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ABSTRACT

Let X be a real Banach space and let C' be a nonempty closed convex
subset of X. For i =1,2, let T; : C — C be a quasi-nonexpansive mapping such
that F(T7) N F(1Ty) # @ in C. We are interested in sequences in the following

process. For x; € C' and n > 1, define the sequences {x,} and {y,} by

Yn = ﬁnT}rn + (1 - ﬁn - an>xn + @, Vn,

Tptl1 = anlen + (1 — Qp — bn)yn + bnuna (1)

where {a,}, {b,}, {an} and {3,} are sequences of real numbers in [0, 1] and {u,}
and {v, } are sequences in C'. We prove some convergence theorems of the sequence

{z,} to a common fixed point of T; and T5 under appropriate conditions.
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CHAPTER 1

Introduction

Let X be a real Banach space, C' a closed subset of X, and T :
C — X such that T has a nonempty set of fixed points F(T') C C. T is called

quasi-nonexpansive if
1Tz —pl| < [l —pl|

for all z in C and p in F(T). It is introduced by Tricomi for real functions and
further studied by Diaz and Metcalf.

In 1972, Petryshyn and Williamson had presented two new theorems
which provided necessary and sufficient conditions for the convergence of the suc-
cessive approximation method Theorem and of the convex combination iteration
method Theorem for quasi-nonexpansive mappings defined on suitable subset of

the Banach space and with nonempty set of fixed points as follows.

Theorem 1.1. Let X be a real Banach space, C' a closed subset of X, and T a
quasi-nonezpansive mapping of C' into C" with nonempty set F(T') of fized points.
Suppose there exists a point xo in C such that the sequence {x,} of iterates lies in
C', where x, (= T"(xg)) is given by

(S1) xn =T (1), n=1,234,..

Then {x,} converges to a fixed point of T in C if and only if the following condi-
tion (M) holds:

(M) lim d(z,, F(T)) = 0.

n—oo

Theorem 1.2. Let X be a Banach space, C a closed convexr subset of X, and T

a quasi-nonexpansive map of C' into C. Suppose there exists a point xo in C such



that, for some X in (0,1), the sequence {z,} = {T(x0)} given by (S2) lies in C

,where
(52) Tn=Ta(xn1), x€C, Th=XT+(1-XNI, Xe(0,1).

Then {x,} converges to a fized point of T in C if and only if
(©) lim d(T}(xo), F(T)) = 0.

They also indicated briefly how these theorems were used to deduce
a number of known, as well as some new, convergence results for various special
classes of mappings of nonexpansive, P-compact, and 1-set-contractive type which
recently have been extensively studied by a number of authors.

In this thesis, we create new iterative process with errors for quasi-
nonexpansive mappings in Banach space and prove some convergence theorems as

follows.

Theorem 1.3. Let X be a real Banach space and let C' be a nonempty closed
convex subset of X. Fori=1,2, letT; : C — C be a quasi-nonexpansive mapping
such that F(Ty) N F(Ty) # 0. Let {a,}, {b,}, {an} and {B,} be sequences in [0, 1]
and {u,} and {v,} be sequences in C, where define the sequences {x,} and {y,}

by

Yn = ﬂnTan + (1 - ﬁn - an)mn + a,vy,

Tpt+1 = anlen + (1 — Qp — bn)yn + bnun (11)

Assume that

(i) {an + Bn} and {b, + a,} are sequences in [0, 1] and

(0.0 [o.¢]
Zan < 00 anden < 00;
n=1 n=1

(17) {un} and {v,} are bounded.
Then the iterative sequence {x,} defined in (1.1) converges strongly to a common

fixed point of Ty and Ty if and only if

liminf d(z,, F(T1) N F(T3)) = 0.

n—oo



Theorem 1.4. Let X, C, T;(i = 1,2) and the iterative sequence {x,} be as in
Theorem 1.3. Suppose that conditions (i) and (ii) in Theorem 1.3 hold. Assume
further that the mapping T;(i = 1,2) is asymptotically reqular in x,, and there
exists an increasing function f : RY — RT with f(r) > 0 for all v > 0 and for

1 =1,2, we have
\|xn, — Tixyn|| > f(d(zn, F(Th) N F(13))) for alln > 1.

Then the sequence {x,} converges strongly to a common fixed point of Ty and T.



CHAPTER 2

Preliminaries

In this chapter, we first collect fundamental knowledge in mathe-
matical analysis (p 4-7) and basic knowledge about metric spaces and normed
spaces (p 11-13). Then we study in detail on the classical Banach fixed point

theorem, and finally, some fixed point theorems on quasi-nonexpansive mappings.

2.1 Fundamental knowledge without proof

In this section, we give some well-known definitions and theorems
without proof. Definition 2.1 - 2.9, Axiom 2.1, Theorem 2.2 - 2.4, 2.6 - 2.9, 2.11
- 2.13 and Corollary 2.5, 2.10 are from [7], Definition 2.10 - 2.19, 2.21 Theorem
2.17 - 2.18 are from [5], Definition 2.22 is form [6] and Definition 2.23 is from [4].

Definition 2.1. (Upper Bound and Lower Bound). Let S be a nonempty
subset of R.

(a) If a real number M satisfies s < M for all s € S, then M is called an upper
bound of S and the set S is said to be bounded above.

(b) If a real number m satisfies m < s for all s € S, then m is called a lower

bound of S and the set S is said to be bounded below.

Definition 2.2. (Supremum and Infimum). Let S be a nonempty subset of
R.

(a) If S is bounded above and S has a least upper bound, then we will call it
the supremum of S and denote it by supS.

(b) If S is bounded below and S has a greatest lower bound, then we will call
it the infimum of S and denote it by infS.



Axiom 2.1. (Completeness Axiom). FEvery nonempty subset S of R that is
bounded above has a least upper bound. In other word, sup S exists and is a real

number.

Definition 2.3. (Convergent Sequence). A sequence {s,} of real numbers is

said to converge to the real number s provided that

for each € > 0 there exists a number N such that

n > N implies |s, — s| < €.

If {s,} converges to s, then we will write lim s, = s, lims, = s, or s, — s.
n—oo

The number s is called the limit of the sequence {s,}. A sequence that does not

converge to some real number is said to diverge.

Definition 2.4. (Bounded Sequence). A sequence {s,} of real numbers is said

to be bounded if there exists a constant M such that |s,| < M for all n.
Theorem 2.2. Convergent sequences are bounded.

Definition 2.5. (Monotone Sequence). A sequence {s,} of real numbers is
called a nondecreasing sequence if s, < s,y1 for all n and {s,} is called a nonin-
creasing sequence if s, > s,41 for all n. Note that if {s,} is nondecreasing then
Sn < S, Whenever n < m. A sequence that is nondecreasing or nonincreasing will

be called a monotone sequence or a monotonic sequence.

Theorem 2.3. (Monotone Convergence Theorem). All bounded monotone

sequences converge.
Theorem 2.4.

(1) If {sn} is an unbounded nondecreasing sequence, then lim s, = 4o0.

n—oo

(2) If {sn} is an unbounded nonincreasing sequence, then lim s, = —oo.

n—oo
Corollary 2.5. If {s,} is a monotone sequence, then the sequence either con-
verges, diverges to +o0o, or diverges to —oo. Thus lim s, is always meaningful

n—oo

for monotone sequences.



Definition 2.6. (lim sup and lim inf). Let {s,} be a sequence in R. We define
limsup s, = A}im sup{s, : n > N}

and

liminf s, = ]\}im inf{s, :n > N}

Theorem 2.6. Let {s,} be a sequence in R.

(1) If lim s, is defined [ as a real number, +00, —o0 |, then

liminfs, = lim s, = limsups,.

n—00 n—00 n—o00

(2) If liminf s, = limsup s, then lim s, is defined and

n—o00 n—00 n—00

lim s, = liminf s, = limsups,,.

n—00 n—00 n—00

Definition 2.7. (Cauchy Sequence). A sequence {s,} of real numbers is called

a Cauchy sequence if

for each € > 0 there exists a number N such that

m,n > N implies |s, — s,,| < €.

Theorem 2.7. (Cauchy Completeness Theorem). A sequence in R is con-

vergent if and only if it is a Cauchy sequence.

Theorem 2.8. (Sandwich Theorem). Let {a,}, {b,}, {c.} be sequences and

a, < b, <c, forall n. If lim a,, = lim ¢, = L (defined) then lim b, = L.

Definition 2.8. (Subsequence). Suppose that {s,} is a sequence. A subse-
quence of this sequence is a sequence of the form {t;} where for each k there is a

positive integer n; such that
np<Ng < - <Np < Npp1 < -

and



Thus {tx} is just a selection of some | possibly all | of the s,’s, taken in order.

Theorem 2.9. If the sequence {s,} converges, then every subsequence converges

to the same limit.

Corollary 2.10. Let {s,} be any sequence. There exists a monotonic subsequence

whose limit is limsup s,, and there exists a monotonic subsequence whose limit is
n—oo
liminf s,,.

n—od

Definition 2.9. (The Cauchy Criterion for Series). We say that a series

Z a, satisfies the Cauchy criterion if its sequence {s,} of partial sum is a Cauchy

n=1
sequence:

for each € > 0 there exists a number N such that

m,n > N implies |s, — | < €. (2.1)

Nothing is lost in this definition if we impose the restriction n > m. Moreover,
it is only a natural matter to work with m — 1 where m < n instead of m where

m < n. Therefore (2.1) is equivalent to

for each € > 0 there exists a number N such that

n >m > N implies |s, — sm_1| < €. (2.2)
n
Since S, — Syp—1 = Z a, condition (2.2) can be written
k=m

for each € > 0 there exists a number N such that

n

>

k=m

n >m > N implies < €. (2.3)

Theorem 2.11. A series converges if and only if it satisfies the Cauchy critertion.

o)
1
Theorem 2.12. E — < 00 converges if and only if p > 1.
n
n=1

Theorem 2.13. (Mean Value Theorem). Let f be a continuous function on
la, b] that is differentiable on (a,b). Then there exists [at least one] x in (a,b) such

that




2.2 Basic knowledge with proof

In this section, we give some basic knowledge which known, but the
proof cannot be found. Some are very old results while the other have proof but
we want to give more detail here so that those who are interested in this area may
study and understand more easily.

The following are useful lemmas we will use to obtain Theorem 3.1.

Lemma 2.14. Let {a,} be a sequence of real numbers. Then lm sup a,i, =
m—o0 nzm

lim sup a,.

M—00 i >m

Proof. Let Ly = lim sup a,., and Ly = lim sup a,. We will prove that L, =
Mm—0 n>m m—0 n>m

L. Since {anim : n > m} C {a, : n > m}, we see that
sup{an1m : n > m} < sup{a, : n > m}.

That is lim sup{a,im : n > m} < lim sup{a, : n > m}, ie., L1 < Ly. Next, we
will show that Ly > Ls. Suppose not, i.e., L1 < Ls.

Since lim sup @,y = L1, 3N € N such that m > N implies

M—00 1>y

|sup{anim :n>m} — Ly| < Ly — Ly.

Thus
Cppm < Lo ,Vn>m > N,
which implies that
a, < Loy Nr>m >N
sup{a, : ¥ > m} < Ly ,Vm > N.

Taking m — oo, we get limsupa, < Lo, i.e., Ly < Ly, a contradiction. Hence

r—00

L1 > Lo, as desired. O

Lemma 2.15. Let {a,}, {b,} and {6,} be sequences of nonnegative real numbers

satisfying the inequality



ani1 < (14 6,)ay, + by, for all n.

Iff:én < 0o and ib” < 00, then
n=1 n=1

(1) lim a, < 0o evists.

n—oo

(2) lim a, =0 if {a,} has a subsequence converging to zero.
Proof. Let {a,}, {b,} and {0,} be sequences of nonnegative real numbers satisfy-
ing
ani1 < (14 6,)ay, + b, for all n.

where {b,} and {0,,} converges. We will show that limsupa, = liminf a,, which

n—o0 n—oo

implies lim a, exists. Since we know that limsupa, > liminf a,, we need only

n—oo n—oo n—oo

prove that limsup a,, < liminf a,. Since a,+; < (1 + d,)a, + b,, we have

n—oo n—00

An+m S (1 + 5n+m—1)an+m—1 + bn+m—1

IN

(66n+M71)an+m—1 + bppm—1

IA

(1 + Opim-2)ntm-—2 + bnpm—2} + bnim1

IN

66n+m_1{(€§n+m_2>an+m72 + bn+m72} + bn+m71

— 677, m— +6n m— (Sn m—
- (6 et * 2)an+m—2 + et 1bn+m—2 + bn—i—m—l

n+m—1 n+m—1
( > ak) ( > ak>
< ape\ k= —|—< Z bk) e\ k=n ,Vn,m e N.  (2.4)
k=n
n+m—1 n+m—1
Let € > 0. Since Z 0 and Z b, converge, AN € N such that
k=1 k=1
n+m—1 n+m—1
> Gu<eand > by<e foralln>N. (2.5)
k=n k=n

From (2.4) and (2.5), for all n,m > N, we have

Uppm < apef + €€
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Thus sup apim < €€ inf a, + e, ¥Ym > N.
n>m n>m
We see that

lim sup apim, < € lim inf a, + €€

M—00 1> m—oo n>m
= e liminf a, + eet.

n—o0

By Lemma 2.14, we see that

limsupa, = lim sup a,., < e liminf a, + ce®.

n—oo m—o0n>m n— oo

Taking € — 0, we get

limsup a,, < liminf a,,.

n—o00 n—00

Hence lim sup a,, = lim inf a,,. Therefore lim a, exists.

n—oo n—00 n—00

If {a,} has a subsequence {a,, } converging to zero, then we have
lim a,, = liminfa,, =0,
n—oo n—oo

by Theorem 2.9. [

Lemma 2.16. Let {z,} be a sequence in a normed space X . Assume that for any

€ > 0 there exists an N such that
|xnin — zn|| < € for all n.
Then {x,} is a Cauchy sequence in X.
Proof. Let € > 0. By assumption, there exists /N such that
|Tnin — zn|| < g for all n.
For m,n > N, we have
|zn —2n] <5 and ||z, —2Nn| < 5.
Thus

[0 = zmll < flzn = 2n]l + l2m — 2n]
- e+e
2 2

= €.

Hence {z,} is a Cauchy sequence. O
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2.3 Basic knowledge about metric spaces and normed spaces

Definition 2.10. (Metric space, Metric). Let X be a nonempty set. A function
d defined on X x X is called a metric on X if it satisfies the following properties:
(1) Vz,y € X, d(z,y) > 0.
(2) Vr,y € X, d(z,y) =0 <z =y.
(3) Vz,y € X, d(z,y
(4) Va,y € X, d(z,y) < d(z,z) +d(z,y). (Triangle inequality)

) =d(y,x). (Symmetry)

In this case, (X, d) is called a metric space.

Definition 2.11. (Distance). The distance d(x, A) from a point x to a nonempty
subset A of a metric space (X, d) is defined to be

d(x,A) = inf d(z, a).

a€A

This infimum certainly exists in R and is nonnegative. If x is already in A, then,

of course, d(z, A) = 0.

Definition 2.12. (Ball and Sphere). Given a point zy € X and a real number
r > 0, we define three types of sets:

(1) B(xg;r) = {x € X|d(x,x9) <7r}. (Open ball)

(2) B(zo;r) = {z € X|d(x,x0) <r}. (Closed ball)

(3) S(xo;7) = {x € X|d(x,29) =7r}. (Sphere)

B
B

In all three cases, xg is called the center and r is called the radius.

Definition 2.13. (Open Set, Closed Set). A subset M of a metric space X is
said to be open if it contains a ball about each of its points. A subset K of X is
said to be closed if its complement (in X) is open, that is, K¢ = X — K is open.

Definition 2.14. (Convergence of a Sequence, Limit). A sequence {z,} in
a metric space X = (X,d) is said to converge or to be convergent if there is an

x € X such that

lim d(z,,z) = 0.

n—oo



12

x is called the limit of {z,,} and we write

lim z, =«

n—oo
or, simply, Ty — .
We say that {x,} converge to x or has the limit x. If {x,} is not convergent, it is

said to be divergent.

Definition 2.15. (Cauchy sequence, completeness). A sequence {z,} in a
metric space X = (X, d) is said to be Cauchy ( or fundamental ) if for every e > 0
there is an N such that

d(xpm, x,) < € for every m,n > N.

The space X is said to be complete if every Cauchy sequence in X converges.

( That is, has a limit which is an element of X).

Theorem 2.17. (Closed set). Let M be a nonempty subset of a matric space
(X,d). Then M is closed if and only if the situation x,, € M, x,, — x implies that
xre M.

Definition 2.16. (Normed Space, Banach Space). Let X be a vector space.

A norm || - || defined on X is called a norm on X if it satisfies the following
properties:

M) o) > o.

(2) |||l = 0 if and only if 2 = 0.

(3) ||az|| = ||| ]]- (Absolute homogeneity)

() o+l < 2l + |yl (Triangle inequality)
In this case, (X, || - ||) is called a normed space. Note that a complete normed

space is called a Banach space.

Definition 2.17. (Convex set). A subset C of a vector space X is said to be

convez if x,y € C' implies

M={zeXz=ar+(1-a)y,0<a<1} CC.
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Definition 2.18. (Fixed Point). Let X be a set and 7' : X — X be a self-
mapping. A fized point of T' is an x € X such that
Tr =z.
Example 2.1. Let X = R. Define f : R — R by
f(z) = 2% — 3z + 4.

To show that f has a fixed point, we solve f(x) = x and get that x = 2. Thus 2

is the only fixed point of f.
Example 2.2. Let X = R. Define g : R — R by
g(z) = 2% — 2.

To show that g has a fixed point, we solve g(z) = x and get that z = —1,2. Thus
—1 and 2 are fixed point of g.

Example 2.3. Let X = R. Define f : R — R by
flz) =z + 1
We see that f(z) # x. Therefore f has no fixed point.

Theorem 2.18. (Subspace of a Banach space). A subspace Y of a Banach
space X is complete if and only if the set 'Y 1is closed in X.

Convergence of sequences and related concepts in normed spaces
follow readily from the corresponding Definition 2.15 for metric spaces and the
fact that now d(z,y) = ||l — y||

A sequence {x,} in a normed space X is Cauchy if for every € > 0

there is an N such that
|Zm — Tnl| < € for all m,n > N.

Definition 2.19. (Strong Convergence). A sequence {z,} in a normed space
X is said to be strongly convergent ( or convergent in the norm ) if there is an

x € X such that
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lim ||z, —z|| =0
n—oo
This is written
lim z, =z
n—oo
or simply
Tp — T

x is called the strong limit of {x,}, and we say that {x,} converges strongly to .

2.4 Banach fixed point theorem

Definition 2.20. (Picard Iteration). Let X = (X,d) be a metric space and
T : X — X. Picard iteration of T is a recursive sequence xg, 1, Z2,... from a

relation of the form

Tni1 =Tz, n=20,1,2, ..
with arbitrary zo € X.
We see that
r1 = Tuxg
w9y = Ty =T(Txe) = T?xg
z, = TMxz.
This shows that x, = Tz, 1 = T"z, n=123,...

Definition 2.21. (Contraction Mapping). Let X = (X, d) be a metric space.
A mapping T : X — X is called a contraction mapping on X if there is a positive

real number 0 < a < 1 such that for all z,y € X

d(Tz,Ty) < ad(zx,y).
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Geometrically this means that any point x and y have images that are closer
together than those points x and y; more precisely, the ratio d(Tz, Ty)/d(z,y)

dose not exceed a constant o which is strictly less than 1.
Example 2.4. Let X = R with the usual norm | - |. Define 7: R — R by
Tr=35, zekR

Consider

r oy 1 1
Tz — Ty 5 5 ‘Q(x y)‘ 2|:v Y|

Therefore T' is a contraction mapping on R.

Example 2.5. Let X = [a,1], 0 < a < 1 with the usual norm |- |. Define
f+la,1] — [a, 1] by

f(x) =sinx, € la,l].

f(@)—1(y)

) for

By mean-value theorem: for any differentiable function f, f'(t) =

some t between z and y. So that, we get

f@)=fly) = fO) (@ —y)
[f(@) = fw)l = [f®llz =yl

|sinz —siny| = |cost||z —y|.

Since cosz is decreasing on [a, 1], |cost| = cost < cosa < 1. Therefore |sinz —

siny| < |z — y|. Hence f is a contraction mapping on [a, 1].

We now ready to prove the very first fixed point theorem. The
Banach fixed point theorem is important as a source of existence and uniqueness
theorems in different branches of analysis, as Erwin Kreyzig said in [5]. So the

generalization of Banach fixed point theorem is very important and is interesting.

Theorem 2.19. (Banach Fixed Point Theorem or Contraction Theo-
rem). Consider a metric space X = (X, d), where X # &. Suppose that X is
complete and let'T' : X — X be a contraction mapping on X. Then T has precisely

one fized point.
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Proof. We will show that the sequence {xz,} of Picard iteration of T" is Cauchy, so
that it converges in the complete space X, and then we prove that its limit z is a
fixed point of T" and T has no further fixed points.

Let o € X and define the {z,} to be a sequence of Picard iteration that

is &1 =Tz, forn=0,1,2,... Let € > 0 and m,n € NU {0}. Consider

d(xm+17 xm) = d(TIm, Txm71>

IA

ad(Tpm, Ty—1)

= ad(Txym_1, T )

IN

Oé2d($m_1, xm—Z)

< a™d(x, xp). (2.6)

Assume that n > m. By the triangle inequality, the formula for the sum of a

geometric progression and (2.6), we have

d(Tpm, )

IN

d((L’m, xm—l—l) + d(xm+17 xm+2) + ...+ d(xn—h xn)

IN

a™d(zy1, z0) + ™ (2, 20) + ... + (21, 20)

(@™ + o™ 4™ Yd(2y, 20)

< a™(1+a+a?+..)d(z,x)
am
= 11— ad(,fl, l’o). (27)
. . . (1 —a) .
Since 0 < o < 1, we have lim o™ = 0. Since ————— > 0, there exists N
n—00 d(xg,z1) + 1
such that
m 6(1 B CY)

————  forall m > Nj.
Azo ) + 1 or all m 0
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From this and the inequality (2.7), we get

d(zp, xm) < Oéml i ad(:r;o,xl)
(1 —a) 1

d(zg,z1)+1 1—a
ed(xg, 1)

= — for all Ng.
d(xo,xl)—|—1<€ or all m,n > Ny

< d(l‘o,xl)

Thus {z,} is a Cauchy sequence. Since X is complete, {x,} converges, say x, —
x € X. That is, lim d(z,,z) =0.
We next show that this limit x is a fixed point of the mapping T'. By the

triangle inequality and definition of contraction mapping we have
d(z,Tz) < d(z,x,)+ d(x,, Tx)

= d(z,z,) +d(Tx,1,T2)

< d(z,z,) + ad(zy—1, ).

Taking n — oo, we have
d(xz,Tz) <0.

By property (M1) of the metric d we obtain that d(x,Tz) > 0 and so d(z, Txz) = 0.
By property (M2) of the metric d we get Tx = . This show that x is a fixed point
of T.

Next we show that x is the only fixed point of T. Let x and x* be fixed
points of 1. Thus Tx = xz and Tx* = x*. Then

d(xz,z*) =d(Tx,Tx*) < ad(z,z")

and so

d(z,z") — ad(x,z")

IN
o

(1—-a)d(z,z") < 0

Since 1 — a > 0, we have d(z,z*) = 0. By property (M2) of the metric d, we get

x = z* and the theorem is proved. O]
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2.5 Some fixed point theorems on quasi-nonexpansive map-
pings

Definition 2.22. (Quasi-Nonexpansive Mapping). Let X be a real Banach
space, C' a closed subset of X, and T": C' — X such that T" has a nonempty set of
fixed points F/(T') C C. T is called quasi-nonexpansive if

[Tz — p|| < ||z —p

for all z in C and p in F(T). If the range of T'is C, i.e., T : C — C, we called T

a self-mapping.
Example 2.6. Let X = R with the usual norm |- |. Define 7" : [0, 1] — [0, 1] by
Te=2 2€l01].

To show that T" has a fixed point, we solve Tx = x and get that x = 0. Thus 0 is
the only fixed point of T". Next, we want to show that 7" is a quasi-nonexpansive

mapping. Also, we get
Ta =0 = |5 =0l = [ < la] = [z 0]
Hence T is a quasi-nonexpansive mapping on [0, 1].
Example 2.7. Let X = R with the usual norm | - |. Define 7" : [0, 2] — [0, 2] by
Te=2-3c+4, z€l0,2].

To show that T" has a fixed point, we solve Tx = x and get that x = 2. Thus 2 is

the only fixed point of T'. Next, we want to show that 7' is a quasi-nonexpansive
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mapping. Also, we get

Tz —2| = |2°—32+4—2
= |2® — 3z + 2|
= |2 -2z — 2+ 2|
= (e =2) - (z - 2)

= [z —1)(z-2)|
= |z — 1|z —2|
<z —2f.

Hence T is a quasi-nonexpansive mapping on [0, 2].

Definition 2.23. (Asymptotically regular). Let X be a real Banach space.
Let C be a nonempty subset of X. A mapping 7 : C' — (' is said to be

(1) asymptotically reqular in x, if
Ty [T (a0) = T ) = 0.
(2) asymptotically reqular in x,, if
ligrliorgf |xn — Tx,|| = 0.

The following are useful lemmas we will use to obtain the Theorem
2.23, 2.26 and 3.1 . Lemma 2.20 is from [5]. Lemma 2.21 and Lemma 2.22 are
exercises in some text. We give proof here for those who are interested in this

field.

Lemma 2.20. If C' is a nonempty closed subset of a normed space X, x € X and

d(z,C) =0 thenz € C.

Proof. Let C' C X be closed, z € X and d(z,C) =0 i.e. in(fj d(xz,y) = 0. We will
ye

show that ¢ € C. For n € N we have

. . 1
inf d(x,y) < inf d(z,y) + .
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By definition of infimum we obtain that for n € N there exists y,, € C such that

1
= inf d d(z, yn inf d(z, —.
0= inf d(z,y) < d(z,ya) < inf d(z,y) + -
From this and by Sandwich Theorem we get

lim d(z,y,) = 0.

That is y,, — x. Since C'is closed, y,, € C' and y,, — x, by Theorem 2.17 (Closed

set) we have z € C. O

Lemma 2.21. Let C' be a nonempty closed subset of a Banach space X and
T : C — C be a quasi-nonexpansive mapping with the fived point set F(T) # 0.
Then F(T) is a closed subset of C.

Proof. We will show that F(T) is closed. For this we let y,, € F(T) and y,, — y.
If we can show that y € F(T'), then by Theorem 2.17 (Closed set) F(T') is closed.

From y,, — y, it means
Tim |y —y[| = 0.

We will show that y € F(T), i.e., Ty =y or ||[Ty — y|| = 0.

Since T' is quasi-nonexpansive, by the Triangle inequality, we have

0 < ||Ty —y 1Ty — Yo + yn — Y|

IN

1Ty = ynll + lyn — ¥l

S Hy - yn” + Hyn - y“

2/|yn — yll
By Sandwich Theorem we get
1Ty =yl = 0.

By property of norm we get Ty = y. Thus y € F(T).
Hence F(T) is closed. O
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Note that, for quasi-nonexpansive mapping 7; : C' — C' (i=1,2) with
the common fixed point set F(T7) N F(Ty) # 0, this shows that F(T7) # 0 and
F(T3) # 0. From above we get F/(T1) and F(Ty) are closed. Thus F(T1) N F(T3)

is closed.

Lemma 2.22. Let X be a metric space and C' a nonempty subset of X. If {x,}

is a sequence in X such that x, — x, then lim d(z,,C) = d(z,C).

n—oo

Proof. Let x, — x. We want to show that d(z,,C) — d(z,C). We will show that
lim |d(x,,C) —d(z,C)| = 0. Since z,, — z, lim d(x,,x) = 0. By the Triangle

inequality, we have for n € N, that

d(z,,C) < d(x,,z) +d(xz,C)

d(z,,C) —d(z,C) < d(zp, ) (2.8)
Similarly, we can show that
d(z,,C) —d(z,C) > —d(z,, x). (2.9)

From (2.8) and (2.9) we have —d(z,,z) < d(z,,C) — d(z,C) < d(x,,x) for all
n, then |d(x,,C) — d(z,C)| < d(z,,x), for all n. By Sandwich Theorem and
lim d(z,,z) = 0. We get that lim |d(z,,C) — d(z,C)|=0. O

Note that, for a quasi-nonexpansive mapping 7; : C' — C' (i=1,2)
with the common fixed point set F/(T1) N F(T3) # 0 and {z,} is a sequence in C
such that x,, — z. From above we get Jirgo d(x,, F(T1) N F(Ty)) = d(z, F(T1) N
F(Ty)).

We found Theorem 2.23, Proposition 2.24, Lemma 2.25 and Theo-
rem 2.26 in [6]. There they gave only rough explanation about the proof. We gave
a more detailed proof for those who are interested in this field and need a further

study.
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Theorem 2.23. Let X be a real Banach space, C' a closed subset of X, and T a
quasi-nonezpansive mapping of C' into C with nonempty set F(T') of fized points.
Suppose there exists a point xo in C such that the sequence {x,} of iterates lies in
C, where x, (= T™(x)) is given by

(S1) xn =T (1), n=1234,..

Then {x,} converges to a fized point of T in C if and only if the following condi-
tion (M) holds:

(M) lim d(z,, F(T)) = 0.

n—oo

Proof. Let {z,} converge to a fixed point of 7"in C. We will show that lim d(z,, F(T)) =
0. Let x be a fixed point of 7" in C such that {z,} converges to x, we have

lim d(x,,z) = 0. By definition of infimum and x € F(T") we obtain that

n—oo

0<d(zx,,F(T)) = inf d(z,,2) <d(z,, ).

2€F(T)

By Sandwich Theorem we get

lim d(x,, F(T)) = 0.

Conversely, let lim d(x,, F(T)) = 0. We want to show that {z, } converges to a
fixed point of T in C. We will show that {z,} is a Cauchy sequence in C. Let
e > 0. Since lim d(x,, F(T)) = 0, there exists N such that

n>N = dz,, F(T)) <

A oo

DO | ™

= inf d(x,,
,ant (Tn,y)

— inf || | <<
mn Ty — -
yeF(T) y 2

By definition of infimum, for n > N, there exists y,, € F(T') such that

[z = ynll < 5.
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Since T is quasi-nonexpansive and x, = Tx,,_1, for all n, we have

Haferk—ymH = HTmerkfl_ymH

S ||$m+k’—1 - ymH

< lem = ymll-
For n,m > N such that n =m 4+ k > m > N we have

[z = 2mll - <l = Ymll + [[Ym — 2]
< llem = ymll + ym = 2]

= 2[|ym — Tul|

A
N

S— =€

2

Thus {z,} is a Cauchy sequence in C. Since X is complete and C' C X is closed,
by Theorem 2.18 (Subspace of a Banach space) we have C' is complete. So that
T, =z € C.
Next, we will show that z is a fixed point. By Lemma 2.22 we have JLIEO d(x,, F(T))
=d(z, F(T)). So that

0= lim d(z,, F(T)) = d(z, F(T)).

n—oo

By Lemma 2.21 we have F(T') C C is closed and by Lemma 2.20 since z € C' and
d(x,F(T)) =0, x € F(T). Hence {x,} converges to a fixed point of T in C. [

Proposition 2.24. Suppose X, C, T and xq satisfy the conditions of Theorem
2.23 . Suppose further that

(1) T is asymptotically reqular at xq.

(2) If {yn} is any sequence in C such that ||(I —T)(y,)|| — 0 as n — oo, then
ligglf d(yn, F(T)) = 0.

Then {z,} determined by the process (S1) in Theorem 2.23 converges to a fized
point of T in C.
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Proof. To show that {x,} converges to a fixed point of T"in C', we apply Theorem
2.23. So that we will show that lim d(z,, F(T)) = 0. Let p € F(T). Since T is

quasi-nonexpansive, we have

lznsr —pll = T o — p]
< [Tz = pll
= zn—pl.

So that d(z41, F(T)) < d(x,, F(T)). This implies that the sequence

{d(zy, F(T))} is nonincreasing. Since T is asymptotically regular at xo, we have
0= lim |[T"xg — T" || = lim ||z, — Tx,| = lim |[(I — T)x,]|.

Hence, by (2), we have that

liminf d(x,, F(T)) = 0.

n—oo

By Corollary 2.10, there exists a monotone subsequence whose limit is lim inf d(x,,, F/(T')).

n—oo

Since lim inf d(z,,, F(T')) = 0, by Theorem 2.3 we have lim d(x,, F(T)) = 0. Thus
from Theorem 2.23, it follows that {x,} converges to a fixed point of T in C. [

Let X be a Banach space, C' a closed convex subset of X, and T a
quasi-nonexpansive map of C' into C. Suppose there exists a point zy in C' such

that, for some A in (0, 1), the sequence {z,} given by (5S2) lies in C.
(S2) Tp=Ta(xpn1), o€ C, Th=XXT+(1-=XNI, Xe(0,1),
We see that

T = T/\(Io)

To — T)\(J,j) = T)\(T)\Io) = Tf(l’o)

T, = Ty(xo)

Thus we conclude that z,, = Ty (z,-1) = T3 (o), n=1223,...
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Lemma 2.25. Let X be a Banach space, C' a subset of X, and T a quasi-
nonexpansive map of C' into C'. Suppose there exists a point x¢ in C such that,
for some X\ in (0,1), the sequence {x,} given by (S2) lies in C, where Ty =
AT + (1 — M) (the identity mapping on C). Then T\ is a quasi-nonerpansive

mapping.

Proof. Let xy € C and p € F(T'). We want to show that ||T)(x¢) —p|| < ||xo —p||-
Since T is quasi-nonexpansive, by the Triangle inequality and absolute homogene-

ity, we have

[T\ (zo) = pl| = [[ANzo+ (1= N)Izg— (1= X)p—Ap||

[ATzo + (1 = N)ao — (1 = A)p — Ap||

IN

(1= Mllzo = pll + AllTzo — pl|

IN

(1= Nlzo = pll + Allzo — pll

o — p]|-

So that ||T\(zo) — p|| < ||lxo — p|| for all zy € C and p € F(T'). Hence T} is a

quasi-nonexpansive mapping. ]

Theorem 2.26. Let X be a Banach space, C' a closed convex subset of X, and T
a quasi-nonexpansive map of C into C. Suppose there exists a point xy in C' such
that, for some X\ in (0,1), the sequence {z,} = {T\(x0)} given by (S2) lies in C.
Then {x,} converges to a fized point of T in C if and only if

(C) lim d(T3!(x0), F(T) = 0.

Proof. We first assume that {x, } converges to a fixed point of T in C'. We will show
that lim d(T} (xo), F(T)) = 0. Let = be a fixed point of 7" in C such that {z,}
converges to x and {z,,} = {TV(xo)}, we have lim d(z,,z) = lim d(T(z¢),z) =

0. By definition of infimum and = € F(T') we obtain that

0 < d(T}(w0). F(T)) = inf_d(T}(a0).) < d(T3(x0). ).

yeF(T

By Sandwich Theorem we get
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lim d(T7(x0), F(T)) = 0.

n—oo

Conversely, let lim d(TY(xg), F(T)) = 0. We want to show that {x,} converges
to a fixed point of 7" in C. We will show that {z,} is a Cauchy sequence in C.
Let € > 0. Since {z,} = {T{(x0)} and lim d(7T} (o), F(T)) = 0, there exists N
such that

n>N = d(TY(zy), F(T)) <

€

€
2
< —
2

inf d(T™
= f (T (0), )

€
= inf ||7% - < =
nf 1T (o) — vl < 3

= inf | | < <
n Ty — —.
yeF(T) J 2

By definition of infimum for n > N there exists y, € F'(T') such that
[z = ynll < 5-

Since T is quasi-nonexpansive and x, = T'x,,_1, for all n, we have

me-i-k_ymH = HTxm-i-k—l_ymH

A

> ||xm+k—1 - ymH

< lem = ymll-
For n,m > N such that n =m 4+ k > m > N we have

[z = 2mll - < ln = ymll + [[Ym — 2]
< llem = ymll + ym = 2]

= 2||Ym — Tml|

A
N

c— =€

2

Thus {z,} is a Cauchy sequence in C'. Since X is complete and C' C X is closed,
by Theorem 2.18 (Subspace of a Banach space) we have C' is complete. So that

z, — x € C.
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Next we will show that x is a fixed point. By Lemma 2.22 we have lim d(x,, F'(T))
=d(z, F(T)). So that

0= lim d(z,, F(T)) =d(z, F(T)).

n—0o0

By Lemma 2.21 we have F(T') C C is closed and by Lemma 2.20 since = € C' and
d(z,F(T)) =0, x € F(T). Hence {x,} converges to a fixed point of T in C. [



CHAPTER 3

Main Results

Let X be a real Banach space and let C' be a nonempty closed convex
subset of X. For ¢ = 1,2, let T; : C — C be a quasi-nonexpansive mapping such
that  F(Ty) N F(Tz) # 0 in C. We are interested in sequences in the following

process. For x; € C' and n > 1, define the sequences {z,} and {y,} by

Yn = ﬁnTZIn + (1 - 611 - an>xn + a,vy,

Tpt1 = & T1Yn + (1 — i — bp)Yp + b, (3.1)
where {a,}, {b,}, {an} and {f,} are sequences in [0,1] and {u,} and {v,} are
sequences in C. Note that since C' is a nonempty convex subset of X and the
sequences {x,} and {y,} are convex combinations of elements in C, we conclude

that {x,} and {y,} are sequences in C.
T, =T,=T, (3.1) becomes

Yn = ﬁnT'rn + (1 - 6n - an)xn + an,vy,

Tpt+1 = anTyn + (1 — Oy — bn)yn + bnuna (32)

3.1 Main Theorems

We have the following theorems.

Theorem 3.1. Let X be a real Banach space and let C' be a nonempty closed
convez subset of X. Fori=1,2,letT; : C'— C be a quasi-nonexpansive mapping
such that F(T1)NF(Ty) # 0. Let {a,}, {bn}, {an} and {B3,} be sequences in [0, 1]
and {u,} and {v,} be sequences in C. Assume that

(i) {an + Bn} and {b, + a,,} are sequences in [0, 1] and

oo (o ¢]
Zan < 00 anden < 00;
n=1 n=1

28
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(17) {un} and {v,} are bounded.
Then the iterative sequence {x,} defined in (3.1) converges strongly to a common

fixed point of Ty and Ty if and only if

liminf d(x,,, F(T1) N F(Ty)) = 0.

Proof. We first prove the necessity.

Assume that {x, } converges strongly to a common fixed point of 7T} and T5 i.e.
there exists p € F'(T1) N F(T3) such that nhjgo |z, — p|| = 0. That is liTILri%)rolf e, —
p|| = 0 by Theorem 2.6. By Definition 2.11,

d(zn, F(T)) N F(Ty)) = inf W= < llzn — 1.
(@ FO)NFT) = inf o, =) < o =gl

Taking limit infimum as n — oo, we have liminf d(z,, F'(T7) N F(Ty)) = 0, as

n—oo

desired.
Now, we prove the sufficiency. Let p € F(T) N F(T3). By the boundedness of
{u,} and {v,}, we let

M = max {sup |un — pl], sup ||lv, —pH} :
n>1 n>1

Since T; : C' — C' is a quasi-nonexpansive mapping for i = 1,2, (3.1) and by the

triangle inequality, we have

||yn _pH = ||6nT2xn + (1 - 671 - an)xn + apUp — p”

IN

Bul|Toxy — pl| 4+ (1 = By — an)||2n — p| + anllvn — pl|
< Ballzn —pll + (1= Bo — an) |70 — pl| + @M

= (1 - an)Hxn _pH +a, M
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and

Hanrl - pH = HO‘nlen + (1 — Op — bn)yn + bpn — p”

||anT1yn + (1 — Qp — bn)yn + bpty — (1 — Qp — bn)p — Qpp — bnp“

IN

an||len _pH + (1 — Qp — bn)Hyn _pH + anun _pH

IN

anllyn = pll + (1= an = bn)lyn = pll + bn M

1 —b,)|yn — pl| + 0, M

IN

(
(1 =02) {(1 = an) ||z — pll + @M} + b, M

(1= b,)(1 = an)l|zn — pll + (1 = bp)anM + b, M
(1= an — by + anby) ||z — pll + (an + by — anby) M
< lan —pll + (an + by)M

= ||zn — pll + dn, (3.3)
where d,, = (a,,+b,) M. Now by the assumptions that Z a, < oo and Z b, < oo,

we have that Zd < 00. Then Lemma 2.15 implies that hm |z, — p|| exists.

From (3.3) and by induction, for m,n > 1 and p € F(T1) N F(T3), we have

n+m—1

|Znsm = pll < llza —pl + Y da (3.4)

i=n

From (3.3) and taking the infimum over p € F(T1) N F(T3), we obtain
d(l’n+1, F(Tl) N F(TQ)) S d([En, F(Tl) N F(Tg)) + dn

By Corollary 2.10, there exists a monotonic subsequence whose limit is
lim mf d(z,, F(T1) N F(T3)). By the assumption liminf d(x,, F'(11) N F (1)) = 0

and Lemma 2.15 tells us that

lim d(z,, F(T1) N F(T3)) = 0. (3.5)

n—oo

Next, we show that {z,} is a Cauchy sequence in X. Let ¢ > 0 From (3.5) and

Z d, < oo, there exists ng € N such that, for n > ng, we have

n=1
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d(z, F(TY) N F(T3)) < . (3.6)

o0
, > d, <
n=ng

By the first inequality in (3.6) and the definition of infimum, there exists py €
F(T1) N F(Ty) such that

1
N ™

€

; (3.7)

[, = poll <
Combining (3.4), (3.6) and (3.7), for any positive integer m, we have

|Znotm = Tngll < | Tngem — DI + [[Zne — P

no+m—1

< g —pl+ D di+ l|zm, —pl
1=ng
no+m—1

= 2|z, —pll + Z d;
i=ng

€
< 2(=)+ =

Which implies that {z,} is a Cauchy sequence in X. But X is a Banach space, so
there must exist z € X such that x,, — z. Since C'is closed and {z,} is a sequence
in C' converging to z, we have that z € C'. Also, by Lemma 2.21, we have that
F(T)) and F(T3) are closed. Thus F(T1) N F(13) is closed. From the continuity
of d(x, F(Ty) N F(Ty)) by Lemma 2.22 with z,, — z as n — oo, we have

d(, F(T)) N F(Ty)) — d(z, F(Ty) N F(Ty)).
From (3.5), we have d(z,, F/(T1) N F (1)) — 0 So that
d(z, F(Th\) N F(Ty)) = 0.

Since F(T1) N F(T5) is closed, z € F(11) N F(Ts) by lemma 2.20. This completes
the proof. O
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Corollary 3.2. Let X, C, T;(i = 1,2) and the iterative sequence {x,} be as in
Theorem 3.1. Suppose that conditions (i) and (ii) in Theorem 3.1 hold and

(1) the mapping T;(i = 1,2) is asymptotically reqular in x, and

(2) iminf ||z, — T;x,|| = 0 implies that liminf d(x,, F(11) N F (1)) = 0.
Then the sequence {x,} converges strongly to a common fized point of T and T.
Proof. Since T;(i = 1,2) is asymptotically regular in x,, by Definition 2.23 we
have

liminf ||z, — Tiz,|| = 0; i =1,2.

From (2), liminf d(z,, F(T1) N F(Ty)) = 0. By Theorem 3.1, we see that the

sequence {x,} converges strongly to a common fixed point of T} and T5. O]

Theorem 3.3. Let X, C, T;(i = 1,2) and the iterative sequence {x,} be as in
Theorem 3.1. Suppose that conditions (i) and (ii) in Theorem 3.1 hold. Assume
further that the mapping T;(i = 1,2) is asymptotically reqular in x,, and there
exists an increasing function f : RY — RT with f(r) > 0 for all v > 0 and for

1 =1,2, we have

\xn, — Tix,|| > f(d(zn, F(Th) N F(13))) for alln > 1.
Then the sequence {x,} converges strongly to a common fized point of T and T.
Proof. From ||z, — Tyx,|| > f(d(x,, F(Th) N F(T3))) for all n > 1, we see that

|20 = Tianll = fld(zn, F(T7) N F(T3)))
[2n = Toxnl| = fld(zn, F(T7) N F(T3))).

From these, we have

|20 — Than|| + |20 — Toxn|| > 2f(d(xn, F(Th) N F(T3)))

(lzn = Thwnll + llon = Townll) = f(d(2n, F(T1) N F(T2))).

N —

By the assumption that 7T; is asymptotically regular in z,, for : = 1, 2,

0 > liminf f(d(z,, F(T}) N F(T3))).

n—oo
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Since f : RT — R*, we have that

lim inf f(d(z,, F(T}) N F(T3))) = 0. (3.8)

n—oo

We claim that liminf d(x,, F(T1) N F(T3)) = 0. Suppose not

n—oo

lim inf(d(x,, F'(T1) N F(T3)) # 0.

n—oo

So that

liminf d(z,, F(T1) N F(1T3)) = L > 0.

n—oo

Since liminf d(x,,, F(T1)NF(Ty)) = L > 0, we see that 3N; € N such that N > Ny

n—oo

implies

inf d(z,, F(T) N F(Ty) — L] < £

n>N 5
L . 3L
L
Since f is increasing, we have
L

We get

7 (£> < inf{f(d(z, F(T) N F(Ty))in > N} YN > Ny
< liminf{f(d(z,, F(T\) N F(T3)));n > N}

- n—00

Since f(r) > 0 if r > 0, we obtain

S 0<f (g) < liminf f(d(z,, F(Ty) N F(Ty))),

n—oo

contradiction with (3.8). Hence,

liminf d(z,, F(T1) N F(13)) = 0.

We see that {x,} converges strongly to a common fixed point of 7} and T3, by

Theorem 3.1, as desired. O
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If Ty =T, =T, we have the following result.

Corollary 3.4. Let X be a real Banach space and let C' be a nonempty closed con-
vex subset of X. Let T : C — C' be a quasi-nonexpansive mapping with nonempty
fized point set F(T). Let {an}, {bn}, {an} and {B,} be sequences in [0,1] and
{u,} and {v,} be sequences in C. Assume that

(i) {an + Bn} and {b, + o, } are sequences in [0, 1] and

(e.) o
Zan < 00 anden < 00;
n=1 n=1

(17) {un} and {v,} are bounded.
Then the iterative sequence {x,} defined in (3.2) converges strongly to a fized point

of T if and only if

liminf d(x,, F(T)) = 0.

n—oo

Corollary 3.5. Let X, C, T and the iterative sequence {x,} be as in Corollary
3.4. Suppose that conditions (i) and (i) in Corollary 3.4 hold. Assume further
that

(1) the mapping T is asymptotically reqular in x, and

(2) liminf ||z, — Tz, || = 0 implies that lim i£f d(z,, F(T)) = 0.

n—oo n—

Then the sequence {x,} converges strongly to a fixed point of T.

Corollary 3.6. Let X, C, T and the iterative sequence {x,} be as in Corollary
3.4. Suppose that conditions (i) and (i) in Corollary 3.4 hold. Assume further
that mapping T is asymptotically reqular in x,, and there exists an increasing

function f:RT — R with f(r) >0 for all ¥ > 0 and
|xn, — Tyl > f(d(xy, F(T))) for alln > 1.

Then the sequence {x,} converges strongly to a fixed point of T.
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3.2 An Example

The following is an example that give an application of our main
results.

Let X =R and C' = [0,1]. Then X is a Banach space with C' as a
closed convex subset. For i = 1,2, define T; : [0, 1] — [0, 1] by

_ 3z _z
Tz =45 and Tox = 3.

Then Thx =x < x =0 and Thx =z < x = 0. Thus 0 is the only common fixed
point of 77 and Ty. That is F(Ty) N F(Ty) = {0}.
Consider, for all x € [0, 1], we get

3z 3z
Tiw =0 = |52~ 0/ =[52] <lal = |o 0]

Tz =0 = |5-0/=15| < || = [« - 0.

Hence Ty and T; are quasi-nonexpansive mapping on [0,1]. Let a, = #, b, =

m, a, = 1—(n+;1)2, 3, = 1—25. Consider the condition (i), {a,+/3,} = {1} and

— 1 — 1
{bn + a, } = {1} are sequences in [0, 1] and ; 3 <00 and ; nr1e < oo by
Theorem 2.12. Therefore the condition (i) holds. Next, we consider the condition
(#1). Since {u,} = {55} and {v,} = {2}, 5 — 0 and + — 0. We have {u,} and
{v,,} are bounded by Theorem 2.2. Therefore the condition (i7) holds. Choose

21 = 1. Then the iteration in (3.1) becomes
(-2 6 (2) ()
o (k) () () (2)

We show that with x; = 1, {z,,} and {y,} are convex combinations of elements in

Yn

[0, 1] by calculation using microsoft office excel. See Appendix A.
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APPENDIX A

The table below shows the calculation for

1 1 1 1 1
24 :l_ ! bn: ’un:_’ nzl__'an:_’vn:_
! (n+1)2 (n+l)2 2n A n’ n’ n

Table 3.1 : Valueotr,, b,, u,, S,, a, andvy,

n

38

a b u B, a %

n n




The table below shows the calculation for
yn = ﬂnTZ‘xn +(1_ﬂn _an)xn +anvn
'xn+1 = anTZ'I.yn + (1_ an _bn ) yn +bnun

and Tlxzﬁ

T,x= 2
2 10

Table 3.2 : Value of, and x,,,

yn xn+l

0.4

.35 -‘\
0.3

0 |\

.15 \

0.1 \
0.05

Figure 3.1 : Graph ofx, } in our iteration
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The table below shows the calculation for

yn :ﬂnTxn +(1_ﬂn _an)xn +anvn

xa=aTy,+(1-a,-b,)y, +bu,

xn+l = Txn + bnun

Tx =

X
2

Table 3.3 : The comparisopx

n+l

} of our iteration and Picard iteration

Our iteration

Picard iteration

n+1

xn =1
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