A 4 = [ ~
vnmiwmsmmumiﬁu@aGluummuaﬂmuum ansaenldasanmsn (2-127)-(2-128)

q(x)

Ve L3I b b e aveo

M(x)

M(x) + dM(x)

dvg(x) d?vg(x) dx>

o (“29) FETTETETTTTEEY (M o

kewvp (x)
I I
dx

(819499910 : Alemdar 118 Giilkan, 1997)

{ Y 1 1 { 1
g‘ﬂﬁ 2.16 LLW‘L!ﬂ”IWi’JﬁiS5111!E‘TTL!ﬂ@ﬂﬂ“ll@ﬂﬂ”ll!ﬁ?”lﬂﬂgﬂuﬂ”lui"lﬂ Winkler-Pasternak
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aummuqa‘lmmaﬁla :
dV(X)—ka (x) + k. B(X) +q(x)=0 (2-127)
aumsangaluud :
M) _y (x)=0 (2-128)
dx

A 1 A 1 [ 2’/ =
o k, ﬂ@ﬂﬂugaﬁmawmmmau

@ @ [

o 4 d‘ é = [ d' g’/
MNTTIBPUAUTIUAUNHUUNIUNVISISNI X Tuaumsa (2-128) 91NUU

han Iduunualuaumsi 2-127) aansameu ldasaumsn (2-129)

h M(X)+kwv () -k, d v (X) q(x) =0 (2-129)
annsaeulugluninglane
85Dg (X) +0y, Dy (¥) =05 Dp (X) —p(x) =0 (2-130)

A T A 4 A o 1 ay v
W p(X)={q(X)} A9 LINLADIUITINNYUDNNATENIADTUTIUAIUUD

G

[ o J @
MNANUFUNUTANNTDANGDIUDITAQAIY (Material Constitutive Law) 1u

A, (x) _ |, 4%, (X)
2 — B
dx dx

aunsi (2-62): M = El MMIUNUAIFUNITN (2-129) 32 laaunsiaa

Y]

7 A
DUNUT AD

divg(x) . d?vg(x) B ]
o Ko e +ky Vs (X) = q(x) (2-131)

kB

a o o ~ a Y J
ﬁ]"lﬂﬁiJﬂTiHNf’]l;!Wil‘ﬁiuﬁiJﬂiiﬂ (2-131) Wﬁ]?iﬂﬂclugﬂﬁllﬂTﬁL’ﬂﬂ‘WH‘ﬁ

o J o £ U

a ~ A o = 1w 4 [
LBIDUNUD IﬂEI‘VIl,l,ixiﬂﬂlu’é]ﬂ‘ﬂﬂi$ﬂ1ﬂﬂ%uﬁ’)uﬂ1ullﬂ1m1ﬂﬂfjuﬂ q(x)=0 ﬂ\illﬁﬂdﬁlu

q

ﬁﬂJﬂ"Ii‘V] (2-132) LW@VI"IﬂﬁW"INﬁmaEJ"UfNﬂEUWT Taghn mumammmmﬂmmﬂa 0<x<L



46

d*v, (x d?v. (X
ke d>B<‘$ )‘kP df(z( )+kwvs(x)=0 (2-132)

H Y !
ussauauNnsziae Inssaduudiunum ldnnaumsauaaluuuing

1Az NOHRFIUTIN Pasternak N 1dna ludhedu awnsotiewsldamannish (2-106)

243 M3IAEHAEITMInszdavesilymBudIunuuugIUIN Winkler-Pasternak

(Displacement Formulation of Winkler-Pasternak Foundation-Based Beam Element)

WaRFumsnszda u(x) awsnesuieluglvesninisnizsai Inua U

iunannmefladFumslasumnlasgiin N, (x) 1dde
u(x) =Ng(x)U (2-133)

o Ny(x) Asnnweslendumalasunlasglsnilasuinannsud

aumsaugaeyusvelym

2.4.4 GUMIANUAOANADI (Compatibility Equation)

msulasunlasgivestiymeaninsam ldnnaimsnszdan Tnua U Tasase

] @ v
MUANUFUNUTAD

d;(x) =Bg(x)U (2-134)
d, (x)=B, (XU (2-135)
d, (x) =B, (x)U (2-136)

v J

4 a o { a 1Y
1o B4 (X), B, (X) 18z B, (x) Aommningigniemdamsuasnnuduwus
seramsagun)asgddumnsnszinvuednIy §IU9I0 Winkler 11ag§1u3510 Pasternak

o w a YA
ANAIAUY mmmuam"lﬂﬂa



47

B, (X) =9,N, (X) (2-137)
B,, (X) =0, N (X) (2-138)
B, (X) = 9,N, (X) (2-139)

v

v o d wa Y Y Qy
2.4.5 ANNAUNUTUDINUTNY ﬁqﬁﬁﬂ1ﬂﬂ1ﬂqﬂlaa‘vud’auﬂ1u §1U91N Winkler Hag

14310 Pasternak (Material Constitutive Laws: Beam and Foundation Section)

Y] [y d v o 1 o
anuduiutvesTumudaa M(x) fuamanuIfg «,(x) veen1u mvualy

= Jd aa o = YA
UANUTY umﬂuﬁmmﬁ'lumuﬂi ﬁHJTimaUEJu"lﬂﬂﬂ
M (X) = y[ x5 (X)] ¥30 Dy (x) = y[dg(X)] (2-140)

@ v J 4 [ U (%
ﬂ’JﬁJﬁNW‘H‘ﬁGUENLLﬁQLﬁ’f)x‘]‘i)"lﬂﬂTLliTﬂ Winkler D, (X) AUAINITNTEIAVD

. o YA v o Ja aa o = YA
FIUIIN Winkler Uy (X) ﬂ1“Viuﬂsl,'ﬁllﬂ’ﬂﬂJﬁiJW‘u"ﬁL‘]JuﬁiJﬂﬁhl‘]Jﬁmﬂi ’dnﬂimﬁuﬂ‘u‘lﬂﬂﬁl

D, (X) =Z[u, (x)] #3® D, () =E[d,, (¥)] (2-141)

[ o J 4 o J @
ﬂ’JﬁJﬁllWuﬁﬂ]ﬂﬂllﬁﬁlﬁﬂﬂﬁﬂﬂjTuﬁﬂ Pasternak D, (X) NUAINITNIZIAUDI

U3 Pasternak U, (x) Mvualitanuduiusiuaumsluaiies awnsodeuldde
A
Dy (X) =O[u, ()] 130 D, (x) =0O[d,(X)] (2-142)

[ v NY a 9 1 1 = Qy 1
ﬂ’ﬂllﬁllW‘L!‘ﬁ]’liL%QLﬁHSZﬁ’JNﬂTL!iQL!ﬁgfﬂilﬂﬁfJ‘L!LHJﬁQg‘IJaU@Q‘HHﬁ’JHﬂTH

uaz;gmimmmmﬁlauclugﬂmm?mcﬁ"lﬁ’ﬁa
D, (X) = DY (X) + kzAd, (X) (2-143)
D,, (x) =D{, (x) +k,, Ad,, (X) (2-144)

D, (x) = D2 (x) + k,Ad, (X) (2-145)
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] [ H v
e D%(x), DY (x) uay DS(x) AeAwsusudunvihdalagueskudiuniu
Y
o W 1 a J
974510 Winkler 1182311510 Pasternak a0y wenanil k,, k,, 48z k, ADAUNNI NG

v v
aavluaduianvrhanlanvesFudiunIu §1U510 Winkler 11ag 11510 Pasternak ATNE1AD

2.4.6 HaNMsNUaiion (The Virtual Displacement Principle)

a 4 a 1Y

ﬁnﬂﬂﬁﬁlmﬁz‘ﬂﬁﬂJu‘Pin]}’JfJ’J%ﬂﬁﬂS%i]ﬂ (Displacement-Based Formulation)
[ @ = o Y A o 1
Furannsvesnaiou ldaumsangaluaunisi (2-130) gafimuasglugiues

o ¢ v [ I o @ g’;

Weak Sense lagivualilandumsnszda su(x) Wuduals Arbitrary Aaiuenunsaou
I
Fluaums Weak Equilibrium 100

I5uT (X)(05Dg (X) + 0y, Dy, (X) + 05D, (X) —p(x))dx =0 (2-146)

v H v
UNUAIANATN (2-143)-(2-145) adluaumsn (2-146) 1AUUINANTOUNNTA
f . o [ d‘ = FY
uenaIU (Integration by Parts) aziiimsunuamaunsi (2-133) aeld aunsodonldlugl
vosaums W ludoamudae

(Kg +K,, +K,)AU=P—(PS +Py +Pp) (2-147)
4
130
K, = [BE (x)Dy ()B4 (x)dx Avtoramudnm3ndaaiavoidudunu;
L
K, =.|'B\IV (X)D,, (X)B,, (X)dx AvtorauuALn3nFaaniuaveg1UIA Winkler;
L
K, =.[BL(X)DP(X)BP(x)dx AoouUANNINFaANiuEY9951131n Pasternak;
L
0 T 0 A 7 ¢ ) 2
Ps :IBB(X)DB(x)dx ADLINIADTLDIANUALITIATUMUVNTUTIUATY;
L
0 T 0 A ¢ ¢ ) .
Py =.|'BW (x)Dy, (X)dx ABDLINADTLDLALNUALLTIAIUNIUYDIFIUIIN Winkler;
L

J J
ag P2 :_[BL(X)D‘F’,(x)dx ﬁanﬂmaiLmamummﬁ’mmummgmﬂﬂ Pasternak
L

@ a 4 a @
ﬁl'lﬂﬂ'ﬁﬂﬂ'l'iﬂ']i'JLﬂi1$ﬁﬁ@ﬁ1ﬁ?ﬂﬁ%ﬂ1§ﬂi$ﬁ]ﬂ (Displacement-Based

2 1 { ] I
Formulation) ¥231Qy#13UadIUAIUNI0EUUFIUIIN Winkler-Pasternak a1u1saeagilialu


http://dict.longdo.com/search/Arbitrary
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WHUATN Tonti’s Diagram A auaaaluzuld 2.17 Tasfumunminauelugves Weak Form
\fie u(x) Ao Primary Variable voatayn G?'Nf;’ﬂJJTiE]ﬁ1ll‘]JTTWﬂlmﬁlﬂéﬂULLﬂaﬂgﬂﬂlmﬁﬂJﬂi
Tagassrhuaumsanuaenndesuaumsi (2-134)-2-136) uennnianuduiiuiszni
aumsnnuaeandod lldiaunsangagnosuielugiues Weighted Integral Form 30

Weak Sense vhuwﬁ’ﬂmiqmmﬁau

End Displacements
[
Essential BCs

|
U(X) ——— Strong form D(X)

------- Weak form E
Compatibility :
dg (X) = ozu(x) Equilibrium
dy, OO = 8, u(x) fﬁuT (X)(05Dg (X) + 03, Dy (X) + 5 D5 () = P(x))dx =0
L

dp () = 2.u(x)

Section Constitutive Law Dy (x) = ‘I’[ds (x)]
dg (X),d,, (x),dp (%) D, (x),D,, (X), Dy (X)

Soil Constitutive Law D,, (X) =E[d,, (X)] !

Dy (X) =©[d, (0] Naturall BCs
1
End Forces

51U 2.17 WU WUBI Tonti A5 UTYHIAIUUUFIUTIN Winkler-Pasternak N1

k) Aaxy o

ﬂ”lﬁ%l:ﬂ'ﬁ%ﬁﬂ’)ﬂ’)‘ﬁﬂﬁﬂﬁ%%

d o ¥ ¥ d
247 WanFumsuldsunlasgsrailaoinnisIns iz (Improved Displacement Shape

Functions)

HowmulsdmfumsudidymmnamasvesaumaFieyius luaunisi
H 9 H
(2-132) Taoidmuald A=k, /k,taz B=k, /k, anuwiia ldunuluaunisi (2-132)

=S YA
aunsneu lane



50

dve (0, d% (9

v ™ +Bv;(x)=0 (2-148)

n

o d u g}J H
Mvua i D" @auiuInauNIn (2-148) auninweu'ldne

pal

(D*+ AD? +B) v, () =0 (2-149)

d' 1 9 1
ANTUNITN (2-149) ATINVBINALR DY "kmm

5 A+ (A2—4B) 6150
SN 7

o A+ (A2—4B) oot
: 2

D, = A (A2_4B) (2-152)
: 2

D, =— A (A2_4B) (2-153)
! 2

nawamagveslgymianuilull1d 3 nsal lumsudvimamasveatlym
v 4 1
Fayuegnuamils A uaz B laun A<2yB, A=2JB uaz A>2JB nsal A=2JB

v v 9
30 k, =4k k; dunsdimamitianuilull1dlumsfatesunn Fwamasveslamna

3 NIAYALAUD IAY Alemdar 1Az Giilkan (1997)

2.4.7.1 The Shape Functions for the Case A< 2B

dmsulunsal A<2dB aumsh 2-150)-(2-153) annsaeu lane

5 :\/A+i1/(4B—AZ) o150

1 V2

5 :\/—A—i,/(4B—A2) o155

: N;
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5 :\/A—i4/(4B—A2) o156

; N

[aeife A

4 N

(2-157)

o

Muuannudniusauls k,, k, wag k, legluzvesdnnls fe

/1=<E=4M (2-158)
4~ {ak,

s=B_X (2-159)
4 4k,

o= \//12 +0 (2-160)

ﬁ:x/;f -5 (2-161)

Y
[ =) a

naawls auaz g UlAvesnueAe 1/ Lihaulsnnaunisi (2-158)-

2-161) Tdunulusmsnveawamasluaunisn (2-154)-(2-157) amnsameu ldne

D, =a+if (2-162)
D,=-a-if (2-163)
D,=a-if (2-164)
D,=—a+if (2-165)

1 Y
wasanmsn luaunsi (2-162)-(2-165) wamaﬂmaﬂaumﬂuﬂmummsa

HEAAIAIANNTN (2-166) D

Vg (X) = a,e™ (cos[ Bx]+sin[ Bx]) + a,e™* (cos[ Bx] —sin[ BX]) +

(2-166)
a,e™ (cos[ Bx] —sin[Ax]) +a,e”* (cos[ Ax]+sin[ Bx])

{ ra Qy 1
wamaglugumsi (2-166) "hmmsmwwauiQﬁﬂuumuﬂumewumumu
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Wansdu lames Tuan:
e” = cosh[ax] +sinh[ax] (2-167)
e “* = cosh[ax] —sinh[aX] (2-168)

o 1 d v 4 a ~
1’]']fnﬁLWI“Llﬂﬁ;‘hﬂGI)'ull?JleJiI‘Uaﬂﬂ']ﬂﬁllﬂWTVI (2-167)-(2-168) Glut’fllﬂ'lﬁ
¥ o o ¥ I a 7w
Hamao (2-166) MnuuIINsIaglez ldaunswamaslumeonveslames TuanuazWandu

g5 Inauia aanaasluaunisn (2-169)

Vg (X) =c, cos[gx]cosh[ax] + ¢, cos[ fx]sinh[arx] +

. . : (2-169)
c; sin[gx]cosh[ax] + ¢, sin[ fx]sinh[arX]
1nauMIN 2-169) aunsaeulugiuning lane
Vy(X)=T"C (2-170)

A [ A Y v A
nnou lvvouasanslugii 2.15 awnsonaasldasaumsi 2-171)

.dvg

Val, o =V11W

dv,
=6;Vg|,_, =V, oz —= =6, (2-171)
x=0 dX x=L

o v [

o ' 7o 1y 7 A & 7o
ﬂ1ﬂ1§£tﬂﬂﬂ1ﬂﬂﬂ%uﬂ1§ﬂi$i}ﬂ VB(X) UagaYNnUIoU U%wuwmﬁm%u
[ ~ 1 ~ =S @ A
NITINITIN vy (X) NFAUNITN (2-171) Llﬂuﬂﬂuﬁﬁ\lﬂﬁﬂ (2-169) mmmwaummauwuﬂﬂ

Tuzthunsndde
Uu=TC (2-172)
nauEmMsEumaNms -172) luaumsi -170) 124
Vo(X)=T"T'U=N,(X)U (2-173)

1 vy
aumsmanlagunilasgiliavesruaiuniu Ny (x):

b (o~ (o + B - B,)+ s ) - oo (a8, + g + By
i

NBl(X): (2-174)
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_ 2(—ﬂ¢5¢11¢12 + 0‘¢13¢14¢10)

Ng, (2-175)
(X) _¢61
N, (X) _ 2(—06¢1¢5 (a¢15¢13 + ﬂ¢1e¢11) + iaﬂ¢3¢15¢13 +é, (ﬂ2¢17 +a’ g, ))) (2-176)
Ny, (X) _ 2(_0‘¢13¢5¢12¢+ ,3¢14¢11¢10) (2-177)
oy suRUfinilufioutussesma x mm’dumsﬂmﬂﬁﬂuuﬂmgﬂﬁ'nmm
Fua Y, (X) = AN, (%) ,
dx
Yo, ()= 2(05 +p )(ﬂ¢i;¢;¢12 + 0{¢13¢14¢10) (2-178)
Y (0= 6, (2845 — o (2agy + Pt 2 + B (2068 + 204,85 — By ) (-179)
Y, (X) = 2(05 +p )(a¢1;¢5¢12 + ﬂ¢14¢11¢10) (2-180)
2(—a¢15¢13 (a¢1¢5 + Bdbi, ) +é, (aﬂ¢16¢1¢5 + (ﬂ2¢17 + a2¢13¢5 )))
Y, (x) = y (2-181)

v Jdou o A = o A 1
DUNUTDUAUNTIUNIUNUISYISNI X Gllﬂﬁﬁianﬁﬂ']ﬁlﬂafluuﬂﬂ\'igﬂi'msllﬂﬁ

dzNB(X): dYg(X) .
dx? dx

FUAIUAM By (X) =

2(052 +p° )(0{2¢1¢13¢14 + P (_a¢18¢5 + B, ) —af,pb )

Be, (X) = - (2-182)
B ()= —23¢, ((_az +p° )¢5¢121 + 06(—2a¢17¢13 + Py ))
Ps1 (2-183)
+dy, (4aﬁ2¢3¢121 - (az _ B )(2a¢13¢14 + o, ))
P51
B, (X) = 2(“ +p )(0‘ Gobats + ,B(—a (¢1¢14¢11 +dsa00 ) + Ppd.do )) (2-184)

_¢61
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2a¢5¢15 (_ZO‘IB¢3¢1 + (_az + )¢5¢10 )
o1
+2¢,, (a’¢1 (2ﬂ2¢1e¢3 + (az +p° )¢13¢5 ) + Py (182¢14 + 0{2¢14 ))
P51

Bg.(X) =
(2-185)

2.4.7.2 The Shape Functions for the Case A > 2\/§

INANNITN (2-150)-(2-153) AT VsURAIRAIAITINVOITyn1Tu

nsal A>2B lddo

D =a+if (2-186)
D,=—a—if (2-187)
D,=a-if (2-188)
D, =—a+if (2-189)

e a=vA2+5 naz B=vJ6-1> Ansana1snluaunisn (2-186)-

(2-189) wamasvoaai lunsaitigunsonaasnsaunsi (2-190) Ao
Ve (X) =2 ya,e @ gl 4 g, (2-190)

g J Jd o J a A
nnuumualangu lames Tudanaunisn (2-167)-(2-168) lugumswamae
{ 1Y a Jd o Aa o
1 (2-190) 9a31lvz Idaumswamaslumonves lames Tuanuazilanduas Inaiiia daaaqlu

aunsn (2-191)
Vg (X) =, cosh pgxcosh ax + ¢, sinh gxcosh ax + ¢, cosh gxsinh ax + ¢, sinh gxsinhax (2-191)

H 1 Qy 1
aumsman)asunilasgilsavesruaiuau Ny (x):
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3 é (¢2o (_0‘2 + =P+ ) —ag, (/B¢e +ag, ))

Ng, (X)= p

62 (2-192)

+Pd, (ﬂ¢20¢6 ta (¢23 + ¢4¢21))

sz

N,, (X) _ 2(a¢1o¢24¢2;_ IB¢11¢12¢21) (2-193)

Ny, (X) _ 20,0, (_ﬂjzofblo + 0‘¢1¢21)
” (2-194)

2¢,, ((_az + )¢11¢10¢21 + o (—Puto + ahby ))

b2

N,, (X) _ 2(ﬂ¢11¢1o¢2;_ a¢12¢24¢21) (2-195)

4 A & A @ A '
DUNUTIUAUNHUUNIUNUVITYSNIN X Gll@\iﬁllﬂ'liﬂ'lfl'l,ﬂﬁﬂullﬂa\?gﬂﬁ'l\iell@ﬂ

Fudua Y, (X) = AN, (x) .
Y, (X) = _(05 -B )(_2a¢19¢20¢102+ (06 —,3)¢27 + 2a¢m¢22¢21)
2_pB? i (2-196)
_(a -5 )(+(a + :B)¢28 + ﬂ(—¢29 + ))
24y,
Vo, (0 = (—Zﬁ P, +2a (¢z4 (_Z¢3l¢1o +adys )+ ,B¢18¢11¢21)) (2-197)
2(a? - p°
Ygs(X) = ( (o= F") (Pt + a¢”¢2“¢ﬂ)) (2-198)
_¢62
2(-p° _
Y., (X) = ( ( B bt + Ot( BPrProbos + POPL G5 + a¢18¢24¢21))) 0-199

e

v dou o A ~ [ A 1
DUNUTDUAUNTDUNIUNUISYISNI X "Uf’NﬁllﬂTﬁfﬂiL‘]_]ﬁﬂullﬂaﬂgﬂiN"Ui’)\i

ANy (x) _ dYg(x) |

FudILAIU B (x) =
2 (%) dx? dx
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(@ =B )((a = BY ¢ 20" + (a+ B i |
24y,
_(052 - ﬂz )(_ﬂ((_a + ﬂ)¢35 + (0{ + ﬂ)¢36 - 2a¢1o¢23))
24y,
(2(2aﬁ2¢18¢20¢11 —20" B + (az + )(a¢10¢24¢25 - ﬁ¢11¢12¢21)))
P2

Bg,(X) =
(2-200)

(2-201)

Bg, (X) =

(2 (az - ,32 )(ﬂ2¢31¢11¢10 ta (_ﬂ (¢20¢12¢24 + 4P ) + Py Pn )))
b

2(_2aﬂ "B +20° Bty — (a ‘+p )(_ﬁ¢11¢10¢25 +ag,$,p ))

2

Bgs(X) = (2-202)

(2-203)

BB4(X) =

2.4.7.3 The Shape Functions for the Case A= 2B

E4

o [ I a { I a
drvsunsatidunsaimeenianuduld1dlunsinadosuin namas
dt;‘ (% d' =

oy lunsdllia s ouaaasaumsn (2-204) Ao

ve(X) =ce Y +c,xe B 4 e B g xe VB (2-204)
o B=k, /K,

] v
aunmsmstlasuniaagylsaveaFudiuaiy (Displacement  shape

functions) Ng (X) :

(¢37 (¢38¢44 — Posis + Do (1"' Pz + i ) + @y (1"' Prs + i )))

Ng, (X) = (2-205
v e )
N, () = (¢37 (_¢39X — X+ ¢4O¢SX+¢63) + ¢ (X +¢49))) (2-206)
NBa(X):(¢43(_l+¢40(_1+¢50)+¢38(1_251+¢56)+¢41(1+¢51+¢56)+¢52)) (2-207)

s(—(=1+ ¢ ) (-1+ 05 L1+ dy + e (—1+ 67 ) — 00 (1+ ¢y
NB4(X)=(¢4( (L )L i) xs L v (Tt )~ (L4 )))) (2-208)

Prz
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= o td‘ 1
ANBUAUIZIZNN x voIaumImslasunlasgilineves

=D

I A
OUNUTOUAUNY

FUAIUATU Y, (X) = AN, ()

(\E¢37 (¢39X + PyX _¢41(X + ¢63)_¢40 (X + Pug )))

Yo (X) = " (2-209)
v (87 (Prothua — Brotbis + s (1+ Z + is) + o (L+ s + 45 ) (210)

Vo (- (VB ((—1+ ) (14 ) X~ L(;+ bo + 6 (14 7 )~ s (1+ 1)) a1
Y00 (s (—1+ o (-1 ) + s (412;;551 e )+ e (1 s + s ) + o)) a1

v Jdou o A =) o A 1
DUNUTDUAUNTIUNYUNUISISNI X GUENﬁiJﬂ"Iﬁﬂ1§L‘]JafJULL‘]Jﬁ\1§j‘]J31QGU@Q

AN, (0 _ dYy(x) |
dx? dx

Y
FUTIUMU B, (X) =

~ (¢37 (¢39¢53 + Pogy + Pig (_‘/g — o + s ) +Pu (_\/§+ Boo + s )))

By, (X) = i (2-213)

5 (0~ ~(BY* gy (o (—1+ ) + s (1+ s ) ;¢41(2+¢60 + )~ 1o (2~ oo + 5))) 1)
. (VBis (1+ o (L+ dho ) + o (—1+ ng o)+ b (1= o+ s )+ 61, ) a15)

B 00— (B“fhs (2+ o (-2 +¢52)+¢41(2;;58 ) (2t ) veha))

NNauMs (2-174)-2-216) Idimstewdulsivoanglaums luduaaiie

azanlums@eu Tagnaulsaanananniomldan

¢ =cosh[xa] ; ¢, =cos[(2L—x)B]; ¢ =cos[xB]; ¢ =cosh[2La]; ¢ =sin[xp];
¢, =sinh[2La]; ¢ =sin[(2L—Xx)B]; d =sin[xal; @ =cos[2LS]; ¢, =sinh[xa];
¢, =sinh[La]; ¢, =sinh[(L—Xx)a]; @,=sin[LA]; ¢, =sin[(L—x)B]; ¢s=cosh[La];
¢ =COS[LS]; ¢, =cos[(L—x)p]; ¢, =cosh[(L—xX)al; ¢, =cosh[2LA]; ¢, =cosh[xS];
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¢, =sinh[xS]; ¢,, =sinh[2LA]; Prs :Sinh[(ZL - X)ﬂ]; ¢,y =sinh[LA];
s ZSinh[(L_X)ﬁ]; ¢, =cosh[Lp]; Px =Sinh[(05—ﬁ) 1; P ZSinh[(a"'ﬂ)X];
¢ =sinh[2La +X(—a + B)]; ¢y =sinh[2La —x(a + B)]; ¢,, = cosh[(L—x) S1;
¢, =cosh[(a - f)x]; ¢, = cosh[(2L - x) A1 ¢, =cosh[(a + B)x];
¢y =Cosh[2La +x(—a+ B)]; s =cosh[2La —x(a+B); ¢, =€ *%"; 4, —e?®";
by = e4LBm; P = eZ(LH)BM; b = e P = 2(1+ ZLZJg_COSh[zLBlM]); b3 :e_(HX)BM ;
By =—1+XB""; s =1+ xB"; ¢,e =2L(L—x)VB; ¢, =(2L—X)B"; ¢, =(—2L+x)B"*;
o =2L(-L+X)BY;  go=(-L+x)BY; 4, =(L+X)B*; 4, =(L—x)B";
by =B —xB¥; 4, =B+xB"; ¢ =2L(L-X)B; @;=2LxVB; @, =2xB";
e =(BL—X)BY; i, =(2L+X)BY*; g =(4L—X)BY; ¢, =—a’ — B+ + B
B2 =—a’+ [ _ﬁ2¢4 +0‘2¢19; Pss = ZL(L_ X) B"*;

Tunsd@ifimdudsifieaningiusin k, uaz k, daushlndmo dawarld
als 250, § >0, a—0 taz S0 gﬂmJ‘uﬁqf‘{sﬁ’umﬁLﬂﬁﬂuuﬂmgﬂénﬁ”lﬁ’mﬂmﬁ
Answimamanguy Walunsdl A<2yB uag A>24B 12na10iilu Hermitian Polynomials
Interpolation Functions %3 0euMIWYHUINAIAIA Fudouldveaunsd (2-98)-(2-101) taz
Tunsalfmdaunsiiesnngiusn k Jaudilnda o suuuuiessumsnlasusliraes

@9 P bl QU

<3| Y = 1 2 ' { '
Taymnznaoduileidunsulasunlasglilunsaidymyuaiunuineeguugiuin

Winkler aattaaa luann1sn (2-90)-(2-93)

v
113U Flexural Rigidity Y93¥UTIUATU kB R ﬂﬂu@aaﬁ’mmummgmim
9
J @ U @ v A o
Winkler k, tagalugagdumuvessuusaunou k, luanudunusvesnaauiiaiageroll

1 1 d' % 9 a 1 d‘ 1 d‘ "9 g’/ 1
?ﬂU],iJﬂ\?‘I/I auls A uag o mmmm‘lmmmﬂuﬂmiwanaEmﬂﬂmamﬂumumuﬂau

G

9

Y A { J Jd v 1 [ g LY cu
wintiefoz lldszinaafenduslse Ny (0 Tunszuaumssoriminussnniug
matamsdszanm aemaals k2VE, kI naz ki aggnminundonou
Mlilmanagaunls A4 uay 62 dauaaaluaumsi 2-217)-(2-218)

k\A/-I\VE
ANE = e (2-217)
B
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AVE
AVE _ kp

W (2-218)

, NIP NIP NIP
Tﬂﬂﬁ ké\VE :Z kBiVVi , kVCVE :Z kWiWi uag k:ve _ kPiVVi
i=1 L i=1 L i=1 L

=1

4 1 2 1 901 v 1 a a - o
e w AeAroasi@IuIninigaduinga i, NIP Aodi1uiugalu

Y
NIOUNLNTA, ILag L ADANEIVOITUAIU i
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o a a a 4 o
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3.2.1 Mathematica (Wolfram, 1992)
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ClearAll(x, Cl, C2,C3, C4,U, ul, u2,061,62,vl, v2,w, 6, x, K, k, k1, EI, N1, N2, N3, N4, D1,
D2, D3, D4, DD1, DD2, DD3, DD4]

w= (ClLxCos[B*x] xCosh[axx]) + (C2xCos[Bxx] * Sinh[axx]) + (C3% Sin[B*xx] *Cosh[a*x]) +
(C4%Sin[B* x] *Sinh[a *x])

Cl Cos[x 8] Cosh[xa] +C3 Cosh[xa] Sin[x 8] +C2 Cos[x B8] Sinh[x a] + C4 Sin[x B8] Sinh[x a]

6=D[w, x]

C2acCos[x 8] Cosh[xa] +C3 8Cos[x 3] Cosh[xa] +C4aCosh[xa] Sin[x 8] -C1 SCosh[xa] Sin[x 8] +
ClacCos[x 3] Sinh[xa] +C4 BCos[x 3] Sinh[xa] +C3 aSin[x 8] Sinh[xa] - C2 8Sin[x B8] Sinh[x a]

x=0 ]
: !
w ]

cl j
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3.2.2 FEAP (Taylor, 2000)
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Tuz1# 3.2 Taeh Tsunsu FEAP Wanndumnnuanmsvesszibends W ludemmud uaz

% Direct Stiffness Methods Tagmsiauveslysunsurudindshilondnly (nput Data)



62

= Yy 19 ) % o 1 3 9 o
clf\‘]ulﬂllﬂ Gllﬂigjﬁ"’llf)\ii‘ﬂuﬂ Gumgmmmuu@ UAZUIINTSNIN N L‘]JH@I‘L! I‘]Jﬁl!ﬂill(ﬂgﬂ'lfnﬁ

I
UszuanandauiunanouduoI0onu (Output Data)

M cacca
Ele Edt Vew State Window Help

M finite Element Analysis Program

ELEMENT ANALYSIS ?PROGCRAGN

........

nnnnnnnnnnnnn

statis

aaaaaa

......

IRunning anulpendinginFinite Element Analysis Program
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3.2.3 Digital Visual Fortran
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*«/CACCA - DIGITAL Visual Fortran - [C:\...\EImt28\Element28.f90]

B Fle Edt View Insert Project Buld Took Window Help _l&]x|
-2 ] E oEE B RIS
CEMX IED A § 4
aAx [T g
5] Element2?_SectionStateD A 1D~ NONLINEAR Bean ON 2 Pataneter Foundation ELEMENT

2] Element27_ShapeFunctior
[2] Element27_StateDetemin.

2-NODE DISPLACEMENT-BASED FORMULATION
WORATHEP SEA-LONG

|
|
|
|
|
|
Subroutine Elnt28(Element28MaterialProperties,

2] Element27_ D Hay o2l
[2] Element27_wiite.30 &
[#1[Element28130 ElementDisplacenentirray, &
[2] Element28_DeiivativesDfc Eiegerll{lhdﬁgoordinates, g
+ ' oballoca. .
L5) Element28_Dervalves0t ElenentNodalTenperature, &
2] Element28_DerivativesOfe ElenentMatriz, e
2] Element28_DoubleDerivat ElementVector, &
[2] Element28_DoubleDeiivat ndf &
£] Element28_DoubleDerivat ncx, &
2] Element28_IntegrationPoir ElenentFlag)
[2] Element28_Module.30 |
[2] Element28_PastemakStat | The following array are passed and dinensioned by Main Feap
[2] Element28_ReadSave a0 !
@ Element28_SectionStateD IElenent 28MaterialProperties(100) - Material Properties to be Readed When ElementFlag e.q. 1
2] Element28_ShapeFunctior ‘ElementD1splacementArray (NunberOfElement 28DOFsPerNode, nen, 1)  TOTAL DISPLACEMENT
[2] Element28_ShapeFunctior (NunberOfElenent 28D0FsPerfiode, nen, 2)  TOTAL INCREMENTAL DISPLACEMENT
[2] Element28_ShapeFunclior | (NunberOf Elenent 28D0FsPerfode nen.3)  LAST INCREMENT
[2) Elemens28._StateDetermin | (NunberOf Elenent 28D0FsPerfiode, nen, 4)  TOTAL VELOCITY
= = ! (NunberOf Elenent 28D0FsPerfiode, nen,5)  TOTAL ACCELERATION
%E:em"‘gg_a‘"k';gweﬁ IElenentNodalCoordinates (ProblenDinension, 1) : Undeforned Element Coordinates
lement28_Wite. IGloballocalID(1) Global/Local dofs Numbers
[#] Element29.130 |ElementNodalTenperatures(1) Element Temperatures
[£] Elemen29_InegraionPeir |Elenenttatrix(Nunber0OfElenent 26D0Fs, NunberOf Elenent 28D0Fs) —————> Output
5] Elmeni2_Peatare 50 |ElenentVector (Nunber0f Elenent 28D0Fs ) ———> Output
=) FlementZ). Readave, | ElementFlag — CONTROL SWITCH PARAMETER
2] Element23_SectionStateD ! 1 - DEFINE MATERAL PARAMETERS IN Element26MaterialProperties(i)
ety [l B L L e —
& It in. ¥ or o enentMatrix
(ﬁ EenenZl SeDelond) ! 4 - QUTPUT ELEMENT VARIAELES (e.g. ELEMENT FORCES) (STREss)
L. ! 5 — COMPUTE ELEMENT MASS: s=CONSIST., p=LUMP =
| ¢ AAMDNITE TTEMDNT DRCTAIAT TH DR oe
Brw] d | ;lJ
X =
K|
T3]\ Buitd { Debug , FindinFies1  FindinFies2 ] Tel | [
Ready Ln1.Col1
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Ty = Mpgay

\ 4

ttim; = ttim,_, + At

v
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\ 4

Print Input Paremeters

Displacement Control : D,
Force Control

=D,_, +AD
. F,=F,_, + AF

ttim; = 0

\ 4

ttim;, = 0

Print Response

A

<
<«

n, =mn;_y +1

v

Read Parameters form History NIP :

N! F[.V.!E_E'r u[.-[,?.rKr Pr kEr

ky, and SteelHistory

v
Check value of U

|
=0

U+0

\ 4

kg(NIP) = kgipne

Ky (NIP) = Ky

A 4 \ 4

R+0

R=F,—P

*

Save Parameters form History NIP :

N, PWJ-EB: ul:.V.I'K.I' P, kg:

ky, and SteelHistory

kg(NIP)wy,
kpave = Kgave T Z%

0 i

o i

NP
ko (NIP)wyp
kwave = Kwave + Z I

NIP
K=K+ Z Wyrp] * [BT (NIP)kg(NIP)B(NIP)
V]
+NT(NIP)ky (NIPYN(NIP)]
NIP

P=P+ Z Wys] = [BT (NIP)M(NIF)
o

+NT(NIP)P,, (NIP)]

£5 (NIP) = B(NIP)U

u,(NIP) = N(NIP)U

A

B(NIP)and N(NIP)

v

A o 2 U Y a Y
gﬂ‘ﬂ 34 ﬂizmumi‘vmmmmT‘}Jmﬂmﬂﬂmwumuuumﬂuuugmmﬂ"lilfmmu
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Algorithm
My > Mpax y
> ttim; = ttim,_; + At
> rint nput aremeters
v Print | P
Displacement Control : D; = D,_; + AD
Force Control : F,=F, ; + AF Print Response
. | . A
! ttim;, = 0 ttim;, =0 R=0
m=n,+1 [ R=F,—P
v 1
Read Parameters form History NIP : Save Parameters form History NIP :
M: PP.I"PI::I,?.I' K_Euu[.v.ruprﬁr P:k_gr R # ﬂ M: PP.I"PI::I,?.I' KBJHLV:HPJHJ P:kﬁr
kyp, ky, and SteelHistory < kp, ky, and SteelHistory
A
v
Check value of U NIP
| K=K+ Z Wyp) * [BT(NIP) kg (NIP)B(NIP)
U=0 U=+0 ¢
v +¥T(NIP)k,(NIP)Y(NIP)

ks(NIP) = Kpins +NT(NIP)ky, (NIP)N(NIP)]

kp(NIF)=k N
3 Pint P= P+ZM;J”PJK[BT[NIPJM[:NIPJ
Ky (NIP) = Kyyie

v v +¥YT(NIP)P,(NIP) + NT(NIP)Py,(NIP)]
O kg (NIP)
B Waip
kpave = Kpave T ZL— 4
0 i
Ko(NIP) = B(NIPYU
. _ Z P(N'{PJWHP 5( ) (NIP)
pave = Kpave up(NIP) = Y(NIP)U
)
L upy u,, (NIP) = N(NIP)U
NIPYw
W NIp
Kwave = Kwave + ZL— A< 2\B t
o i
» B(NIP)Y(NIP),N(NIP) |_
L L A=2VFE
A = —PAVE nd B = _WAVE > B(NIP)¥(NIP),N(NIP) H
Ksave Kpave A4=2B
» B(NIP)Y(NIP),N(NIP) |-
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1. MU At veaiminussnn F, lunsalveadymingnaiugy
Y A 1 [ = A 4 ! o
A281133 (Force Control) #39A101305290 D, TunsalvetlyningnaiuaualsnInisnszIa
(Displacement Control) #i 1dan 1% nuszvuvesTassadudwmanslugzili 3.6 Tashuaaz
NIZUIUMTHINULABZTOU WNNAMUNUTIND  AF W30A1N5NTZIa AD sy 11

= ¥ v A ' a X Yy o o 3
WDATIgANIe F, 130 D, Tuunaznidl ddeandesnumnallumhanuveunazyunon
. 4 9 ° ¥ L 9 . LI A 9 v 4 g9
ttim, Tagisuauazimmvuala naisuay tim, NHEADIINNEUAN F, 1aznIinsziaiauauy

A A Y L%
D, UAUTUAUNINU 0

F ﬂ
F, D,
'Fi'l'z ﬂi'l'z
Fisq D;.y
ttim ttim
ttimi+1 ttimi+2 ttlmn ttimi+1 ttl‘:mi+2 ttamn
(M) (V)

gﬂ‘ﬁ 3.6 MIUUIBINIAN (M) Force Control 8¢ (¥) Displacement Control

= 1

2. WarsanaA ttim, Tunsaina tim, YAUNIAY 0 msuaaawadulsnlda
o X o ' ° o ° A a
1dnuszundaldun mdoyauaazInua  IWIWBIRWUA 0, TIUIUIANITOUNNTA
. . Aa a Aaxy 1 d o 1 I Y dy
(Integration Points) JUtiuumspuinsa naz35mslszanamileandugla duau uenainil
o 3 d' 1 ds! 3 d' = =1
dwaasnavesdulsnla R luszuviunudymnazdnuine
=1 Qy 1 Y a 9 A Qy 1
TunsalvestlymFudiunuanuuugiuin % adu: audutiavesrudiu
A I
LUILNULAZAMAVUAYDIFIUTIN Winkler 1T udu
Y
TunsalvesdaymFudrumuvugiunnliiadulsznn 2 dauls:
o A . o I
ANANTAYDIAIU AUEANTAYDIFINTIN Winkler 1Az AMANITAUDIFIUTIN Pasternak 1T U
A A . a1 LI Y] o % 1 4 A Y
paglunsaifan ttim a1 lumny 0 imsswanaue@wugd n lasisuau

s 1 1

o Y @
myua n,_, ¥AUNNUY 0
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a U

dtd' % o % 1 . =
3. Worsana n lunsdii n > n,, nauldinmsowana ttim, uazlunsal
o & A 2 J 1T o A g Py wa v R W
N <Ny WEWUABUH 4 Yuasumserumanlsino 13 lulszianisiuindanils
(History Variables) Taaasuduagiviualdiauminy o iuanndaus lunsaif ttim =0
1 T o {3 an Y] o
4. owmawdsiny Blulseiamstuiindauls

Y
Tunsalveslymuarununuuugiusin 15izudu dsznoulidae A

71¥UA (Nodal Element Forces) P u3aluunauny N(NIP) u33iii8491n§114510 Winkler

Y
aS 1

R, (NIP) sz ifdlosnnauanifvestaaudiuuuauny sz iRillesnnaaauiia
V931U Winkler MAMMLA NI svosTud MmN K, (NIP) manmndanisvosgin
310 Winkler k, (NIP) um3nganuufaunievosoiamud K anusioavosdudau
WY £, (NIP) uazmanaounlasglvesgusn Winkler u, (NIP)

Glum‘{fmjmﬂiyw151?yud’;umuuugmim"l%'g%mﬁjuﬂizmm 2 duls dszneu
J1J&26 Fuse7i THuA (Nodal Element Forces) P Tuiuddn M (NIP) usaiiiosningiman
Winkler B, (NIP) #34i10991n314310 Pasternak P, (NIP) d1lszidiilosningaiauiidves
fagau miseSRilleannaaaniAuedgiusin Winkler mseSRiiesninaaaniidves
§11510 Pasternak A1AINLAINTIVEIATY kg (NIP) AI1AINLALINGIVOIFINTIN Winkler
ky (NIP) A1ANUA9NTIVDIFIUIIN Pasternak ke (NIP) AREIE TP RIIN AT ERLER
g K manasunlaagilvesniu c (NIP) msaldsunilasglvesgiusin Winkler
Uy (NIP) meﬂmﬂéﬂuuﬂmgﬂmmgmim Pasternak U, (NIP)

5. AIEOUAINITNTZIAN 1MUA (Nodal Element Displacements) U 19

2 9 A - [ Y1 o A a1 Y
LIUAUN ttim, =0 muualiainisnszaan Inualauniny 0

£ [ a ° 1 3 1
Joymisudrunuaunuuugiuiin 13izadu dvualdaianuudanss
Y
A 1 1 < 1
VOITUAIULUMNU - kg (NIP) = Ky, (NIP)  1122A1AINLUILNTIVDIFIUIIN Winkler

ky (NIP) = Ky (NIP) 9n19@M30UHATA

Y 1 a o o 1
Joymyuaiuauvugiusn Fududsaan 2 @uals smualdan

[ J ' I 1
ANVUUILNTIVOIAIU Ky (NIP)=kg, (NIP)  A1AI0LUILUNTIUDIFIUTIN Winkler
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1 < 1
Ky (NIP) =k, (NIP)  18ZAIANNLAUALNTIVOIFIUIIN Pasternak  k, (NIP) =k, (NIP)
NNPANITOUNINTA
{1 ' < 1A
128N Ky (NIP), Ky (NIP) 1182 Ky (NIP) ADAIAIUALNTUTUAY
. o w = F) (% ~ 1 Y v
YDIATU §IUTIN Winkler 182§ 1450 Pasternak awa1ay a9lauanaualsilaldnuszuuy
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[ J A o <3 1 . o
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HABZYANITOUNINTA
Y 1 1
TunsalvesdgmiFuadiunuannuuugiuiin I51Fudu 1dun ana
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UUINTIVOIFUT MUY Ky e HAZAINNINUUILNTIVDIFIUIIN Winkler Ky,q
Y 1 1
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MIdUNNTA Faenilu 3 a3t 1aun A<2dB, A=2JB uaz A> 2B Faldnen13lu
A A 9
nguninetos

8. mmmalasuuilasgiveatfayin (Drformations)

Y '
Tunsalvesymsuaiuuunuuugiusn 3Fudu mamsalasunilas
Qy 1 d' 1
sUvesrUTMIUILAU & (NIP) nazms)asuniasgivesgiusin Winkler u, (NIP) usaz
a = d' o ¢
AMIdUNNIA lagh £, (NIP) = B(NIP)U uazu, (NIP) = N(NIP)U sud1ay
Y
Tunstivesdymaudiumuuugiuain gudulszian 2 duls man
msfasuudasglvesnux (NIP)  mialasuudasgiuesgiusin Winkler u, (NIP)
uaz Masundasgveagiusin Pasternak U, (NIP) uAazyan1souinga lagih
1, (NIP) = B(NIP)U , u,, (NIP) = N(NIP)U 11a¢ u,(NIP)=Y (NIP)U auasu

' < 1 ' a a ' @ v J
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Abstract

An alternative way to derive the exact element
stiffness matrix for a bar with lateral interfaces is presented
in this paper. The element formulation starts from the
derivation of the exact element flexibility matrix. The virtual
force principle is used to obtain the governing differential
compatibility of the problem. The exact force interpolation
functions are derived based on the analytical solution to
the governing differential compatibility of the problem. The
matrix virtual force equation is employed to obtain the
exact element flexibility matrix using the exact force
interpolation functions. The so-called “natural” element
stiffness matrix is obtained by inverting the exact element
flexibility matrix. A numerical example is used to verify the
accuracy and the efficiency of the natural bar element with
lateral interfaces.
Keywords: Bar element; force-based formulation; virtual

force principle; soil-pile interaction

1. Introduction

Pile-foundation problem is one of several substructure
problems in engineering construction. The concept for
analysis of piles embedded in elastic foundation is similar to
a beam on elastic foundation [1-7]. For analysis, soil
interaction or modulus of subgrade reaction [8] is replaced
with linear springs modal along the length of bar [9].

In recent decades, several works on the behavior of
piles under pure axial load have been reported. (for
example [10-12])

The objective of this paper is to alternatively derive the
exact bar on Winkler foundation flexibility matrix base on
the complementary virtual work or the principle virtual
force. The governing differential compatibility equation is
solved to obtain the exact axial interpolation functions for

analysis the problem of bar on elastic foundation.

This paper has one numerical example, is used to verify the
accuracy and efficiency of the problem. It calculates by the

computer software Mathematica [13].
2. Formulation

2.1 Governing equation of a bar embedded in

Winkler foundation

The governing differential equilibrium equation of a bar
embedded in Winkler foundation is derived based on Fig.1.
And Fig.2 shows an infinitesimal segment  0X. The axial
equilibrium equation of the infinitesimal segment can be

written as:

M-F’s(x)=0 (1
dx

X
—> EA k,

o iy i o o,

Py
ST ] N

Fig. 1 A bar embedded in Winkler foundation

R(X)

] &« & <

N(x) N (x) + dN(x)
dx

Fig. 2 The segment of bar element
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Where N (X)is the bar axial force and P,(X) is the

foundation force.

2.2 Force-deformation relation
The constitutive relations of the bar section and lateral

interface are defined as:

N(X) = EAdu(X) amd PO)=kU(x) @

Where U(X) is the axial displacement of the bar
U (X) is the foundation deformation; EAis the bar axial
rigidity; and k0 is the lateral-interface stiffness.

2.3 Differential compatibility equation: the
virtual force principle

The virtual force equation is written in the general from

as:

OW™ =W, +é\N =0 (3)

int
Where 8W ™ is the total complementary virtual work

of the system; é\N o s the internal complementary virtual

work of the system; 8We><t is the external complementary

virtual work of the system.

= [SNEYu(x)dx + [ 8P, (u, ()dx (@

SW,, =—6PTU )
Where the vector P={P P,}' consists of axial
forces acting at bar ends while the vector U={U, U,}'

contains conjugate-work axial nodal displacements. Thus,

Eq.(3) can be rewritten as:
W = [N ()u(x)dx+ [P, (x)u, (x)dx—5PTU  (s)
L L

Based the constitutive relations of Eq.2) and Eg.(6)
becomes:

8w*ZISN(x)(IE:L )N(x)dx+j6P (x)[ ]P(x)dx

-5P"U ©)
Enforcing the axial equilibrium of Eq.1) and Eq.(7) can

be expressed as:

SW” =[N (x)(éj N (x)dx

+jd6N(X) 1 dN(X)dx—5PTU ®
L dx \ky ) dx

Applying integration by parts, Eq. (8) becomes :

SW” fSN(x)[( jN() ( ]dd'\)'((x)}x
]dN(X) _SPTU=0 )
dx .

Enforcing the Cartesian sign convention, Eq.(9) can be

SN(X)(k

0

written as :

SW” jaN(x)K jN() (ojdd“‘gqux

—5P, Ul_(kide(X)

dx
x=0

—3PR, |:U2 —Kkij dl\(lj)((x)} =0 (0
0 x=L

Since  ON(X) s arbitrary, the governing differential

compatibility equation is:

d®N(x k
#— —2 IN(X)=0 for xe(O,L) «n
dx EA
The end-boundary compatibility conditions are obtained
due to the arbitrariness of P :

U1=(ij[dN(x)} ;Uz=(lj[dN(X)} (12)
k0 dX x=0 kO dX x=L

The exact axial interpolation functions are obtained by

solving the governing differential compatibility equations of
Eq. (11). The homogeneous solution of Eq. (11) is:
N(x)=ce™ +c,e™ (13)

’ k
Where A=,[—% ; € andC, are the constants and
EA

can be determined by imposing force boundary conditions.
The boundary conditions can be written as :

N@O)=-FR ; N(L)=P, (14)

Imposing  force boundary conditions, the axial

interpolation functions can be written in teams of P as:
N(X) = Ngz (X)P (15)
Where NBB x)= [ NBBl(X) NBBZ(X)] is an array

containing the axial force interpolation functions.
Based on Eg. (1), the foundation force PS(X) can be

expressed in terms of P as:

P.(X) =Ng (X)P (16)
here NSB(X)Z[NSBl(X) Nssz(x)] is an array

containing the foundation-force interpolation functions.



Substituting Eq. (15) and Eq. (16) into Eq. (7), leading to:

* 1
SW* = j SPTNT, (x)(ajNBB (x)Pdx
L

+[ SPTNE, (%) ki N (X)Pdx—SPTU=0 7
L 0

Due to the arbitrariness P, obtain the element
flexibility equation as:

FP=U (18)

Where F is the element flexibility matrix and can be

expressed as:
F=F; +F (19)

1
Fo, = [N] (x)(—jN (x)dx (202)
BB JL. BB EA BB

1
Fos = NG () = [Nas (X)dx (20b)
L 0

Where FBB and Fss are bar and foundation

contributions to the element flexibility matrix, respectively.

3. Numerical example
One numerical example is used to verify the accuracy
and the efficiency of the natural bar element with lateral

interfaces.

3.1Example |

An elastic bar embedded in Winkler foundation and
subjected to the load P is shown in Fig. 3. Given data are:
bar length L=55m, diameter of bar D=1m,

elastic modulus E =30,000 MPa, foundation stiffness
k, =100 kPa and load P =2,400 kKN [14]

The axial displacement and axial force diagrams
obtained with the proposed model are shown Fig. 4 and Fig.
5. Stress and stain diagrams are shown Fig. 6 and Fig. 7.

In all diagrams, the responses obtained with 1 bar
element with linear interpolation function and 1 bar
element quadratic interpolation function are compared with
the proposed model. The results of one natural bar
element (Exact Solution) are accurate and effective when
compare a bar element with linear and quadratic

interpolation functions.

[T —

—> E, Ak,

oo oo o

L

Fig. 3 Example I: a bar embedded in Winkler foundation and
subjected to load P

Axial displacements m

04380\
\\
<\ ——  Exact solution
04375 >\
\\\ ==: 1 Element Linear Interpolation
04370+ . 1 Element Quadratic Interpolation
N
AR
N
0.4365} \\f <
NS
\\\\ .
0.4360 - AN
NS
2
L L —— Lt BarLength m
10 20 30 40

Fig. 4 Diagram for axial displacement for example |

Axial Force kN

‘ ‘ ‘ ‘ : Bar Length m
10 20 30 |
///
- 5001 yd
e
- 1000 //
___________ ek EEEEE R
/,/
- 1500 4
e
///
. 20001 ) // Exact solution
S
S ==: 1Element Linear Interpolation

1 Element Quadratic Interpolation

Fig. 5 Diagram for axial force for example |



Stress kPa

oo Barlength m
10 20 30 40 50
- 500
- 1000
7
- 2000
. 9500 F ——  Exact solution
==: 1Element Linear Interpolation
- 3000 b
1 Element Quadratic Interpolation
Fig. 6 Diagram for stress for example |
Stain ' m m
L : ! . - Bar Length m
10
- 0.00002 -
- 0.00004 -
- 0.00006 | /
- 0.00008 -
. 0.00010 L+ Exact solution
. 0.00012 =: 1 Element Linear Interpolation

1 Element Quadratic Interpolation

Fig. 7 Diagram for stain for example |

4. Conclusion

The complementary virtual work or the virtual force
principle is an alternative method to obtain the exact
flexibility matrix. The so-called “natural” element stiffness
matrix is obtained by inverting the exact element flexibility
matrix. The problem of a bar embedded in Winkler
foundation is considered in this paper. The axial-force and
interface force interpolation functions are obtained by
solving the governing differential compatibility equations of
the system. The respones, are shown in a numerical
example compare with linear and quadratic interpolation
functions. The results of one natural bar element (Exact
Solution) are accurate and effective when compare a bar

element with linear and quadratic interpolation functions.
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Appendix A : Force interpolation function, Foundation-Force interpolation function

The Force interpolation function may be written as :

NBBFE(eEA" o5y 1+Coth[F L)

k . k
N.., = Csch[, |=>L]Sinh[, [—>x
882 [«/EA ]Sinh[ A 1

The Foundation-Force interpolation function may be written as :

L leen e [k [k
N..,, == (eVEA +eVErA )Y [ =% (—1+Coth[, | ==L
sB1 ( ) EA( [ A )]
k k k
N.., = f—OCosh —2 x]Csch f—OL

Appendix B : Beam on Winkler foundation flexibility matrix

The beam contribution to the element flexibility matrix may be written as :
BB BB
F - I:11 FlZ
BB FBe B8
21 22

Csch[\E LI (-2.fk, L + ﬁsmh[zg;])
4EAJK,

(EA\/7 k,LCo th[\/7 L])Csch[\/7 L]
R =

2EAK,

BB _
R, =

BB _ BB
F21 = I:12

” Sinh[2, /ﬁ L]
Csch[ f—OL]Z (2L+  VEA
=A [
FZEB _ EA

4EA




The foundation contribution to the element flexibility matrix may be written as :

o (R R
G,

k ) 2Jk L
Cschl, |2 LT (2k. L +EAJk. Sinh 0
s _ ["EA 17 (2k, ko Sinh[ JEA )

4EAK,
kO kO I(0
(EA,|-% +k,LCoth[, |- L])Csch[, [ -2 L]
ESs _ EA EA EA
o 2EAK,

SS _ =Ss
Fr =hF;

EA ﬁCOth[ ﬁL]-FkOLCSCh[ ﬁL]Z
Ess _ Vea""y VEA

2 2EAk,

The element stiffness matrix : F = FBB + Fss

E = [ Fll I:12 j
F21 F22

Csch[ /'%L]zsmh[z‘/@‘]
E EA JEA
B 2NEAfk,

JkoL
i :Csch[@]
12 \/ﬁﬁ

F21 = FlZ

JkoL
i =Coth[ﬁ]
22 ﬁ\/ﬁ

Appendix C : Beam on Winkler foundation stiffness matrix

The bar contribution to the element stiffness matrix may be written as :

o (kP KE
BB K2|315 Ksz



1 fk fk fk
Kff:E(EA E—OACoth[ ﬁLHkOLCsch[ E—°AL]2)
K2 =——(EA f +k LCoth[,/ L])Csch[ / L]

BB _ |~ BB
K21 - K12

1 fk fk fk
KB = Z (EA,|=>Coth[, /=% L]+ k LCsch[, |=>LJ?
2 2( EA [EA] 0 [EA])

The foundation contribution to the element stiffness matrix may be written as :

o (K3 ke
=l kg

KS = —(J_ Ak, cOth[\/_

L])

K> =—( EA\/7 K LCoth[\/i L])Csch[\/i L]

SS _ 1SS
K21 = K12

1 JkoL
K = = (VEAJk Coth[ X221
22 2( \/_0 [\/ﬁ

Ko | 12
—L
extl)

The element stiffness matrix : K =Kz + Kgg

K — ( Kll KlZ J
K21 KZZ
k L
Ky, =VEAJk, Coth[\/\/_o_]

= —J_J_Csch[JJ:

K21 = K12

K, = VEA K, Coth[f
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WINKLER-PASTERNAK FOUNDATION MODEL

Worathep Sae-Long"

(*Master Student, Department of Civil Engineering, Faculty of Engineering, Prince of Songkla University,
Thailand, Tel. 083-659-1987, E-mail: NightmareOfPing@hotmail.com)

Abstract

This paper presents an inelastic beam element resting on Winkler-Pasternak foundation. It is based
on Euler-Bernouli beam theory and an assumption of plane strain for soil or foundation. The
element is derived from a displacement-based formulation. The nonlinear responses of the problem
are obtained from the analysis with the improved displacement shape functions elements. The
improved displacement shape functions are derived from homogeneous solution of the governing
differential equilibrium equation. It can be divided to three cases for the homogeneous solution.
The foundation parameters are first computed with average technique for the improved
displacement shape functions approximation. A numerical example is used to verify the accuracy
and the efficiency of the beam element model.

Keywords: beam element, two-parameter foundation, virtual displacement principle, Pasternak
foundation, nonlinear analysis, Winkler-Pasternak foundation

Introduction

The responses analysis of the substructures on foundation is the problems in
engineering construction. It have been studied until the past into the present and used in
several other applications (e.g. railroad tracks, highway, geotechnical and mechanical
engineering). The beam on foundation is one of these problems. The behavior of soil is
significantly complex due to many parameters for modeling. First, the basic model is
Winkler foundation model [1]. It presents interaction between soil and substructure with a
single layer of linear independent and discrete spring model along length of the
substructures. Winkler model or Winkler foundation assumes the soil or foundation
reaction at a paricular point is proportional to the soil or foundation displacement. The
constant of these spring model is known as subgrade reaction coefficient [2]. In reality,
these spring model should not be independent. To overcome the drawback of Winkler
model, two-parameter elastic foundation models have been proposed by Filonenko-
Borodich foundation [3], Pasternak foundation [4], Generalized foundation [5], Hetenyi
foundation [6], Vlasov and Leontiev model [7] where a second parameter is introduced to
account for interaction among the Winkler springs model. The concept of Pasternak
foundation model assumes the shear interaction among Winkler springs.

The solutions of the beam element on two-parameter foundation have been proposed
by several researchers. For example; Zhaohue and Cook [8] presented general form for
model analysis included Winkler, Filonenko-Borodich, Pasternak, generalized and Vlasov
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foundations. The element was based on the exact and cubic displacement shape functions.
Alemder and Gulkan [9] represented a general solution for the displacement shape
functions of a beam element on two-parameter foundations. It was not limit with a range of
magnitudes of foundation parameters.

In the reality, the behaviors of foundation aren’t only in elastic case. Inelastic analysis
of beam on foundations has been proposed in recent years by several researchers. For
example; Ravi Mullapudi and Ashraf Ayoub [10] presented an inelastic element for
analysis of beams resting on two-parameter foundations. The element was derived from a
two field mixed formulation. Sapountzakis and Kampitsis [11] presented a boundary
element method for the inelastic beam element resting on two-parameter tensionless
elastoplastic foundation analysis.

The main objective of the paper proposes inelastic beam element resting on Winkler-
Pasternak foundation model. The element is derived from displacement-based formulation.
It is accurately responses when compare with cubic displacement shape functions or
Hermitian interpolation. The improved shape functions obtain form the analytically
deriving based on the homogeneous solution of the governing differential equilibrium
equation. An iterative technique [12] is used to determine the parameters for evaluating the
displacement shape functions. All symbolic calculations in this paper are performed using
the computer software Mathematica [13] and the responses of the problem are calculated
by FEAP [14].

1. Definitions

In the present study, a beam element on Winkler-Pasternak foundation modal is shown
in figure 1. It can assemble two nodes in an element. A node is composed of two degrees
of freedom as vertical displacement and rotation.

The nodal displacements are defined as:
u :{Vl 91 Vv, gz}T (1)

Where U is a nodal displacements array, v is vertical displacement, and 6 is rotation.
Subscription number refers to a number node.

The nodal forces are defined as:
P:{Pl Ml Pz Mz}T (2)

Where P is a nodal forces array, P is shear force, and M is bending moment.
Subscription number refers to a number node.
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Figure 1. A 2-Node Beam Element on Winkler-Pasternak Foundation
The vertical displacement v, (x) of beam section is grouped in the array.
u(x) ={v, (x)} 3)
The sectional curvature i, (x) of beam section is grouped in the array.
dg () ={xg ()} (4)

In this paper, the sectional shear deformation vanishes because of the kinematics of
beam section is based on Euler-Bernoulli beam theory. The sectional shear force can be
determined from equilibrium equation. The relation between sectional curvature and
d?v, (x)

vertical displacement can be determined through compatibility relation «,(x) = e
X

It can be written in matrix form as:
dg (x) =05u(x) (5)

Where 4, is a differential operator. It is defined as:

dZ
2, {K} ©)
The sectional moment M,(x) and conjugate work pair «,(x) are contained in
the array D, (x). It can be written as:

D (X) = {Mg(x) } (7)
The Winkler deformation u,, (x) is contained in the array d,, (x) . It can be written as:
d,, (x) ={u, (X)} 8

From Winkler foundation theory and compatibility equation show the relation between
beam and Winkler deformations. It can be assigned as:

Uy, (X) =V (X) )
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From Eq. (9), it can be written in matrix form as:
dy, (x) =y u(x) (10)
Where ¢,, is a differential operator. It is defined as:
dw =[1] (11)

The sectional Winkler force D, (x) and conjugate work pair u,(x) are contained in
the array D,, (x). It can be written in matrix form as:

Dy (x) ={Dy ()} (12)

The Pasternak deformation u,(x) is contained in the array d,, (x) as:

d, (x) = {u, ()} (13)

From compatibility equation shows relation between beam and Pasternak
deformations. It can be assigned as:

(0 = o (14)

From Eq. (14), it can be written in matrix form as:
dp (X) = 0pu(%) (15)

Where o, is a differential operator. It is defined as:

r :[ﬂ (16)

Finally, sectional Pasternak force D,(x) and conjugate work pair u,(x) are contained
in the array D, (x). It can be written in matrix form as:

D () ={ Dy ()} (17)

2. Governing Differential Equilibrium Equations: Beam Element on
Winkler-Pasternak Foundation

The free body diagram of an infinitesimal segment dx of beam element resting on
Winkler-Pasternak foundation is shown in figure 2. The equilibrium equations are
considered in the undeformed configuration. It is shown in Egs. (18)-(19).

Vertical equilibrium equation:

4V, (x)

2

dv(x)
i Ky Vg (X) +Kp i

CE37-4
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Moment equilibrium equation:

M)y (x)=0 (19)

Where V(x) is shear force, M(x) is bending moment, k, is the Winkler stiffness,
k. is the Pasternak stiffness and q(x) is the applied external distributed load.

From Eqgs. (18)-(19), it can be written:

d?M (x) KV, (9 —K, d?vg(X)

dXZ dX2 _q(X) =0 (20)

Parameters k, and k, are depended on the soil characteristics. This paper presents the

foundation parameters in the nonlinear behavior. It is described in material constitutive
laws later.

q(x)

Vo) CIYY TRV EVINY yi s aro

M(x)

M(x) + dM(x)

dvg(x)  d?vg(x) dx)

o (*20) CITTTETTTTTTD * ("ot i

kyvg(x)
; I
dx

Figure 2. Infinitesimal segment of beam element resting on Winkler-Pasternak
foundation [9]

3. Displacement Formulation of Beam Element on Winkler-Pasternak
Foundation

In the displacement-based formulation, the element displacement u(x) can be

expressed as functions of the element nodal displacements U through the displacement
shape functions matrix Ng(x).

u()=Ng(x)U (21)

Where N, (x) are the displacement shape functions matrix.
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4. Compatibility

The deformations of problem are directly determined through the element nodal
displacements U by compatibility conditions.

dg(x) =Bg (U (22)
dy, (x) =By, (\)U (23)
d,(x) =B, (x)U (24)

Where B, (x) is the beam deformations-displacements matrix, B, (x) is the Winkler
deformations-displacements matrix, and B,(x) is the Pasternak deformations-
displacements matrix.

It can be defined in matrix form as:

BB(X):aBNB(X) (25)
By (x) :aWNB(X) (26)
BP(X):aPNB(X) (27)

5. Material Constitutive Laws: Beam, Winkler and Pasternak Section

The sectional moment M(x) and curvature «(x) are related by a nonlinear
constitutive relation.

M (x) =y [ (x)]or Dg (x) = w[d (X)] (28)

The Winkler force D, (x) and deformation u,(x) are related by a nonlinear
constitutive relation.

D,y (%) = [u, ()] or D,, (x) =Z[d,, ()] (29)

The Pasternak force D,(x) and deformation u,(x) are related by a nonlinear
constitutive relation.

D, (x) =0[u, (x)] or D, (x) =0O[d, (X)] (30)
In this study the nonlinear relation in Eqgs. (28)-(30) are defined in the bilinear relation.

The consistent linearization of the nonlinear relation between force and deformation of
beam, Winkler and Pasternak foundations can be written in matrix from as:

Dg (x) = D(E); (X) +kgAdg(x) (31)

Dy, (x) = Dy (X) + ky, Ady, (X) (32)
CE37-6
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D; (x) = Dp (x) + kpAd, (X) (33)

Where D) (x), Dy (x) and D%(x) are initial beam, Winkler and Pasternak section
forces respectively. k., k, and k, are beam, Winkler and Pasternak section tangent
stiffness matrix respectively.

6. Equilibrium: The Virtual Displacement Principle

In the displacement-based formulation, the result in weak equilibrium is obtained for
applying the virtual displacement principle, substitution Egs. (22)-(24) and subsequently
imposing the arbitrariness of the virtual nodal displacements sU. The equilibrium equation
in integral form can be written as:

j BT (X)D, (X)dX + j B (X)D,, (X)dx + j BT (X)D, (x)dx = P (34)

Substitution of Egs. (31)-(33) into Egs. (34) can be written in the finite element
equation as:

Ky +K,, +K,)AU =P — (P2 + Py +P?) (35)
Where
Kg :IBg(x)DB(x)BB(x)dx is the beam element stiffness matrix.
L

Ky :IBJV (x)D,, (x)B,, (x)dx is the Winkler foundation element stiffness matrix.
L

K, :IBL(x)DP(x)BP(x)dx is the Pasternak foundation element stiffness matrix.
L

Py = J' B (x)D (x)dx is the beam element resistant force vector.
L

Py = IBJV (x)Dy, (x)dx is the Winkler foundation element resistant force vector.
L

Pp = j B[ (x)D2 (x)dx is the Pasternak foundation element resistant force vector.
L

7. Improved Displacement Shape Functions

The governing differential equation of beam element on Winkler-Pasternak foundation
problem in figure 1 can be written as:

d*v, (x) d?vg (x)
—k,

k
B odx* dx?

Ky Vs (X) = A(X) (36)
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Where k, is the flexural rigidity of the beam section, k, is the Winkler stiffness, k, is
the Pasternak stiffness, and q(x) is the applied external distributed load.

The parameters A=k, /k, and B=k, /k, are defined for homogeneous solution
solving when external distributed load is equal to zero q(x)=0. The solutions are

depended on beam and soil characteristic conditions. Alemder and Giilkan [9] represented
the solutions of the problem into three cases.

The homogeneous solutions:
Case: A<2+/B [8,15,16]
Vg (X) = ¢, cos Bxcosh ax + ¢, cos Bxsinhax + ¢, sin fxcoshax + ¢, sin Bxsinhax  (37)
Case: A=2\B

NG

4 4 4 4
Vo (x)=ce B 4, xe B e VB g xe VB (38)

Case: A>2JB
Vg (X) = ¢, cosh Bxcoshax + ¢, sinh Bxcosh ax + ¢, cosh Sxsinh ax + ¢, sinh Sxsinh ax (39)

The variable are defined by

Ky
A= 40
\ 2k, (40)
k
S=—1 41
4k, (41)
a=~NA+6 (42)

In case A< 2+/B, it always calculates parameter g by Eq. (43).

B=vit-s (43)
Incase A>2+/B, it always calculates parameter g by Eq. (44).

B=\5-12 (44)
The solutions of the problem can be written in the general matrix form as:

Vy(X)=T"C (45)
Where T is column vector containing base functions for each solution case and C is

column vector containing the four constants of integration.
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The four geometric boundary conditions are related to element nodal displacements as:

L dvg
VB|x:O =V, dx

dv
=0,; =v,;and —2 =6 46
=Bl mviiand T =0, (46)

Substituting for v, (x) and its derivatives from Eq. (45) into Eq. (46) yields the
following algebraic relation:

U=TC (47)

Where T is the mapping matrix between the generalized coordinates and the element
nodal displacements. Substituting Eq. (47) into Eq. (45), it can be written as:

V(X)=T"T'U=N,(x)U (48)

Where N (x) =[Ng, () Ng,(X) Ngy(x) Ng,(x)] is the row vector containing the
improved displacement shape functions.

In cases A<2/B and A>2yB, when the parameters k,and k, tend to zero, the
parameters 1, §, a and g also tend to zero as well. The improved displacement shape

functions also reduce to cubic polynomial displacement shape functions or Hermitian
functions. Similarly, when the parameter of Pasternak k, tends to zero, the improved

displacement shape functions also reduce to Winkler type foundation shape functions.

The flexural rigidity of the beam section k,, Winkler stiffness k, and Pasternak
stiffness k, in material constitutive laws may not be constant. The parameters 1 and §

can be varied with loading magnitudes and local beam. Average technique is used to find
the parameters 1 and 5 needed in evaluating the displacement shape functions N, (x) at

each loading step.
In the first scheme, the average parameters 1** and §*'F are first computed as:

NIP A/W

ANE = AT 49
Z‘ - (49)
NIP

5AVE :z5|_:\/| (50)
i=1

Where w; is the weight of integration point i, NIP is the number of integration point
and L is the length of beam element.

In the second scheme, the average parameters k;"®, ka'® and k.“® are first computed
as:

AVE
e g K (51)
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AVE kAVE
o = e &2
NIP NIP NIP
Where ke =Y kB‘LW‘ e =Y S and e =Z—kP‘LWi
i=1 i=1 i=1

8. Numerical Examples

A numerical example is used to verify the accuracy and the efficiency of the improved
element model in this paper. In this example, the displacement is applied incrementally
under displacement control at the tip of free-free beam on Winkler-Pasternak foundation.
The deflection at the tip of beam is equal to 0.1m. It is shown in figure 3. Given data are

[10]: the length of beam L =10m; flexural rigidity El =1,666.667kN —m?; the yielding
moment M, =34.5kN —m; hardening ratio of beam is equal to 0.014; Wlnkler foundation
stiffness k, =621.227kN /m*; the yielding foundation force Ry =200kN /m; Pasternak

foundation stiffness k, =4004.01kN . In this paper assumes the yielding foundation

moment, hardening ratio of Winkler and Pasternak foundations for analysis. Given data
are: the yielding foundation moment P, =50kN —m/m, hardening ratio of Winkler and

Pasternak foundations are equal to 0.01.

PP PP PP P Pl A A

RO ==t == =TT

AANARNANRN AN RNNRNA RN AR NN NN AN NN RNNNNNNNNN NN NN

L

Figure 3. Example I: beam element resting on Winkler-Pasternak foundation
applied a static load at the tip of beam

The global response of the numerical example is compared between the model with
improved displacement shape functions and the model with cubic displacement shape
functions. It is shown in figure 4. The convergence solution relation between load and
displacement at the tip on the beam are presented with 4 elements with improved
displacement shape functions and 8 elements with cubic displacement shape functions.

In the present work, the convergent responses or 64 displacement-based elements with
cubic displacement shape functions are used for comparison. It is called “banchmark”.
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Global response of elements with Improved displacement Shape Functions Globalresponse of elements with cubic displacement shape functions
160 . ™ T ™ 160
= =
Z =
< <
= 80 = 80
3 3
= s
~ ~
1) [ERESNAES SUTS UMM ISISTEIRSISI [SUSSU | R— 40 o - ; S . i :
j | i j j ~—1 Element with Cubic Displacement Shape Functions
: —— 1 Element with Improved Displacement Shape Functions : --=- 2 Elements with Cubic Displacement Shape Functions
---- 2 Elements with Improved Displacement Shape Functions : -~ 4 Elements with Cubic Displacement Shape Functions
== 4 Elements with Improved Displacement Shape Functions ! = 8 Elements with Cubic Displacement Shape Functions
i : ——Benchmark
0 y y 0 T
0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1
Displacement (m) Displacement (m)

Figure 4. Global response: force and displacement at the tip on beam of Example |

(a) Model with Improved Displacement Shape Functions; (b) Model with Cubic
Displacement Shape Functions

The local responses of the numerical example such as the vertical displacement,
rotation, curvature, foundation force, bending moment, and foundation moment are
presented by graph with distance along beam. Seven Gauss-Lobatto integration points are
assumed for this paper. It’s sufficient to obtain the convergent solutions. This problem is
kind of C*continuity problem. The vertical displacement and rotation must be continued at

the joint between elements. The curvature and moment distributions between adjacent
elements may be apparent discontinuities where plastic hinges are formed. In the present
numerical example, plastic hinges aren’t formed because of beam is in elastic state. The
curvature and moment distributions along beam in this example are also smooth. It is
shown in figure 5.

From example, the convergent responses are presented by 16 elements with improved
displacement shape functions and 64 elements with cubic displacement shape functions.
It is shown in figure 5-7.

0.01 i i r : 10
; ! ! : - - 16 Elements with Improved Displacement Shape Functions
—— 64 Elements with Cubic Displacement Shape Functions
0
’ :
=
§ <
g % 10 -
=
N
g 001 £
§ =
S & -20
© : §
Yielting Curatze | £
-0.02 Q
; ! | -30
- - 16 Elements with Improved Displacement Shape Functions
—— 64 Elements with Cubic Displacement Shape Functions
-0.03 40 - - -
0 2 4 6 8 10 0 2 4 6 8 10
Distance Along Beam (m) Distance Along Beam (m)

Figure 5. Local responses: diagrams for curvature and moment for Example |
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N
=3

-0.08

Vertical Displacenent (m)
Foundation Force (kN/m)
| ik |
>

o
=

- = 16 Elements with Improved Displacement Shape Functions - = 16 Elements with Improved Displacement Shape Functions

—— 64 Elements with Cubic Displacement Shape Functions —— 64 Elements with Cubic Displacement Shape Functions

-0.12

-80

0 2 4 6 8 10 0 2 4 6
Distance Along Beam (i)

Distance Along Beam (m)

10

(@) (b)

Figure 6. Local responses: diagrams for vertical displacement and foundation force
for Example |
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S =

<

5 F20

] =
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3 =

s
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3 3

5 :§ -40 || — 64 Etements with Cubic Displacement Shape Fanctions
2 g -
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0.06 : 60 ! i
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Figure 7. Local responses: diagrams for foundation rotation and moment for
Example |

9. Conclusions

This paper presents inelastic beam element on Winkler-Pasternak foundation for the
responses analysis of the substructures in engineering problems. The element is derived
from a displacement-based formulation. The nonlinear responses of beam resting on
Winkler-Pasternak foundation are obtained from the analysis with improved displacement
shape functions elements. The improved displacement shape functions are derived from
homogeneous solution of the governing differential equilibrium equation. The Average
technique is used to estimating the values of the two parameters of the foundations. In the
present study, a numerical example to compare the global and local responses between
elements with improved displacement shape functions and elements with cubic polynomial
interpolation was presented to confirm the accuracy and the efficiency of the beam element
model for the nonlinear responses analysis. From the responses analysis of numerical
example, elements with improved displacement shape functions are more accuracy and
efficiency when compare with elements with cubic polynomial interpolation.
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