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ABSTRACT

Define weighted Segal-Bargmann spaces for a positive function ¢(z) by
1 .
Hy = {f eocfinf=1 [Irepet i < oo},
C
1 2
o= {reocfiflt =1 [eraeet as < ol
C

H_:= {f:(C—>C ||f||2_1:%/C|f(z)|2@e_lz|2dz<oo}.
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together with an appropriate integral pairing to show that H; = H_;.

The aim of this work is to establish an upper bound for and use this bound
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CHAPTER 1

Introduction

1.1 Literature Review

David Hilbert, a German mathematician, was the first to introduce Hilbert spaces.
Later on, it was possible to generalize linear algebra and calculus approaches from two-
dimensional and three-dimensional Euclidean spaces to infinite-dimensional spaces. A
Hilbert space is a vector space equipped with an inner product that allows a distance
function and perpendicularity to be defined. Furthermore, Hilbert spaces are complete
with respect to the norm defined by its linear product, implying that the space contains
all of its limit points and allows us to use techniques from calculus.

Hilbert spaces, being a powerful mathematical tool, has widely used in func-
tional analysis. Apart from the classical Euclidean spaces, examples of Hilbert spaces
include spaces of square-integrable functions, spaces of sequences, Sobolev spaces con-
sisting of generalized functions, and Hardy spaces of holomorphic functions.

In mathematics, every vector space V' has a corresponding dual vector space
(or simply dual space) that contains all bounded linear functional on V/, as well as the
vector space structure of pointwise addition and scalar multiplication by constants.

Many fields of mathematics that use vector spaces, such as tensor analysis with
finite-dimensional vector spaces, make use of dual vector spaces. Dual spaces are used
to explain measures, distributions, and Hilbert spaces when applied to function vector
spaces. As a result, in functional analysis, the dual space is a key idea.

The Segal-Bargmann space (also called a Fock space) is the holomorphic func-



1 2 . : .
tion space HL?(C,a) where a(z) = —e ", Tt is a Hilbert space of holomorphic
7r

functions on C with inner product given by

o)== [ FEaE i

(See [2], [9], [12], [14]). The norm of z* in this space can be calculated using polar

coordinates as follows:

1 ) 1 2m 00 5
1292 = = [ |2"Pe*F dz = = P26t drdf = k.
0 ™ Jc T Jo 0
k o0

z . .
Therefore, the set {—} forms an orthonormal basis for this space and hence for
k=0

VE!

every f € HL*(C, «), we can express f as

when a5 € C. (See [9]).

We commonly weight the measure by multiplying a positive function in a weighted
Segal-Bargmann space or a weighted Fock space. There are, however, various variants
of these spaces. For example, the author of [14] defined and investigated a weighted
Fock space associated with the perturbed Dunkl operator. The inner product in this

space is given by

(f. 9)a = / £(2)0(2) dm8(2) + 2(a + 1) / fo(2) o2 A, (2)

SR+ S = (=)
s k=TT

dmc?(z) associated with a function (). In [13] and [6], a weighted Fock space is defined

where a > —1/2, f.(2) = and a measure

as HL?(C, e**)) for some plurisubharmonic function ¢(z). In [5], the t-weighted Fock

space is introduced as a space consisting of all holomorphic functions f on C" such that

/.

where @ > 0, 0 < p < oo and dV(z) is the volume measure on C". The version we

the integral

p 1
—(1 ) dV(z) < oo

use in this work is the radial weighted Segal-Bargmann space. For h(z) := h(]|z|), this

a weighted Segal-Bargmann space consists of all holomorphic functions on C such that



/ 1£(2) e ") dz < 0.
C

(See [1]).

In this work, we denote the classical Segal-Bargmann space by

Hy:= HL*(C,a) = {f :C— C‘||f||(2] = %/(C|f(z)|2e_|"‘2 dz < oo}

By multiplying a positive function ¢(z) to the measure da(z), we obtain another holo-
morphic function space H L*(C, ¢). This new space will be referred to as a weighted
Segal-Bargmann space. To make use of polar coordinates as we compute the norm
|2%|2, one may assume that the function ¢ is rotation invariant as ¢ = ¢(|z|). Since the
function «(z) = % e I*”, the space HL?(C, ¢a) is a radial weighted Segal-Bargmann

space.

1 1
= ——. Then we define the

Form > 1,let ¢; = ¢(z) = el¥™ and ¢_, = oG~ a

spaces [, and H_; as follows.
1 2
Hi= HIHCon0) = { 1€ > CfIfE =+ [ 7)o" ds < |

H = HI?(C.¢_1a) = {f Coc|ifl =1 / W)P@ e FE dx < oo} |

Consider
1 k12 alz|™ —|z|? OO 2k+1 _ar™—r?
— | |ZF]e™* e dz =2 T e dr.
T Jc 0

where a = +1 and m < 2. Now, the integral / p2Rtlear™ = . does not result in a

. . . 1 m e
basic function. However, the integral — / | ¥ |2eal?! ¢ 17”4z is finite as the term e~ 1*I*
TJc
dominates all other terms.

: 1 .
Despite the fact that the formula for ||2*||?, _, = —/ |2F el e 4z is im-
k) ﬂ- (C

plicit, the behavior of the growth of ||z*||2  _, in terms of % is remarkably similar to

that of ||2*||2. We shall show in this work that the functions r2k+le="" p2k+le—r—r?
and 72+~ are all concentrated towards the peaks of these functions. As with the

normal distribution, definite integrals can be used to approximate it. (See Figure 1).
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Figure 1. The graphs of the normal distribution.

The area under the curve can be approximated by the definite integral

<z u)z

dx

1
—aV 27T02

for some a € R*. As a result, the norm ||2*||2, ||2%]|%

, and ||2*||? can be approximated

asymptotically by definite integrals.

k(2] ,k||2
[ElimEa

In [3], the authors shows that the boundedness of R
z
5

plays an im-
portant role in a proof of the dual of a generalized Bergman spaces, HL?*(B?, u)* =

H L*(B?, 3) under the integral pairing

(f,g) = g f(z)Mc,\ (1 — |Z|2)x\f(d+1) d>

for f € HL*(B?, i) and g € HL*(B, 3).
In this work, we try to find a weight ¢ such that 7 = H_; under the integral
pairing

(F,S)y = l/(C F(2)S(2)e " dz

™

where ' € Hyand S € H_;.
If we let Ts(F') = (F,S)o, then |TS(F)} < H?”AHFHl Therefore, Ts is an
element in H;. Thus, an element S in H_, defines a functional 7's on Hj.

Let P is an element in H7, by Riesz representation, we have an element G in

H; such that P(F) = (F,G); and |P|| = HGH1 for all F in H;. If there ex1st an

element G in H_4, then we have H; = H_,. We write G = Zalz and G = Zb If

=0 7=0



k 2
by = <HZ Hl) ay, then

o0 o0
E R R - D22, oo
G2 :Z(— ETHI g i a B N
=2 o™= 2 \ s |
1122,
L

independent of k. Then, we obtain that GG is an element in H_;. We see that this upper

The purpose of this work is to demonstrate that is bounded and

bound which is independent of £ is a key to prove that H; = H_; under the integral
pairing.

Finally, we obtain the following theorem

Theorem 1. If there is a constant C which is independent of k such that

1251 112*112

<C
[EdlFs ’

then Hf = H_.

1.2 Procedure

This thesis consists of Chapter 1 Introduction, Chapter 2 Preliminaries, Chap-
ter 3 Duality of reciprocal weighted Segal-Bargmann spaces and Chapter 4 Norms of
monomials in Segal-Bargmann spaces.

We review the literature and research on the Segal-Bargmann space, the weighted
Segal-Bargmann space and dual spaces in Chapter 1. After that, we discuss the purpose
of this work.

Several definitions and basic properties of Hilbert spaces of holomorphic func-
tions, including their dual spaces are collected in Chapter 2. Moreover, we also discuss
asymptotic analysis and the Taylor series approximation.

The spaces Hy, H; and H_; are defined in Chapter 3. In this chapter, we intro-

(121|012
duce the quantity C}, = %
Z"lo

H} = H_, that under the integral pairing.

. We also discover the condition for establishing

Finally, in Chapter 4, we find a weight ¢(z) so that C}, is bounded and indepen-

dent of k. We divided this chapter into three sections. We find the weight ¢(z) = ¢l



such that H; = H_; under the integral pairing defined in Chapter 3. We consider a
weight ¢(z) = el*I" where m > 2 and show that Cy, is unbounded and depends on k
in the second section. In the third section, we consider a weight ¢(z) = el where

0 < p < 1 and we prove that H} # H_;.



CHAPTER 2

Preliminaries

In this chapter, we collect several definitions and basic properties of Hilbert
spaces of holomorphic functions, including their dual spaces. After that, we will intro-

duce the concept of asymptotic analysis and the Taylor series approximation.

2.1 Hilbert space of holomorphic functions

The notion and properties of a Hilbert space of holomorphic functions are intro-
duced in this section. The proof can be found in [2] for more information.

Let U be a non-empty open subset of the complex plane C. Let H(U) denote
the space of holomorphic (or complex analytic) functions on U. Recall that a function
of complex variables, f : U — C, is said to be holomorphic on U if f is differentiable
at any point z € U. Assume that p is a continuous, strictly positive function on U. Let
L*(U, i) denote the space of square-integrable functions with respect to the measure

du(z), that is,

2.0 = {50 €| [ 17 dutz) < oo

Then L*(U, i) is a Hilbert space. We can write HL*(U, ) = H(U) N L*(U, p), the
space of holomorphic functions on U which are square-integrable with respect to the

measure dj(z), that is,

HIU0 = { £ € HW)| [ 1P dute) <

where dyi(z) denotes Lebesgue measure on C = R



Remark 2.1.1. If f and g are continuous functions and f = g p-a.e., then f = g

everywhere. Therefore, we can consider the space H L?(U, ;1) as a subspace of L*(U, ).

Theorem 2.1. Let z € U. Then there exists a constant c, such that

IF(2)1* < el fEawp

forany f € HL*(U, p).

Theorem 2.2. HL*(U, 1) is a closed subspace of L*(U, j1), and therefore a Hilbert

space.

Theorem 2.3. (Holder's inequality). Let f, g be nonnegative measurable functions on

1 1
a measure space (U, 11). Let p,q > 1 be such that — + — = 1. Then
P q

/Ufgdu < {/Uf”du}l/p- {/qudu}l/q-

Theorem 2.4. (Cauchy — Schwarz inequality). Let X be an inner product space. Then
forany x,y € X,

(=, )] < llz[lllyll,
and the equality holds if and only if x and y are linearly dependent.

Definition 2.1.1. The Segal-Bargmann space is the space HL?(C, ), where

1 2
= el
a(z) —e

Remark 2.1.2. The Segal-Bargmann space H L?(C, ) is a Hilbert space of holomor-

phic functions on C with inner product given by

(f.9)= /Cf(z)ﬁa(z) dz.

In these spaces, we have

17117 = / F(2)Palz) de.

By using the polar coordinates, we obtain the norm of z* in this space which is

o
. [ 2k
an element in an orthonormal basis { —— as
k=0

VE!

1 (o9}
I12]1* = _/ |2F2e 71 4 = 2/ P2 dp = k.
T Jc 0



Zk

Theorem 2.5. {—} is an orthonormal basis for the Segal-Bargmann space.
k=0

V!

If f is a holomorphic function on C, f has a power series expansion

f(2) =) ax*
k=0

when a;, € C.

Theorem 2.6. Let f(z) = Zakzk be a holomorphic function on C, and
k=0

n

ful2) = Zakzk.

k=0

Then || f,, — fll2 = 0.

Definition 2.1.2. For ¢(z) > 0, the space HL?*(C, ¢ ) is called a weighted Segal-

Bargmann space.

Remark 2.1.3. The weighted Segal-Bargmann space H L?(C, ¢ «) is a Hilbert space of

holomorphic functions on C with inner product given by

(f,9) _/Cf(z)@d)(z)oz(z) dz.

In these spaces, we have

1] = /@ ) Po(2)alz) de.

2.2 Dual spaces

Any vector space V' in mathematics has a corresponding dual vector space (or
just dual space for short) that contains all bounded linear functionals on V' as well as
the vector space structure of pointwise addition and scalar multiplication by constants.

The dual space, as defined above, is defined for all vector spaces, and it is also
known as the algebraic dual space to prevent misunderstanding. The continuous dual
space is a subspace of the dual space that corresponds to continuous linear functionals
when specified for a topological vector space.

Many branches of mathematics that use vector spaces, such as tensor analysis
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with finite-dimensional vector spaces, use dual vector spaces. Dual spaces are used to
describe measures, distributions, and Hilbert spaces when applied to vector spaces of
functions (which are typically infinite-dimensional). As a result, dual space is a crucial

idea in functional analysis.

Definition 2.2.1. Let V' be a vector space over a field F', where /' = R or C. A linear

map from V' to F'is called a linear functional on V.

The (algebraic) dual space V* is defined as the set of all bounded linear maps
¢ : V' — I (linear functionals) given any vector space V' over a field F'. The dual space
can be denoted hom (V) F') because linear maps are vector space homomorphisms. The
dual space V'* itself becomes a vector space over F' when equipped with an addition

and scalar multiplication satisfying:

(o + ) () = p(x) +(z)
(ap)(r) = a(p(z))

forall ¢, € V*, 2z € V,and a € F. Elements of the algebraic dual space '* are
sometimes called covectors or one-forms.

The pairing of a functional ¢ in the dual space V* and an element x of V' is
denoted by (z, ). This pairing defines a nondegenerate bilinear mapping (-,-) : V* x
V' — F called the natural pairing.

In linear algebra, identifying any vector space V" with its dual vector space V'* is
a highly important example of duality. Its elements are the linear functionals ¢ : V' —
F, where F is the field over which V is defined. With replacing subsets of R? with
vector space and inclusions of such subsets by linear maps, the three properties of the
dual cone are carried over to this sort of duality. That is:

e Applying the operation of taking the dual vector space twice gives another
vector space V**. There is always a map V' — V**. For some V', namely precisely the
finite-dimensional vector spaces, this map is an isomorphism.

e Alinear map V' — IV gives rise to a map in the opposite direction W* — V*.

e Given two vector spaces V' and W, the maps from V' to W* correspond to the

maps from W to V*.
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This duality has a particular feature in that V' and VV* are isomorphic for certain
objects, namely finite-dimensional vector spaces. This is, however, a fortunate coinci-
dence, because obtaining such an isomorphism necessitates a specific decision, such as
selecting a V' basis. The Riesz representation theorem holds in the case where V' is a
Hilbert space.

The Riesz representation theorem, sometimes known as the Riesz-Fréchet rep-
resentation theorem in honor of Frigyes Riesz and Maurice René Fréchet, establishes
a crucial link between a Hilbert space and its continuous dual space. The two are iso-
metrically isomorphic if the underlying field is real numbers; the two are isometrically
anti-isomorphic if the underlying field is complex numbers.

Finally, we will look at the Riesz representation theorem, which is the last

theorem in this section.

Theorem 2.7. (The Riesz representation theorem). If v is a bounded linear functional

on a Hilbert space H, then there exists a unique y € H such that
p(r) = (2,9)

| = [lyll

It follows by Theorem 2.1 and Theorem 2.2 that the pointwise evaluation is
continuous. This means that for each z € U, the evaluation map 7, : HL*(U, ) — C
defined by

for any f € HL?*(U, j1) is a continuous linear functional on H L*(U, i1). Thus, by the
Riesz representation theorem, for each z € C this linear functional can be represented

uniquely as inner product with some ., € HL*(U, p1), that is,

T.(f) = (f, k) 2o = /f w(z)dz.
for any f € HL*(U, ).

2.3 Asymptotic analysis

In mathematical analysis, asymptotic analysis, also known as asymptotics, is

a method of describing limiting behavior. Suppose that we have a function f(z) and we
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are interested in the behavior of f(z) as z close to zy. If the lim f/g exists and is equal
Z—20

to 1, we say that f(z) is asymptotically equivalent or equal to g(z) under the limit

z — zp. We write

f(2) ~ g(2) as z — 2 if and only if lim /() =1

=20 g(2)
The symbol ~ is the tilde. The relation is an equivalence relation on the set of functions
of z; the functions f and g are said to be asymptotically equivalent. The domain of f
and g can be any set for which the limit is defined: e.g. real numbers, complex numbers,

positive integers.

Proposition 2.3.1. If f ~ g and a ~ b, then the following hold.
o "~ g', foreveryreal r.
e log(f) ~log(g) if limg # 1.
e fxa~gxhb.

o fla~g/b.
Example 2.3.1. Examples of asymptotic formulas:
e Factorial

n! ~V2mn <2>
e

this is Stirling’s approximation.

e Partition function

For a positive integer n, the partition function, p(n), gives the number of ways
of writing the integer n as a sum of positive integers, where the order of addends is not
considered.

1 r/ZE
n) ~ e 3,
p(n) 3

e Hankel functions
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2.4 The Taylor series

In mathematics, Brook Taylor introduced the Taylor series in 1715. A func-
tion’s Taylor series is an infinite sum of terms expressed in terms of the derivatives of
the function at a single point. For most common functions, the function and the sum of
its Taylor series are equal near this point. A Taylor series is also known as a Maclaurin
series if zero is the point at which the derivatives are evaluated.

The partial sum formed by the first n + 1 terms of a Taylor series is a polyno-
mial of degree n, which is known as the nth Taylor polynomial of the function. Taylor
polynomials are approximations of a function, which become generally better as n in-
creases. Taylor’s theorem gives quantitative estimates on the error introduced by the

use of such approximations.

Definition 2.4.1. The Taylor series of a real or complex-valued function f(z) that is

infinitely differentiable at a real or complex number « is the power series

['(a) f"(a) 2, ["(a) 3
T 5 (x — a) +—3! (x—a)’+...,

fla) + ==& —a)+

where n! denotes the factorial of n.

In the more compact sigma notation, this can be written as
X rn
a
Z f ( ) ( T — a)n
n!
n=0

where f"(a) denotes the nth derivative of f evaluated at the point a.

When a = 0, the series is also called a Maclaurin series.

Theorem 2.8. Let HL?*(U, i) be the space of holomorphic functions on U which are
square-integrable with respect to the measure dy(z). For every f € HL*(U, j1) can be

written as a Taylor series.



14

CHAPTER 3

Duality of reciprocal weighted

Segal-Bargmann spaces

The Segal-Bargmann space is the holomorphic function space H L*(C, o) where
1

« is the Gaussian function. That is a(z) = — e . In this thesis, we denote the
T

classical Segal-Bargmann space by
2 2 1 2 —|z|?
%:HL@@ztﬂC%qW%:%|ﬂMe dz < 00 5.
C

1
By multiplying positive functions ¢(z) and —— to the Gaussian measure da(z), we

¢(2)

1
obtain holomorphic function spaces H L?*(C, ¢ o) and H L*(C, 3

). These spaces will

be referred to as weighted Segal-Bargmann spaces.

1
Let 1 = ¢(z) and ¢_1 = m Then we define the spaces H, and H_; as follows.
z

Hi= HIHCon0) = { 1€ > CfIfE =+ [ 7)o" dz < o
TJc

H.y = HI*(C,6_10) = {f oIt =1 [ epo et e oo} |

With the properties of the dual space of Hilbert spaces, it is known that for each
T € H7, by Riesz representation, there exist a function GG in H; such that

TwpqﬂahzléF@agw@a*@

™

for all F' € H,, and the operator norm || T’|| = ||G]|;.
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In this thesis, we want to find a weight ¢ such that H; = H_; under the in-
tegral pairing

(F,S)y = l/ F(2)S(z)e 1’ dz

7
where ' € Hyand S € H_;.
The purpose of this chapter is to prove the main following theorem, which re-

quires us to find the condition for establishing H; = H_; under integral pairing.

Theorem 1. [f there is a constant C which is independent of k such that

2RN12012%]12
EATHENEN

I12*116
then Hf = H_,.

Proof. Let F be an element in Hy, and let S be an element in H_;. We compute

(F,S)y = — / F(2)ST2)e " d.

(e

Consider

[(F,S)o| < %/{JF(Z)} ‘Tz)‘ e 1 dz

— = [ |F@e?[5E6e) e =

From Holder’s inequality, we get

(F,S)o| < {%/@\F(z)m(z)e—z? dz}é{%/c‘wz)rﬁz)e_dz dz}é.

Now, if we let Ts be an element in H; defined by Tg(F') = (F,S)o, then we have
1 Ts(F)| < ||S||_/|F||,- It means that a functional T is an element in Hj. Therefore,
an element S in H_, defines a functional 7's on H7.

On the other hand, let P be an element in /. Then we want to prove that there
exist an element GG in H_; such that for each element F' in Hy, P(F') = (F, G),. Since
P is an element in H}, we have an element G in [ such that P(F) = (F, '), and the
operator norm HPH = ||C~JH1 for all F'in H;.

Consider




We can write G = Zaizi and G = ijzj. Then
i=0 §=0

(ZF, G)o = %/ZkG(Z)G_ZP dz
C

1/k°° A\ e
=— [z b2 |e " dz

= bell2"I[6-

{z*, Go (29, G

12#113

Observe that, if by satisfies the following equality:

2

Hz’“lh)
bk = ( Q.
(A1 ’

Now, we obtain that b, = . Similarly, for G we get ay =

then
S SYAERY
G(z) = Zbkzk = Z ( - ) apzt.
k=0 = M=l
We compute the following result,
IGI12, = (G, G) -
oo
=D bl
k=0
oo
[Nk
= Z ||ZkH411 ’akPH’ZkHZ—l
k=0 0

I
NE

Bl
< H'12k||4 ! szHﬂakF
0

Cll2*[1}]ax|?

k

0

I
NE

i
o

k||12][ k|2
where C}, = %
(el

)
(B

16
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I [ et

IfC, = 18] 1 is bounded and independent of %, then we obtain that
Z"lo

IGI%: = (G, G~
=D Il
k=0
=D Cull="IFlaxf?
k=0

o0
<OY l* I lanl?
k=0

= el

< 0

and hence G is an element in //_;. This implies that H; = H_; under the integral

pairing. []
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CHAPTER 4

Norms of monomials in

Segal-Bargmann spaces

We introduced the properties of the dual space of Hilbert spaces in the previous
chapter and found the condition for demonstrating that H/; = H_; under the integral

pairing.

: : : I [

The goal of this chapter is to find a weight ¢(z) such that Cj, = W
="llo

both bounded and independent of k. Let us demonstrate this concept in the following

section.

4.1 ¢(z) = el
In the classical Segal-Bargamann space,

1
Hy:= HL*(C,a(z)) = {f :C—C ‘||f||(2) = —/ ]f(z)]ze_pl2 dz < oo} :
T Jc
By using the polar coordinates, we obtain the norm of z* which is an element in an

k oo
. z
orthonormal basis { — } as
k=0

NG

1
- / e g
™ Jc

> 2
= 2/ P2 e~ dr.
0

Consider the graph of fi(r) = 2k +1e=* It resembles a Gaussian-shaped wave func-

tion that propagates to the right as k increases. (See Figure 2).
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Figure 2. The graphs of f;(r) = r2t1e="" for different k’s.

We shall show in this paragraph that the function fj behaves like a Gaussian
shaped wave function in the sense that it is concentrated near its peak and has a finite

width that is measured from where the function is cut off. Consequently, the integral
00 2rg
/ r?*+1e="* dr can be estimated by a definite integral / 21~ dr for some
0 0

ro > 0. Explicitly, we will show that

2k+1

where 1y = is a critical point of 72+1e~"* (See Figure 3).

N._

\4

o 219

00 279
Figure 3. The graphs of / P dp ~ / r?* e~ dr as k — oo.
0 0



20

Let us compute some useful formulas that will be used in our study.

Lemma 4.1. Let n = 2k + 1 where k is a nonnegative integer. For any a > 0.

o0 2 k!
e dr = ————. 4.1
/0 z"e T ) “4.1)

oo
Proof. We compute a definite integral / 2"e” % dy by using the gamma function.
0

By using integration by substitution, we have

k
° 1 [/t
/ l,2k+1€—ax2 dr = _/ <_) e—t dt
0 2a J, a

Since
/ the~tdt = Lk+1) =k,
0
we obtain
/OO x2k+lefax2 dr — 1 /OO tkeft dt
0 2(a*1) Jo
1
= —T(k+1
Sy k1)
1
= —kl.
2(ak+1)
Therefore,

/m7lﬂﬂd k!
T e xr = —— .
0 2(ak+1>

Lemma 4.2. For a nonnegative integer n and a,b > 0,

b | n i
n! ab

e "dx = - 1— e E ( : )
0 ant il

4). 4.2)
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Proof. Integration by parts gives

L, J e pgtTlem® nlre ™  nple™o®
e T = — — — e e e — .
o a a2 an a1
0

n! bre—ab  ppn—le—ab nlbe=®  ple—ab

ot a + a2 +oe Tt an an+1
n! (U bt nlb  nl

_ —e e e 2

an+1 a + CL2 + + a™ + an—l—l

n! e—ab

= ot gt (a”b" +nad” W 4+ nlab + n!)

| | ,—ab n n—1
- a:—;—l - n;wrl <(CL§‘) T ((sz 1)! too-tabt 1)
- (i),
i=0
[l
Lemma 4.3. Forry = 2k; 1,
lim e4mzi(4r—02)i =0
k—oo 0 Z' ’

Proof. Fori=0,1,2,...,k, wehave i+ 1 < 4k + 2 for all nonnegative integer k.
(47"02)i (4T02)i+1

Thus, ——— < —
T (i+1)

and hence

k

0 < e—4r022(47“02)i

E\F
Since k! ~ V 27k (g) ,
(4k+2)F (k4 1)(4k +2)F

k! e3k+2 /27Tk<kk) '

It is not hard to see that the limit of the last term is equal to zero.

e WD (k1 1)

Therefore,
k

2\i
lim 6_4T022w =0.

=0



2ro
Next, we will show that ||2*]|2 ~ 2/ Pl gy,
0

From Lemma 4.1, we obtain

o k! k!
/ T2k+1€_rz dr = PYZTEREY = —.
0 2(181) 2

By using integration by substitution, we have

2rg ) 4r? ds
r2 e dr = p2htle=s Z
0 0 2r

1 47“02
= 5/ sFe™% ds.
0

Substituting n = k, a = 1, and b = 4r,? into the equation (4.2), we obtain

2ro k! " (4r?)
2k+1 —r2 dr — 2 (1= —4rp? 0 .
| et = ( ety

1=0

From equations (4.3) and (4.4), we obtain

/00 p2htlo=r? gy k_'
0 _ 2
2rg - k i :
/ ,r,2k+16—7"2 dr k_' 1— 674TO2Z (47”02)
0 2 . 7!
=0
Thus,
/ r2k+1€—r2 dr .
klim 027,0 = klim - ; .
—00 2k+1 _TQ —00 (47” )z
r e " dr 1 — e—4r0? 0
/ 1yt
1=0
From Lemma 4.3, we obtain
i (4rg?)’
- —4rg R
fim e S 0
=0
Thus,
r2k+1 €—r2 dr .
klim 02T0 = klim -
o 2%t1 12 o0 (4r9?)!
T e " dr _ —drg? 0
/ 1=yt
=0
1
S 1-0

22

4.3)

4.4)
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Therefore,

o) ) 2rg )
0 0

Hence,

00 ) 2rg )
12%13 = 2/ P te= dr ~ 2/ r# e dr.
0 0

4.1.1 Asymptotic behavior of the norms of monomials in weighted

Segal-Bargmann spaces

In this section, we will introduce two Segal-Bargmann spaces which are weighted
by the exponential growth el*l and e~*I. Then we will estimate the norm of z* in these
spaces.

With the weight ¢, = el*l and ¢_; = e71* = 1 we have the following Hilbert

elzl’
spaces

1 2
Hy := HL*(C, ¢ra(z)) = {f :C—>C ‘Hfll? = ;/le(dl%z'@'z' dz < OO} :
2 2 1 ) 1 —|Z|2
Hoy = HI(C,900() = 1 f:C = ClIfI2 = - [ 1fGF e dz < oo
In these spaces, we have
||Zk||% _ 2/ r2k+16r—r2 dT,
0
||zkH2_1 = 2/ p2hle=r=r? g
0

Although we can use integration by substitution and induction to find the closed form
o
of the integral / 1" dr, there is no elementary function whose derivative is
0

T2k+167r7r 2k+16r7r

“orr *. However, if we consider the graphs of f, _;(r) = r2+le=="
and fi.1(r) = r**1e"="" compared with that of fi(r) = r2**1e~"". We can see that

they are also concentrated near their peaks and have finite widths. (See Figure 4).



Figure 4. The graphs of f _1(r), fr1(r) and fi(r).

So it makes sense to estimate those integrals by definite integrals.

42,
EEG

125113

In this subsection, we are interested in the behavior of

k — oo. Consider

& 2
o,y e
— —_ O
125115 /wr2k+1e—r2 dr
0

)
/ T2k+167r7r2 dr
0
2ro
/ p2k+1 eﬂ«? dr
0
270 0o
/ T2k+16—r—7’2 dr / 7an«Hefrer dr
: 2ro + QT%TO
/ r2k+1€—r2 dr / 7,,2k:-&-1€—r2 dr
0 0

_1 + vV 16k + 9 . 2k+1 77.77,2
4 .

~Y

where 7y = is a critical point of 7" e

24



25

Consider

oo ) oo ,
/ r2k+16—r—r dr / 7,2k+16—'r dr
270 < 270

2rg ) 2ro )
/ T2k+1677‘ dr / 7,2k+l€f7“ dr
0 0

00 ) 270 )
/ T2k+16—'r dr — / 7,2k+16—r dr
0 0

2rg )
/ T2k+1 e—r dr
0

By using integration by substitution and substituting n = k, a = 1, and b = 472 into

the equation (4.2), we obtain

20 > K o e (472)
2k+1_—r dr = v 1— —47g 0 ) 4.5
/0 rte r 5 ( e Z F 4.5)

From equations (4.3), (4.4) and (4.5), we obtain

k- .
%0 Kokl o (472)1
/ T2k+1e—r—r2 dr 5 — E <1 — € 47 E Z'O
270 i

/ J2HL =% g k! <1  tre? Z (47”02)%)
0 2 —~ il
Oor2k+1€frfr2 dr
Obviously, zrgro — 0as k — oo.
r2Et1e=r? g
0

Therefore, we obtain the following proposition

Proposition 4.1.1. Let k = 0,1,2,3,.... Then

270 2k+1 —p—r2 d
12#]12, T :
— 0

B
/ r2FHle=m" dr
0

2k +1 —1++16k+9

,and o =
9 and g 1

(4.6)

where ry =
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1+ 16k +9
4

[e'e] 2rg

. 2 2

Slnce/ P2 le= dr N/ 2 e~ dr, we have
0 0

Oor2k+1€7‘—r2 dr
k1|2
1 Jo

2 2
[EdIF / T0r2k+16—7’2 dr
0

270 9 oo 5
/ r2k+1€7‘77’ dr / T2k+16r—7‘ dr

2ro ) 2rg ) :
/ T2k+1677" d’r’ / r2k+1677’ dT
0 0
If we can show that

/oorzkﬂer—ﬂ dr /OO(T N 1)2k+16—(r—1)2 dr
2

i < L2f0 —0ask —

2ro ) 2ro )
/ T2k+1677' dr / r2k+1efr dr
0 0

then, we obtain
270 )
szHz / T2k+16r—7‘ dr
1 Jo

2 2 :
12515 / T0r2k+1€—r2 dr
0

Let r be an element in an interval (27, 00).

2
2k+1e7‘ T

Now, let 7y = be a critical point of r

. e .
The function — is decreasing and
€

° — 0 as r = o0;
eT‘
(r — 1)2k+1

On the other hand, the function %
r2k+1

is increasing and

(r — 1)2k+1

o) —1as k — oo.

Then

for all r > 27.
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‘We also obtain that

T,Qk-‘rl S e?“—l(,,,, o 1)2k‘+1

for all r > 27.

Therefore,

/oor2k+1€r—r2 dr < /OO(T . 1)2k+16—(r—1)2 dr.
2 2

) 70

By using integration by substitution and equations (4.2) and (4.1), we have

oo k! k! s 2 k (2’[:0 — 1)2Z
1 2k+1,_—(r—1)2 d —Zl1= —(270—1) A A 4.7
/2 (- 1% r=5 -2 (1-e > 4.7)

ro =0

From equations (4.4) and (4.7), we obtain
o . k! PRIRL 27“0 —1)?
/ (7, . 1)2k+167(r71) dr 5 1—-1 + e~ (70— Z
270 !
2rg k
2h+1,—r2 k! (4r
r e " dr _ p—drg? 0
/ ( iy )

2\
— W‘; )
— !

— 0

as k — oo.

Therefore, we obtain the following proposition
Proposition 4.1.2. Let k =0,1,2,3,.... Then

270 2k+1 _r—r2 d
Ed oo v
L 20 4.8)

sz H(2) /2ror2k+16_,~2 dr
0

2k +1 . 1+ +V16k+9
1 .

,and 1o =
5 and 1

where ry =
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4.1.2 The boundedness of C).

12* 1324112

Recall that C}, = E3E L. The boundedness of Cj, plays an important role
=llo

in a proof of the dual of reciprocal weighted Segal-Bargmann spaces, /{{ = I{_; under
the integral pairing

(F.S) = [ PESEe T iz

7

where ' € Hyand S € H_;.
[
L is asymptotically

equivalent to some constant. From Proposition 4.1.1 and Proposition 4.1.2, we obtain

/2F0T2k+1err2 dr /2for2k+1€rr2 dr
12513112112 Jo 0

B T )
0 (/ 2kl 12 dr)
0

First, we consider the definite integral

270 ) 270 )
/ 7‘2k+16_r dr = / e’ +(2k+1)Inr dr
0 0

2ro
= / el dr
0
where f(r) = —r? + (2k + 1) In7.

2k + 1
Obviously, 79 = 4/ 2+ is the critical point of f(r).

With the function f(r) = —r?+ (2k + 1) In r, the Taylor series expansion of f(r) about

In this subsection, we will show that C}, =

r = 19 1s given by

oo

>

n=0

’I’L

7n — 7’0
with the interval of convergence (0, 2r). Thus,
2rg 2rg " _ra)2 T () (r— e )T
/ ef(T) dr _ / 6f("'0)+f’(TO)(T_TO)'FWJ’_Z?::; W dr,
0 0

We have f'(rg) = 0 and f”(r¢) = —4. If we consider & — oo, then f™(r¢) — 0 for all
m > 3.

Therefore,

2ro 2rg ) 0 )
/ el dr = ef(m)/ e 2r=r0)” gy = ef(m)/ e 2" du (4.10)
0 0 —r0

where u = r — ry.
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Next, we consider the definite integral

270
/ T2k+1 r—r d?”—/ el +2k+1)1nrd
0
/27”0 ~

1+ 16k +9
—
By the Taylor series expansion of f(r) about r = 7, we obtain

270 ~ 270 . ~ FI = =2 o= _=\n
/ JO g — / o F GO ] (o) (r—ro) 4 L0 =T 500 TMCGr)”
0 0

For each m > 3, we have f"(7,) — 0 as k — co. Also, f"(7) — —4 as k — oo.

where f(r) =r — 7+ (2k + 1) Inr and 7 =

Hence,

279 . 270 o . To 5
/ el ) dr = ef(70) / e 2r=70)" g = f(70) / e 2 du 4.11)
0 0 —7o

where u = r — 7y.

Similarly,
279 . 270 . . 70 "
/ el ) dr = /(7o) / e 2r=70)" gy = ¢f (7o) / e 20 du (4.12)
0 0 —7
R —1+4++16k+9
where f(r) = —r — 12 4+ (2k + 1) Inr, 7o = —— Y "0 onda = — o,

4
Substituting equation (4.10), (4.11) and (4.12) into the equation (4.9), we obtain

270 o ) 270 - )
T e dr r e T dr
e, /
EX T 2
(/ T?k-ﬁ-le—r? dr)
0
_ 7o . 70
(ef(m/ e 2% dﬂ) (ef(’qo)/ e 2% dﬁ)
—7o —#o
T0 ) 2
(ef(ro)/ e 2 du>
—ro
) 7o
() ([oa)
o F0)+f (70)=2f (r0) \J =T —
0 5 2 .
( / e 2 du)
o

Observe that



30

and

1 9
7o ityk+

klim — = klim =1
—00 T —00 1 9
0 —3t/k+ 15

Therefore, ry ~ 79 ~ 7y as k — oco. Thus,

/ e~ duw/ e~ dﬂw/ e 2% da.
—T0 ) —7o

Therefore,
A EIZA 2 oy fe0-200)
125115
Consider
f(ro) = —rg 4+ (2k + 1) Inrg
1 (2k +1) 1
= — — —1 ~
(k + 2) + 5 n <k + 2)
1
2f(ro) = =2k —1+(2k+1)In (k+ 5) :
Also,

F(io) + F(Fo) = (7o — 72+ (2k + 1) In#g) + (=7 — 72 + (2k + 1) In )
= (fo — o) — (7§ +75) + (2k + 1) In (o - 7o)
2 8k +5 1
_Z_< 1 )—l—(2k+1)ln(/€+§)
1
4

1
—2k—1+(2k+1)ln<k+§).

R - 1
It is easy to see that f(7) + f(70) = = + 2f(ro).

4
This yields
[l [ o of o)+ (Fo)=2f(ro)
12*115
1
—= ¢4
12511125112

Now, we obtain that is asymptotically equivalent to a constant ei.

12*115

It implies that C}, is bounded and independent of &.
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Finally, we obtain the following theorem

Theorem 4.4. Let a weighted ¢(z) = €l and
C&:::HZkH?HZkH31
124113
Then Cy, is asymptotically equivalent to a constant C' = et and hence H 1 = H_; under
the integral pairing

(F,S) = 1 /C F(2)S(2)e " dz

™

where F € Hiand S € H_;.

42 ¢(z) =" m > 2

In this section, we extend the power of |z| from 1 to m when m > 2.

With a weight ¢(z) = e***, we have the following spaces
1 2
Hoi= HI(C,0) = {1:€ > C[IfI3 =3 [ IPe™" @z < oo},
TJc

2 1 2
Hy:= HL*(C, e a) = {f CoC|IfIE == / [f(z)Pem 0 dz < oo} :
T Jc

H_,:=HL*C %a) = {f :C—C ‘HfHQ,l _1 / £ (2)]Pe 0+ g < oo}.
C

" ealz o

Observe that, if @ > 1 thatis 1 — a < 0, then the integral / |f(2)Pe" 0217 gz s
finite if and only if f is bounded and hence f is a constant func(;[ion. Thus, this integral
is an infinite integral for all f(z) # 0 which implies that H; = {0}. In the same
way, if a < —1 then the space H_; contains only a zero function because the integral
/ | £(2)|2e~ 1+ 42 is an infinite integral for all f(z) # 0. Throughout this section,
le(i a be an element in the open interval (—1,1).

Let us recall some useful the formula that will be used in our study.

2k+1 _—ax? _
/0 e dy = () (4.13)
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where k is a nonnegative integer, and a > 0.

From equation (4.13), we obtain

0o
2 k!

/ T,2k+1€77" dr = -,
0 2

OO |
2k+1,—(1—a)r? g _ L
= k!
T La—
/0 r e r 20+ a)
Consider
g, () (e tera)
Ck = szHé = — : : ~
/ 7'2 +1€77“ dr
0
_ 1
m'

Since a € (—1,1), wehave 0 < 1 —a? < 1.

It means that C, = tends to infinity as £ tends to infinity.

(1 — a2)k+1
In case ¢(z) = e?l=I” | . is obtained, which is unbounded and depends on k.
It should be noted that if we consider a weight ¢(z) = e®*I" when m > 2 and a

is an arbitrary element in real number, then we obtain
2 2 1 2 —|z|?
Hy:= HIAC,a) = { £ : C > C|IfIf = = [ If(2)Pe™ dz < o0y,
C
m 1 m 2
o= H(Ee ) = Lo efisl =1 [ et e < ool
T Jc

1 1 'm_ZZ
H_, ::HL2((C,eal7a):{f:(C—MC‘HfH?_l:;/C|f(z)|26_alz| 12 dz<oo}.

We see that H; = {0} whena > 0and H_; = {0} when a < 0.

Finally, Cy, is unbounded when ¢(z) = el?™ m > 2.

43 ¢(z) = e 0 <p<1

‘ m

In previous section, we consider a weight ¢(z) = el?™ where m > 2. In that

case, (;, is obtained, which is unbounded and depends on k. In this section, we consider

‘1+p

a weight ¢(z) = el?""" where 0 < p < 1. It means that we are interested in the power
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of |z| that lies between 1 and 2.

With a weight ¢(z) = el*'™", we have the following Hilbert spaces
1 2
Hy = HL*(C, ) = {f .C—C|IfI3 = —/ [F2)Pe™ ™ dz < oo} :
T Jc
P 1 p_
Hy = HL*(C, e a) = {f :C—C )||f||§ = —/ |f(2)]2e Tz < oo},
T Jc
. 2 1 . 2 _ 1 2|21+ —]2?
Hoyi= HIX(C, 5 ) = f.(C—>(C‘HfH_1:; [ 17G)Pe dz < 0o b
In these spaces, we have
”Zk”(Q) — 2/ T‘2k+1€_r2 d?“,
0
I =2 e
0
12¥]1%, = 2/ PRttt gy
0
We set the following functions,

ulr) = ¥t
Fk: 1(7") T2k+16r1+p—r2

Fya(r) = p2htl gt

A\ 4

Figure 4. The graphs of f;, _1(r), fi1(r) and fi(r).
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Ry 0 Ry

Figure 5. The graphs of Fy, _1(r), Fy1(r) and fi(r).

According to the graph (Figure 5), the solid line (—-) is created by a function F}, (),
the dashed line (- - -) is created by a function fj(r), and the dotted line (- - -) is created
by a function Fj, ;(r).

2
= r2kFle=r=r" and

In the case of ¢(z) = el*l, we compare the graphs of f; 1 (r)
fra(r) = r2+1em=" to that of fi.(r) = r?*1e~"". We can see that they are similarly
concentrated toward their peaks and have finite widths. There peaks appear at r, 7o and
7o. These critical points are asymtotically equal ry ~ 7y ~ 7. (See Figure 4).

If we consider the graphs of Fj, _(r) and F},;(r) compared with that of fj(r).
We can see that they are also concentrated near their peaks. Unlike the case ¢(z) = e/,
their critical points 7, R and Ry are not asymtotically equal. They are seperated apart
as k — oo. (See Figure 5). Thus, we need to show that

o 1+p_ 2 o 14+p_ 2
p_ P_
/ T2k+16T ™ dr ~ / T,2k:+1€7‘ r d?",

0 o

oo T0
_plitp_p2 _pltp_ 2
/ T2k+16 T ™ dr ~ / ?,,Zk’—i-le r ™ dr.
0 0

(See Figure 6 and Figure 7).
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0 Ry

Figure 6. The graphs of/ Fei(r)dr ~ / Fya(r)dr.
0

T0

Ry To

00 o
Figure 7. The graphs of/ Fy—1(r)dr ~ / Fy_1(r)dr.
0 0
We consider the definite integral

+ 14 2 14 2 e
p_ P_p24
/ 7”2k 1€T "dr = / e’ T2kt 1) Inr dr = / GFI(T) dr
0 0 0

where Fy(r) = r'*? — 2 4+ (2k + 1) Inr, and

1+ 2 1+ 2

P_p ritr_p24 F

/ T2k+1€ T d?” / . (2k+1)ln7" dT’ / . _1(7~) d?"
0 0 0

where F_1(r) = —r!'™ — 2 4+ (2k + 1) Inr. Then

F(r)=0+p)r? —2r+ (2k+1)

Y

F'i(r)=—=1+p)r’—2r+(2k+1)

S|~ 3|
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2k +1
Recall that 1o = 4/ 2+ is the critical point of fj,(r) = r2Ftle="",

Assume that R, is the critical point of F} (r) and R, is the critical point of F_(r).
Observe that RO <71y < f%o.

Let € := ¢, > 0. Consider

1

Fi(ro+¢€)=1+p)(ro+€)P —2(ro+¢€) + (2k + 1)

(ro+€)
(2p+2) (%\/4k +2+ e) e de (e + V4K +2)

Vak 42 + 2¢

Also,

1

(ro —¢€)

F'i(ro—¢€)=—(1+p)(ro— e —2(ro —€) + (2k + 1)

1 14+p
(2p+2) (5\/41{7—1—2—6) + 4e (e — Vik +2)
—V/4k + 2 + 2¢ '

1
Choose € = k* where z < 3 Then

1 1+p
(2p +2) (5\/4k +2+ k;“") — 4k (k" + V4k + 2)

F{(T’o + 6) =

VAak + 2 + 2k= ’
1 1+p
(2p+2) (5\/4/%; +2 - kx) + 4k (k* — 4k + 2)
F' —€) = :
ST =) Ak + 2 + 2k»

If £ — oo, then we have the following equations

1 1+p
(2p +2) (§m+k) TR VIESRD) o o) (VR ake (V)

~Y

VAak + 2 + 2k= 20k
2+ 2)(VE)kE — 4k (VE)
_ NG ,

1 14+p
(2p+2) <§m—k> A (R - VAR 2) _ 2p+ (VR + 4k (—2VE)

Ak + 2+ 2k= — 2k
(2p + 2)(VE)k® + 4k (—2Vk)
N '
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If x < g, then

(2p +2)(VE)k2 — 4k (VE)
2k

(2p + 2)(VE)kE + 4k"(=2V/k)
—2Vk

We see that F(rg +€) > 0and F” (1 —€) < 0.

> 0,

< 0.

It implies that 7y + € < fio and rg — € > ]%0, respectively.

Since € — oo as k — oo, we obtain |rg — Ry| — oo and |rg — Rg| — oo as k — oo.
Therefore,
& 1+ 2 e 1+ 2
p_ p_
/ p2RHLer TP g / p2ktler = gy (4.14)
0 0
& 1+ 2 7o 1+ 2
— P_ — p_
/ p2htle=r =T g N/ p2RFLe=r TP gy (4.15)
0 0

Next, we are interested in C,. With a weight ¢(z) = A we try to show that

(), is infinite.
223127112,
125115

</oor2k+1e_rl+p_r2 d?”) (/OOT%‘HerHP—r? d?”)
Ck - - 00 ° 2

</ T2k+le—r2 dr)

0
“Foamdr) ([ R d
([ o) ([ )
</ fk(r)dr)
0

Now, we are ready to start our proof that C', is infinite, we start by assuming it is not,

Since C}, =

and then we try to come up with a contradiction.

Suppose that CY, is finite. Consider

/0 B dr /0 "R (r) dr
—( /0 TOFk,,l(r)dH R )( /0 Foa(r) dr + /T:OFk,l(r)dr)
_ (/OTOFk,_l(r) dr/o Foalr >+ (/0 Foa /:F,ﬂ(r) dr)

+ (/OoFk L )dr Fk1 )+ (/OOFk L )dr/roooFm(r)dr).



Now, we write

where

and

First, we consider

Since

and

A+B+C+D

A= / Fy_1(r) dr/ Fia(r)dr,
0 0
70 oo

B = / Fk _1(7“) d?“/ Fk71(7“) d?“,
0 0

C = / Fy_1(r) dr/ Fia(r)dr,
0 0

D= / Fr_1(r) dr/ Fi1(r)dr,

E = fr(r)dr

LN —0ask—0
fr(r)dr
0
T0
/ Fy1(r)dr
0__ —0as k—0,
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we obtain

- = -0 (4.16)

From Holder’s inequality, we obtain

(/OTO (Fk,1(r)é>2 dr); (/OTO (FM(T)%)Q dr)é > /OTO(F,ﬁl(r)Fk’l(r))% dr.

Thus,

N|=

(/OTOF;:,A(T) d?‘/oka,1<7”) dr) > /OTO(Fk,_l(r)ijl(r))é dr.

It is not hard to see that F}, _;(r)Fy.1(r) = (fx(r))?. Therefore,

[ oo dr>% > [ (o) i

and hence

To o To 2
A= / Fi_1(r) dr/ Fypa(r)dr > ( fr(r) dr) . 4.17)
0 0 0

Next, we consider

(/TOOOFk’_l(T) dr/:Fk,l(T) dr);
([ (moeny dr>§ (" (patmt) o).

From Holder’s inequality, we obtain

(/: (B (r)?) dr)é (/OO( 1)) dr)

NI

=
5
—
V
—
8
—~
5
L
—
=
~—
5
—
—
=
N—
N—
(V]
IS
=
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Thus,

Hence,

2
D = /F;€ 1 r/ Fia(r dr>(/ fr(r ) (4.18)

From equations (4.16), (4.17) and (4.18), we obtain

/0 TR () dr /O B (r) dr
> (/Omfk(r) dr>2 + /OTOF,C,_M) dr/:Fk,l(r) dr + (/moofk(r) dr>2.

Consider

- /OooFk,_l(r) dr/OOOFM(r) dr
([(ss)

(/ filr ) +/ Fk,_l(r)dr/mooFk,l(r)dr (/:fk(r)dg

2

_|_

) (o) (s
[ s ([ow)
Fes) (fns)

From equations (4.14) and (4.15), we obtain

/Okav_l(T) dT/T:OFM(r) dr /OTOFk,_l(r) dr/T:OFk’l(r) dr </T:ofk(r) dr)2

> 14 -

([row) (o) ([
Therefore,
( /r:ofk(r)dr>2

C, >14C,+ .

([Fro)

2

=14+




Since

( ") dr)2

L > 1s positive, the quantity CY, is infinite.

( Om £u(r) dr)

It means that C, is unbounded when ¢(z) = el 0 < p < 1.
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