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ABSTRACT

A ternary semigroup is an algebraic structure (7', (+)) such that T is
a non-empty set and (-): T3— T is a ternary operation satisfying the associative
law, i.e., (abc)de = a(bed)e = ab(cde) for all a, b, ¢, d, e € T', and let S be a spherical

fuzzy subset of a universal set S defined by

S ={< z,us(z),ns(x),vs(x) >z € S}

where ys, s and vs be three fuzzy subsets of S with the condition 0 < (us(x))*+
(ns(x))* + (vs(z))? < 1. Then ps(z), ns(z) and vs(x) are called the degree of
membership, the degree of hesitancy and the degree of non-membership, respec-
tively.

The main purpose of this thesis is to study spherical fuzzy ternary
subsemigroups and spherical fuzzy ideals in ternary semigroups by using the con-
cepts of ternary subsemigroups and ideals in ternary semigroups.

Moreover, we study roughness of spherical fuzzy sets and spherical

fuzzy ideals in ternary semigroups.
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Chapter 1
Introduction

The theory of ternary algebraic system was investigated by Lehmer
([9]) in 1932, but earlier such structures were studied by Kasner ([6]) who gave
the idea of n-ary algebras. Furthermore, the ideal theory in ternary semigroups
was established by Sioson ([13]).

In 1965, the notion of fuzzy sets was initiated by Zadeh ([15]). The
fuzzy set is an extension of classical sets and represented by using a generalization
of the indicator of classical sets that is called a membership function. Later, the
concept of fuzzy set was applied to study in many algebraic structures. In 1981,
Kuroki ([7]) provided some properties of fuzzy ideals.

In 2013, Iampan ([5]) gave the definition and characterized the prop-
erties of ideal extensions in ternary semigroups. After the introduction of ordinary
fuzzy sets, the concept of rough sets was given by Pawlak ([11]) in 1982 which is
defined depending on some equivalence relation on a universal finite set. The
combination of theories of fuzzy sets and rough sets has been discussed in many
research papers through all the years until 1990, when Dubois and Prade ([3])
proposed the notion of rough fuzzy sets.

In 2009, Petchkhaew and Chinram ([12]) studied fuzzy, rough and
rough fuzzy ternary subsemigroups (left ideals, right ideals, lateral ideals, ideals)
of ternary semigroups. Later, in 2012, Kar and Sarkar ([8]) focused on studying
fuzzy ideals of ternary semigroups and their related properties. In 2016, Wang
and Zhan ([14]) established the rough semigroups and the rough fuzzy semigroups
based on fuzzy ideals.

In 2019, Ashraf et al. ([1]) introduced the notion of spherical fuzzy

set with applications in decision making problems, which is a generalization of the



picture fuzzy sets, intuitionistic fuzzy sets and Pythagorean fuzzy sets fail when
the degree of abstinence is involved, as it provides enlargement of the space of
degrees of truthfulness (membership), abstinence (hesitancy) and falseness (non-
membership).

Recently, in 2020, Chinram and Panityakul ([2]) introduced rough
Pythagorean fuzzy ideals in ternary semigroups and gave some remarkable prop-
erties.

Our aim of this thesis is

1. to study spherical fuzzy ternary subsemigroups and spherical fuzzy ideals in

ternary semigroups by using the concepts of ternary subsemigroups,
2. to study ideals in ternary semigroups,

3. to study roughness of spherical fuzzy sets and spherical fuzzy ideals in

ternary semigroups.



Chapter 2
Preliminaries

In this chapter, we shall recall some basic definitions that will be

used in this thesis.

2.1 Ternary semigroups

Definition 2.1.1. [13] A non-empty set T together with a ternary operation,
called ternary multiplication, denoted by juxtaposition, is said to be a ternary
semigroup if

(abc)de = a(bed)e = ab(cde)

for all a,b,c,d,e € T.

Example 2.1.2. (1) The following example (Banach’s Example) shows that a
ternary semigroup does not necessarily reduce an ordinary semigroup. Let
T = {—i,0,i} be a ternary semigroup under ternary multiplication over C.

We obtain that T is not a semigroup under multiplication over C.

(2) Let Z~ be the set of all negative integers. Then Z~ is a ternary semigroup
under ternary multiplication over Z. We obtain that Z~ is not a semigroup

under multiplication over Z.

(3) The set of all odd permutations in S, is a ternary semigroup under ternary

composition. It is not a semigroup under composition.

For any three non-empty subsets A, B and C' of a ternary semigroup
T, a product ABC' is the set of all elements abc € T where a € A, b € B and



ce () ie.,
ABC ={abc|a€ Ajb€e Band ce C}.

In dealing with singleton sets we denote,
aBC :={a}BC ={abc|be B and ce C},
AbC = A{b}C ={abc|a € Aand ce C},
ABc:= AB{c} ={abc|ac Aand b€ B}.

Note that if A; = A for all i = 1,2,...,n, then we denote

HAZ:A ..... A:An::{a1a2a3.~-an|O(17.,,7Oén€A}-

=1 n terms
Definition 2.1.3. A non-empty subset S of a ternary semigroup T is called a
ternary subsemigroup of T if S3 C S.

Example 2.1.4. Let T be the set of all odd permutations in S;. By Example
2.1.2.(3), we have that T is a ternary semigroup under ternary composition.

Let A, B and C' be non-empty subsets of T" given by

1 2 3 4 1 2 3 4
{2020 e ssansin
1 2 3 4 1 2 3 4
1 2 3 4 1 2 3 4
C:{(1 4 s 2>,<3 - 4>}={(24),(13)}-

Then
(1234)BC = {(1243),(23),(1324),(12)},
(1342)BC {(1324),(12),(24),(13)},
A3 4)C {(1243),(23),(1324)},(12)},
A(1243)C {(1324),(12),(24),(13)},
AB(13) {(23),(12),(13)},
AB(24) {(1243),(1324),(24)},
ABC {(23),(24),(12),(1243),(13),(1324)},
AP {(1432),(23),(12),(24),(14),(13),(1243)},
B3 {(34),(1243),(1234),(1324),(1432),(1423),(1342)},
C? = {(24),(13)}.



We can see that C® = {(2 4), (1 3)} C C. Hence C is a ternary subsemigroup of
T.

Definition 2.1.5. Let [ be a non-empty subset of a ternary semigroup 7. Then
1. I is called a left ideal of T it TTI C I.
2. I is called a lateral ideal of T if TIT C I.
3. I is called a right ideal of T"if I'TT" C I.

A non-empty subset I of a ternary semigroup 7 is called an ideal of
T if I is a left ideal, a lateral ideal and a right ideal of 7. An ideal I of a ternary
semigroup 71" is called a proper ideal if I # T.

2.2 Fuzzy sets

In 1965, the notion of fuzzy sets was initiated by Zadeh [15]. In this

section, we recall the definitions and the representations of fuzzy subsets.

2.2.1 Fuzzy subsets

Definition 2.2.1. A fuzzy subset of a set S is a function f: S — [0, 1].
For x € S, the value f(z) is called the degree of membership of x, and
the complement of f, denoted by f€, is the fuzzy subset given by f¢(z) = 1— f(z).
We may denote (S, f) := {< z, f(x) >| x € S} is a fuzzy set of S.

Definition 2.2.2. Let f and g be any two fuzzy subsets of any set S.
1. The intersection of f and g is
(f N g)(a) = min{f(a), g(a)}
for all a € S.
2. The union of f and g is
(fUg)(a) = max{f(a),g(a)}
for all a € S.

3. fCygif f(a) <g(a) foralla € S.



Definition 2.2.3. Let f and g be fuzzy subsets of a semigroup S. The product
of f and g is defined by

sup min{ f(a),g(B)} ifx € S* for some o, € S,
(fog)(z) = =~ :

0 otherwise.

Example 2.2.4. Let f and g be fuzzy subsets of a semigroup (Zs,®) defined by

F(0) =020, f(1)=0.12, f(2)=0, f(3)=0.75, f(4)=0.06,

and

N
Il

<
o
©

g(0)=1, g(1)=020, ¢(2)=050, ¢(3)=075 g(d)

In this example, we obtain the following

e the complement of f and g:

f¢(0)=0.80, f(1)=0388, [f(2)=1, [f4(3)=0.25, f(4)=0.94,
and

g°(0) =0, ¢°(1)=0.80, g¢°%2)=0.50, g¢°3)=0.25, g¢°4)=0.01,

e the intersection of f and g¢:
(fNg)0) =020, (fng)(1)=012, (fNg)(2)=0, (fNg)3)=0.75
(f Ng)(4) = 0.06,

e the union of f and g:
(fug)0) =1, (fug)(l)=020, (fuUg)(2)=050, (fUg)(3)=0.75,
(fUg)(4) =0.99,

e the product (fo g)(z):
(fog)(0) = 0.50, (fog)(I)=0.75, (fog)(2)=0.75, (fog)(3)=0.75.
(fog)(4) = 0.20.

2.2.2 Fuzzy ideals in ternary semigroups

Definition 2.2.5. [8] A fuzzy subset f of a ternary semigroup 7T is called a fuzzy

ternary subsemigroup of T' if

fzyz) = min{f(x), f(y), f(2)}

for all x,y,z € T.



Definition 2.2.6. [8] A fuzzy subset f of a ternary semigroup 7' is called
1. a fuzzy left ideal of T if f(xyz) > f(z) for all x,y,z € T,
2. a fuzzy lateral ideal of T if f(xyz) > f(y) for all z,y,2z € T,
3. a fuzzy right ideal of T if f(xyz) > f(z) for all x,y,z € T,

4. a fuzzy ideal of T if it is a fuzzy left ideal, a fuzzy lateral ideal and a fuzzy

right ideal of T', i.e.,

f(zyz) = max{f(x), f(y), f(2)}

for all z,y,z € T.

Definition 2.2.7. For any three fuzzy sets fi, fo and f3 of a ternary semigroup
T. The product fio foo f3 of fi, fo and f3 is defined by

sup  min{fi(y1), fo(y2), fa(ys)} if y € T,
(fio fao f3)(y) = { ¥=viveys

0 otherwise.

It is obvious that the product fio fyo f3 of fuzzy subsets f1, fo and
f3 of a ternary semigroup 7' is also a fuzzy subset of T'.

Let F(T') be the set of all fuzzy subsets of a ternary semigroup 7.
Then F(T') is a ternary semigroup under this product.

2.3 Spherical fuzzy sets

In 2019, The spherical fuzzy set proposed by Giindogku, F.K. and

Kahraman, C. [4], which is an extension of the picture fuzzy set.
Definition 2.3.1. Let S be a universal set. A spherical fuzzy set on S
S = {<z, pus(x),ns(x),vs(z) >| v € S}

where s : S — [0,1], ns : S — [0,1] and vs : S — [0, 1] represent the degree of
membership, the degree of hesitancy and the degree of non-membership of x € S
with the condition 0 < (us(z))? + (ns(z))? + (vs(z))? < 1.

We may also denote a spherical fuzzy set S by S = (us, s, Vs)-



Example 2.3.2. Let f be any fuzzy subset of a set S. Let us : S — [0,1],
ns:S —[0,1] and vs : S — [0, 1] be defined by

ps(r) = f(x), ns(z) =0 and vs(z) =1 - f(x).
We obtain
0 < (us(2))*+ (ns(@))* + (vs(2))* = (f(2))* + (1= f(2))* < f(z) + 1= f(z) = L.
Therefore, S := {< z, us(x),ns(x), vs(x) >| = € S} is a spherical fuzzy set on S.

Definition 2.3.3. Let &1 = (ps,,7s,,Vs,) and Sy = (fs,, 1s,, Vs,) be any two

spherical fuzzy set of a universal set S.

1. The intersection of S; and Sy is
Sl N 82 = (:u51 N HSs5 118y N NSy, Vs, U VSz)'
2. The union of §; and S, is

S1USs = (ps, U ps, Mis, U s, Vs, Nvs,)-

3.8 C & if :usl(x) < M«Sz(x)? 7781($) < 7752(95) and VSl(m) = V52(1') for all
reS.

Note that if S and Sy are spherical fuzzy sets of a universal set S,

then & NSy and §; U S,y are also spherical fuzzy sets of S.

Example 2.3.4. Let &1 = (us,,Ms,,Vs,), S2 = (iis,,Ns,,Vs,) be two spherical
fuzzy sets of R defined by

s, (x ’ —=sin ( Ns, (x) = vs, (x ‘—cos

and

ts,(x) = |sin (z)|, 7ns,(x ’—cos ’—cos

We have jis, (z) < pisy (@), 15, () = 0 < '—ooa( )| = nsa(2) and v, () = v, (2)
for all x € R.
Therefore, §; C S,.




Chapter 3

Spherical fuzzy sets in ternary

semigroups

3.1 Spherical fuzzy ideals in ternary semigroups

In this section, we define spherical fuzzy ternary subsemigroups and

spherical fuzzy ideals in ternary semigroups.

Definition 3.1.1. A spherical fuzzy set S = (us, s, Vs) on a ternary semigroup

T is called a spherical fuzzy ternary subsemigroup of T if, for all a,b,c € T
L. ps(abe) > min{us(a), us(b), ps(c)},
2. ns(abe) > min{ns(a),ns(b),ns(c)},

3. vs(abe) < max{vs(a),vs(b),vs(c)}.

Definition 3.1.2. A spherical fuzzy set S = (us,ns, Vs) on a ternary semigroup
T is called

1. a spherical fuzzy left ideal of T if for all a,b,c € T,

ps(abe) > ps(c), ns(abe) > ns(c) and wvs(abe) < vs(c),
2. a spherical fuzzy lateral ideal of T if for all a,b,c € T,

ps(abe) > us(b), ns(abe) > ns(b) and wvs(abe) < vs(b),
3. a spherical fuzzy right ideal of T if for all a,b,c € T,

ps(abe) = ps(a), ns(abe) = ns(a) and  vs(abe) < vs(a),
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4. a spherical fuzzy ideal of T if for all a,b,c € T,

pis(abe) > max{ps(a), ps(b), ps(c)},

ns(abe) > max{ns(a), ns(b), ns(c)}
and

vs(abe) < min{vs(a), vs(b),vs(c)}.

Example 3.1.3. Let T = {—i,0,i} be a ternary semigroup under ternary multi-
plication over C and S = (us, vs,ns) be a spherical fuzzy set on 1" defined by

MS(_i) = 057 77$<_2) = Oa V8<_i) = 05,

ps(0) =0, ns(0) =1, ws(0) =0,
and
ps(i) = 0.5, ns(i) =0, wvs(i)=0.5.
First, consider 0 = abc for some a,b,c € T. Let i, := min{us(a), us(b), ps(c)},
Nmin := Min{ns(a),ns(b),ns(c)} and vy := max{vs(a),vs(b),vs(c)}. Then

al| b C | MHmin | Mmin | Ymax
0| —t|—1 0 0 0.5
0| —2| 0 0 0 0.5
0 ¢ ? 0 0 0.5
00 | —2 0 0 0.5
000 0 1 0

010 1 0 0 0.5
0 ¢ | —2 0 0 0.5
0 ¢ 0 0 0 0.5
0] ¢ 7 0 0 0.5

We can see that us(0) > min{us(a), ps(b), s(c)}, ns(0) > min{ns(a), ns(b), ns(c)}
and vs(0) < max{vs(a),vs(b),vs(c)} for all a,b,c € T
For —i = abc and ¢ = abc are similar.

Then § is a spherical fuzzy ternary subsemigroup of T'.

Example 3.1.4. Let T"= {—i,7} be a ternary semigroup under ternary multipli-
cation over C and § = (us, Vs, ns) be a spherical fuzzy set on T' defined by

,u5<_i) = 057 775<_Z) =0, VS<_i) =0.5
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and
ps(t) = 0.5, ns(i) =0, ws(i)=05.

We have ps(abe) > max{us(a), us(b), us(c)}, ns(abe) > max{ns(a),ns(b),ns(c)}
and vs(abc) < min{vs(a),vs(b),vs(c)} for all a,b,c € T
Therefore, S is a spherical fuzzy ideal of T'.

Next, we define the product of three spherical fuzzy sets.

Definition 3.1.5. Let S; = (ps,,7s,, Vs, ), S2 = (s, Nsys Vs, ) and Ss = (fis,, 1ss, Vss)
be any three spherical fuzzy sets on a ternary semigroup 7. The product S0 55083
of &1, &3 and 83 is defined by

810 82083 = ((:uslo Hs, © /“633)7 (77310 7S, © 7733)7 (VSIO Vs, © V33))

where

( )( ) SU‘IZ min{#sl (a)nuSz (b)7p«93 (C)}7 if z € Ts;
uglouszo luSB ) = Tr=abc

0, otherwise,
\

(

( )( ) Sulz min{n& (CL), s, (b)v 7S5 (C)}7 if v e TS;
18,0 N8, 0 Ns3 )\ X ) = § T=abe

0, otherwise,

\

and

inf max{l/sl ((Z), Vs, (b)7 Vs, (C)}, if r € Tg;
(V51 o Vs,0 y53)(;p) — J z=abc
L otherwise.

Theorem 3.1.6. Let Sy = (s, Ms,, Vs, ), Sa = (lsys Msys Vs,) and S3 = (fss, M5, Vss)
be any three spherical fuzzy sets on a ternary semigroup T. Then Syo Syo Sz is

also a spherical fuzzy set on T'.

Proof. Assume that S;, Sy and Ss are spherical fuzzy sets of a ternary semigroup
T. Let x € T. If x € T3, we obtain that

(11,0 ps, 0 pis;)(x) =0,

(7731 O 7)s,© 7733)<I> =0
and

(V31O Vs, © VSs)(x) =1
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Then

0 < ((ps,0 15,0 prsy) () + ((ns, 0 15,0 0, ) () + ((vs, 0 ws,0 vs,) () = 1.

Now, assume that z € T3, we obtain that

(/1’51 O ls,© /1,53)<$> = Ssup min{lu’Sl (CL)? Us, (b>7 HSs <C>}7

r=abc

(7781 0 1s,0 7]33)(1}> = Ssup min{"]& (CL), UL (b)7 UES (C)}

r=abc
and
(vs,0vs,0vs)(x) = inf max{vs, (a), vs,(b), vs;(c)}-
Then

((#Slo Hs, © u53)(ﬂf))2 + ((77810 7S, © 7753)('7:))2 + ((I/SIO Vs, © 1/53)(,1’))2
= ( sup min{:u& (a)7 s, (b)’ HSs (C)})2 + ( sup min{n& (a’)7 UK (b)’ 7S5 (C)})2

+ (inf max{vs,(a),vs,(b), vs,(c)})”
= sup (min{ps, (a), jis, (b), s, (e)})* + sup (min{ns, (), ns,(b). ns, (c)})?
+ inf (max{vs,(a),vs,(b), vs,(c)})”
< sup (min{us, (a), ps, (), ps, ()} + sup (min{rs, (a), 9, (b), 9s, (c)})?
+ inf [1 - (minfus, (a), s, (b), p1s, () })* — (min{ns, (a), ns, (b), ns, () })’]

< sup (min{ﬂsl (a)v HS, (b)> HsSs (C)})2 + sup (min{n& (a)’ 7S, (b)7 UES (C)})z

r=abc r=abc

+1 — sup (min{ps, (), s, (), ps, () })* — sup (min{ns, (a),ns, (b), ns, (c)})*

r=abc r=abc

=1.
Therefore, S;0 Sy0 83 is a spherical fuzzy set of T Il

Example 3.1.7. Let T'= {—i,i} be a ternary semigroup under ternary multipli-

cation over C, let Sl = (,uSu USIE! VSI)? ’52 = (/1’327 1Sz VSz) and 83 = (:u53777337 VSS)

be three spherical fuzzy sets on T' defined by
Mgl(—i) = 0.5, ﬁgl(—i) = 0, VSI(—i) = 0.5,

s, (2) = O5a UK (2) = Oa Vs, (Z) = O5a

MSQ(_i) =1, ﬁsz(—i) =0, US2(_i> =0,



13

ps, (1) =0, 1s,(i) =0, vs, (i) =1,
and
tsy(—1) = 0.8, ns,(—i) =04, wvs,(—i)=0.2,
tss (1) = 0.9, ns, (i) =0.1, v, (i) =0.4.
Consider ¢+ = abc for some a,b,c € T, then

we obtain (iis, © fis,0 fs;) (1), (s, © Ns,© Ns,) (1) and (vs, 0 vs,0 vs,)(i) as follows:

a | b | ¢ |usl(a)]ps,) ]| ps,(c) | min{us, (a), ps,(b), s, ()}
—1 | =1 | —1 0.5 1 0.8 0.5
—1 | 1 1 0.5 0 0.9 0
T | —1 | 1 0.5 1 0.9 0.5
1 | —1 0.5 0 0.8 0

a | b | c|nsla)]|ns®) | ns(c) | min{ns (a),ns,(b),ns,(c)}
—i | —1 | —1 0 0 0.4 0
—i | 1 ) 0 0 0.1 0
1| =i | 1 0 0 0.1 0
1 1| —1 0 0 0.4 0

a b c Vs, (a) Vs, (b) Vs (C) maX{VSl (a)’ Vs, (b)7 VsSs (C)}
—3 | =2 | —1 0.5 0 0.2 0.5
—1 1 ) 0.5 1 0.4 1
1 —1 ) 0.5 0 0.4 0.5
1 1 —1 0.5 1 0.2 1
That is
(:usl O s, © NSJ)(Z) = S_u%) min{:u81 (a)7 HS, (b)7 U, (C)} = 05?
(ns,0 1,0 Ms,) (1) = S_HI; min{7s, (a), 1s,(b), s, (c)} = 0,
(vs,0 Vs, 0vs, ) (i) = zgclbgc max{vs, (a),vs,(b),vs,(c)} = 0.5.

The shows of (ps, © s, pis;)(—1), (ns,© Ns,© Ns,)(—7) and (vs, 0 vs,0 vs,)(—1) are
similar to the previous one.

Therefore, S;0 Sy0 S5 = {< 4,0.5,0,0.5 >, < —i,0.5,0,0.5 >} is a product of S,
S, and 83, as desired.
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Theorem 3.1.8. Let S = (us,ns,Vs) be a spherical fuzzy set on a ternary semi-
group T'. Then S is a spherical fuzzy ternary subsemigroup of T if and only if
SoSoS CS.

Proof. Assume that S is a spherical fuzzy ternary subsemigroup of T'. Let x € T.
If z ¢ T3, we obtain that

(nso pso ps)(z) =0 < ps(x),

(nsonsons)(z) =0 < ns(z)
and

(vsovsovs)(x) =12> vs(x).
Now, assume that x € T3, we obtain that

(nso pso ps)(x) = sup min{us(a), ps(b), ps(c)} < sup ps(abe) = ps(z),

r=abc r=abc

(nsomsons)(xz) = sup min{ns(a),ns(b),ns(c)} < sup ns(abc) = ns(x)

xr=abc r=abc

and

(vsovsovs)(x) = zi:r}lgcmax{yg(a), vs(b),vs(c)} > Ilzrgc vs(abe) = vs(z).

Hence, So So S C S.
Conversely, let a,b,c € T.

ps(abe) = (pso pso ps)(abe)
= sup  min{us(z1), ps(@2), ps(w3)}

abc=x1T213

> min{us(a), ps(b), us(c)},

ns(abc) > (nsonsons)(abe)
sup  min{ns(z1),ns(z2), ns(z3)}

abc=x17213

min{ns(a),ns(b),ns(c)}

v

and

IN

vs(abe) (vso vso vs)(abc)

= inf  max{vs(x1),vs(r2),vs(x3)}
abc=x1T12713

< max{vs(a),vs(b),vs(c)}.

This implies that S is a spherical fuzzy ternary subsemigroup of 7' ]
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Let T := (u7,n7, v7) be a spherical fuzzy set on a ternary semigroup
T defined by pur(x) = 1 and ny(x) = vr(x) = 0 for all x € T. The following

theorem holds.

Theorem 3.1.9. Let S = (us,ns,Vs) be a spherical fuzzy set on a ternary semi-
group T. If § is a spherical fuzzy left ideal of T, then ToToS C S.

Proof. Assume that S is a spherical fuzzy left ideal of T. If x ¢ T®, we obtain
that

(7o props)(r) =0 < ps(w),

(nronrons)(z) =0 < ns(x)
and
(vrovrovs)(z) =1 > vs(x).

Now, assume that x € T3, we obtain that

(w0 pro ps)(x) = sup min{ur(a), pr(b), ps(e)} = sup ps(c) < ps(),

r=abc r=abc

(nronrons)(z) = sup min{ns(a), nr(b),ns(c)} = 0 < ns(x)

r=abc

and

(vrovrouvs)(z) = inf max{vy(a),vr(b),vs(c)} = inf vs(c) > vs(x).

r=abc r=abc

Hence, ToToS CS. H

Theorem 3.1.10. Let S = (us,ns,vs) be a spherical fuzzy set on a ternary
semigroup T. If S is a spherical fuzzy lateral ideal of T, then ToSoT C S.

Proof. Assume that S is a spherical fuzzy lateral ideal of T. If x ¢ T, we obtain
that

(nro pso pr)(x) =0 < ps(),

(nronsonr)(z) =0 < ns(w)
and

(vrovsovr)(z) =1 > vs(x).
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Now, assume that x € T3, we obtain that

(7o pso pr)(x) = sup min{pur(a), us(b), pr(c)} = sup ps(b) < ps(z),

r=abc r=abc

(nronsonr)(x) = sup min{nr(a),ns(b),nr(c)} =0 < ns(x)

r=abc

and

(vrovsovy)(z) = inf max{vy(a),vs(b),vr(c)} = inf vs(b) > vs(z).

r=abc r=abc

Hence, ToSo T C S. ]

Theorem 3.1.11. Let § = (us,ns,Vs) be a spherical fuzzy set on a ternary
semigroup T. If S is a spherical fuzzy right ideal of T', then So ToT C S.

Proof. Assume that S is a spherical fuzzy right ideal of T. If ¢ T, we obtain
that

(nso pro pr)(x) =0 < ps(z),

(nsonronr)(x) =0 < ns(x)
and
(vsovrovr)(z) =1 > vs(x).

Now, assume that x € T3, we obtain that

(nso pro pr)(x) = sup min{us(a), pr(b), pr(c)} = sup ps(a) < ps(z),

r=abc r=abc

(nsonrony)(x) = sup min{ns(a),nr(b),nr(c)} =0 < ns(x)

r=abc

and

(vsovrovr)(z) = inf max{vs(a),vr(b),vr(c)} = inf vs(a) > vs(x).

r=abc r=abc

Hence, So ToT CS. H
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3.2 Rough spherical fuzzy sets in ternary semi-
groups

The aims of this section is to connect rough set theory and spherical

fuzzy sets of ternary semigroups.

Definition 3.2.1. An equivalence relation p on a ternary semigroup 7" is called

a congruence if for all xq, xo, 3, y1,y2,y3 € T

(@1, 91), (T2, ¥2), (3,43) € p = (12223, Y1Y2y3) € p.
For x € T, the p-congruence class containing « is denoted by [z],.

Definition 3.2.2. A congruence p on T is called complete if
[91]9[92]0[%];7 = [yly2y3]p

for all y1,4y.,y3 € T.

Definition 3.2.3. Let p be a congruence on a ternary semigroup 7" and & =

(s, 7ms, Vs) be the spherical fuzzy set on a ternary semigroup 7.

(1) The lower approzimation is defined as
App(S) = {< y, us(y).ns(y), vs(y) >| y € T},
where us(y) = inf ps(y), ns(y) = inf ns(y') and wvs(y) = sup vs(y).
v Elp v'Elylp v €Yy
(2) The upper approximation is defined as
App(S) = {< v, 115 (y), 15 (y), 75 (y) > y € T},
where fis(y) = sup us(y'), ns(y) = sup ns(y’) and Ts(y) = inf vs(y).
y'Elylp v'€lylp y'Elylp

(3) The rough spherical fuzzy set of T is defined by
App(S) = (App(S), App(S)).

Example 3.2.4. Let p be a congruence relation on a ternary semigroup Z~ under

usual multiplication defined by

(z,y) € p if and only if 2 | (z — y)
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for all z,y € Z~.
1 1
Let pus(y) = —, ns(y) =0 and vs(y) =1 — — forally € Z~.
) Y
Then

1\° 1\* 1 1
0 < (ns) + s+ s = () 4 (1 ) < (1= ) =1
Y Y Y Y
for all y € Z~, this implies that S = (us, ns, Vs) is a spherical fuzzy set on Z~.
Thus we obtain that

ps(=1) = inf pus(y’) =0, ps(=2)= inf pus(y’) =0,

y'e[-1]p - y'e[—2],

ns(=1) = inf ns(y’) =0, ns(=2) = inf ns(y’) =0,
y'el—1], y'e[-2],

vs(—1)= inf vs(y)=1, vs(—2)= inf vs(y)=1
'e[-1p - y'e[-2],

and

As(=1)= sup pus(y’) =1, ms(=2)= sup pus(y’) = 0.25,
y'el-1], y'el—2],

ns(=1) = sup ns(y’) =0, Ns(=2) = sup ns(y’) =0,
y'el-1], y'e[-2],

Us(—1) = sup ws(y') =0, U5(—-2) = sup ws(y')=0.75.
y'el-1], y'e[-2],

Hence,

App(S) = {<y.ms(y).75(y), Ts(y) >y € Z7}
= {<9,1,0,0 >|yis odd} U{< y,0.25,0,0.75 >| y is even}.

Theorem 3.2.5. Let p be a congruence on a ternary semigroup T and S =
(lsy,Msy s Vs,) and So = (ps,, Ns,y, Vs,) be any two spherical fuzzy sets on T'. The

following statements hold.
(1) If S C Ss, then App(S:) C App(Ss) and App(Si) C App(Ss).
(2) App(Si1NS,) C App(S1) N App(Ss).
(3) App(SiU S2) = App(S1) U App(Sz).
(4) App(S1 N Sa) = App(Si) N App(Ss).

(5) App(S1) U App(S2) € App(S1 U Ss).
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Proof. (1) Assume that S C S;. Then ug, (z) < ps,(z), ns,(x) < ns,(x) and
vs,(z) > vs, () for all x € T'. Thus for all y € T', we have

fis, (y) = sup ps,(y') < sup ps,(Y') = fis, (),
y'EWlp y'€lylp

s, (y) = sup 1s,(y') < sup 1s,(y') = s, (y)
y'Elp Yy E€lylp

and

Us,(y) = inf vs (y) > inf vs,(y)=7s(y).
y'€Elylp y'€lylp

This implies that App(S;) € App(S,). Similarly, we have App(S1) € App(S,).

(2) Since SN'Sy € S and S NSy C Sy, by (1) we obtain that
App(8: N Sz) € App(S1) N App(S2).

(3) Note that

App(81) U App(Ss) = (fis; U Tis,, s, UTls,, Vs, N Vs,)

and

App(81 U 82) = (,LL81U527 77$1U827 V$1U82)'
Let y € T. Then

(Tts, UTis,) (y) = max{fis, (v), fis, (y) }

= max{ sup us, (y’), sup HSQ(Z//)}
y'ElYlp y'€lylp

= sup max{us, (y/)>N82(y/>}
y' €Yo

= sup pus,us,(Y')
Yy Eylp

= ,LL$1U82 (9)7

(s, UMs,) (y) = max{7s, (v), Ms, (y) }

= max{ sup Usl(y/), sup 7752(?//)}
y'ElYlp y'€lylp

= Sup maX{nSl(y/)anSQ(y/)}
y'Elylp

= Ssup 7]81U$2(y/)
v €Ylp

= N8,U8, (y)



and

(s, NUs,)(y) = min{Vs, (), Vs, (y) }
= min{ inf vs,(¢v'), inf vs,(y)}
y'Elylp y'€lylp

= inf IIliIl{Vgl (y/),VSQ(Z//)}
v'Eylp

= inf wvsus, (V)
y'€lylp
- VS1U82 (y)

(4) Note that

App(S1) N App(S2) = (s, N psy s, Nlsy; Vs, U vs,)

and

App(51 N 52) = (usmsw USTY 1/51052)-

Let y € T. Then

(s, M psy) (y) = min{ps, (y), ps, (y) }

= min{ inf ps(y), inf ps(y))
v'Elylp y'€Elylp

= inf min{us, (v'), us,(v')}
v'ElyYlp

= inf Hslﬁsz(y/)
v'€lylp

= HS:1nS, (y)’

(s, N Ms,) (y) = min{ns, (y),1s, (y) }

=min{ inf 7s,(y), inf ns,(y)}
v'Elylp y'elylp

= inf min{ns, (v/),ns,(¥)}
v'€lyYlp

= inf 7781082(9/>
v'Eylp

= 7781 NSa (y)

20
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and

(vs, Uvs,)(y) = max{vs, (), Vs, (y) }

= max{ sup V,sl(y/); sup VSz(Q,)}
y'Elylp y'elylp

— Sup maX{Vsl(y/)a]/S2(y/)}
y'Elylp

= SUup Vs NS, (y')
Y€y

= Vsins, (y)
(5) Since §; € S1USs and S; € S U S, by (1) we obtain that

Theorem 3.2.6. Let p be a congruence relation on a ternary semigroup T and S

be a spherical fuzzy set on T. Then App(S) is also a spherical fuzzy set on T.

Proof. Let y € T'. Then

(s(®))* + (ns(y))” + (vs(y))®

= (inf ps(y))?+ ( inf ns(y))? + (sup vs(y))?
v'Elylp y'Elylp y' €Yo

= inf (us(y)?+ inf (ns(y'))?+ sup (vs(y))?
y'ElyYlp y'€E[Ylp

y'Elylp
< inf (us(y))? + inf (ns(y)” + sup (1 - (us(y)* — (ns(¥))?)
ESP y'Elylp y'€lylp

< inf (us(y))*+ inf (ns(y))?+1— inf (us(y))?— inf (ns(y))*=1.
y'€lylp y' €y y'€lylp y'€ylp

This implies that 0 < (us(y))* + (ns(y))* + (vs(y))* < 1. Therefore, App(S) is a
spherical fuzzy set on T O]

Let § be a spherical fuzzy set on a ternary semigroup 7'. Note that
App(S) need not be a spherical fuzzy set on T, as can be seen in the following

example.

Example 3.2.7. Let 7' = {i,—i} be the ternary semigroup under the ternary
multiplication, p =T x T and S be a spherical fuzzy set on T defined by

ps(i) = 1,ns(i) = 0,vs(i) = 0 and ps(—i) = 0,ns(—i) = 1,vs(—i) = 0.
Then
As(i) = Fs(—i) = 17s(0) = (i) = 1,75(3) = 7s(—i) = 0.

In this example, we have that App(S) is not a spherical fuzzy set on 7.
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3.3 Rough spherical fuzzy ideals in ternary semi-
groups

The aims of this section is to connect rough set theory and spherical

fuzzy ideals of ternary semigroups.

Theorem 3.3.1. Let p be a complete congruence relation on a ternary semigroup
T. If S is a spherical fuzzy left ideal of T, then App(S) is a spherical fuzzy left
ideal of T.

Proof. Let yy,ys,ys € T.

&(3/13/2%): inf  ps(y)
YyE[y1y293]p
= inf = inf abc
yelulplyzlolsly s(v) abeelylololysly | slabe)
> inf ps(c) = inf ps(c) = ps(ys),
abe€lyilply2]plyslp c€lyslp
77_8<y1y2y3): inf  ns(y)
yE[Y1y2y3],p
= inf = inf abe
velilolszlolualy abce[yup[yﬂp[yg]pn‘s( )

> inf ns(c) = inf ns(c) = ns(ys)
abe€ [y1]ply2]plysle c€lyslp

and

V_s(y1y2?/3): sup  vs(y)

YE[Y1Y293]p

= sup vs(y) = sup vs(abe)
y€[y1lply2]plyslp abe€ly]ply2]plyslp

< sup vs(c) = sup vs(c) = vs(ys).
abe€[yilply2]plyslp c€lyslp

This implies that

ps(1y2ys) > ps(ys), ns(yryeys) > ns(ys) and vs(y11pys) < vs(ys).
Then App(S) is a spherical fuzzy left ideal of T'. O

Theorem 3.3.2. Let p be a complete congruence relation on a ternary semigroup
T. If S is a spherical fuzzy lateral ideal of T, then App(S) is a spherical fuzzy
lateral ideal of T .
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Proof. Let yy,y2,y3 € T.

&(?lew?)) = inf us(y)
yEY1Y293]p
= inf s(y) = inf s(abc
ye[yllp[yzlp[ys}pu (y) abce[w]p[yz}p[y:alpu ( )
> inf ps(b) = inf ps(b) = ps(y2),
abe€[yi]ply2]plyslp bE[y2]p
77_$(?J1?J2y3) = inf ns(y)
yEy19293]p
= inf s(y) = inf s(abe
ye[yllp[yzlp[y:a]pn ( ) abce[yllp[yzlp[y:a]pn ( )
> inf ns(b) = inf ns(b) = ns(y2)
abe€ly1]ply2]plyslp bE[y2]p

and

vs(y1y2ys) = sup  vs(y)

yEy1y293]p
= sup vs(y) = sup vs(abe)
yE1lply2lplyslp abe€lyi]ply2]plyslp

< sup vs(b) = sup vs(b) = vs(y2).
abe€ly1]ply2]plyslp bE[y2]p

This implies that

ps(y1yays) > prs(ya), ns(y1yays) > ns(ye) and vs(y1yays) < vs(ya).
Then App(S) is a spherical fuzzy lateral ideal of 7. H

Theorem 3.3.3. Let p be a complete congruence relation on a ternary semigroup
T. If S is a spherical fuzzy right ideal of T, then App(S) is a spherical fuzzy right
ideal of T.

Proof. Let y1,y2,ys € T.
M_S(ylyzys) = inf ps(y)
yEy1y2y3]p

= inf = inf abc
yE1lply2]plyslp MS(y) abe€yi]ply2]plyslo MS( )

> inf ps(a) = inf ps(a) = ps(y1),

abe€lyi]ply2]plyslo a€lyil,

77_S(y1yzys): inf  ns(y)
yEy1y2y3l,

= inf = inf abc
ye[y11p[yz]p[y31pn8(y) abce[yl]p[yﬂp[y?,]an( )

> inf ns(a) = inf ns(a) = ns(y1)

abe€ly1]ply2]plyslp a€lyilp
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and

vs(yiyoys) =  sup  vs(y)

yEy1y293]p

= sup vs(y) = sup vs(abe)
yE€1]ply2]plyslp abe€[y1]p[y2]plyslp

< sup vs(a) = sup vs(a) = vs(y1).
abe€(y1]ply2]plysle a€lyilp

This implies that

ps(y1yays) > ps(y1), ns(y1yays) > ns(y1) and vs(y1yays) < vs(y1)-
Then App(S) is a spherical fuzzy right ideal of T'. H

Corollary 3.3.4. Let p be a complete congruence relation on a ternary semigroup
T. If S is a spherical fuzzy ideal of T, then App(S) is a spherical fuzzy ideal of T.

Proof. This follows from Theorem 3.3.1 — 3.3.3, we obtain

s (Y1y2ys) > max{ps (1), ps(ya), s (ys) }

Ns(Y1y2ys) > max{ns(y1),ns(y2), ns(ys)},
and
Vs (y1y2y3) < min{vs(y1), vs(y2), vs(ys) }-
Therefore, App(S) is a spherical fuzzy ideal of T'. ]

Theorem 3.3.5. Let p be a congruence relation on a ternary semigroup T. If S
is a spherical fuzzy left ideal of T and App(S) is a spherical fuzzy set of T, then
App(S) is a spherical fuzzy left ideal of T

Proof. Let yy,y0,y3 € T.

fs(yiy2ys) =  sup  ps(y)

YE[Y1y2y3]p
> sup ps(y) = sup  ps(abe)
y€[y1lply2]plyslp abe€(y1]p[y2]plysle

> sup ps(c) = sup ps(c) = s(ys),
abe€ly]ply2]plyslp c€lys]p

Ns(yiyeys) = sup  ns(y)

YyE[Y1y293]p
> sup ns(y) = sup ns(abe)
y€[y1lply2]plyslp abe€ly1]ply2]plyslp

> sup ns(c) = sup ns(c) =ns(ys)

abe€(y1]ply2]plysle c€lyslp
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and
Us(yiyeys) = inf  ws(y)
yEly1y293lp
< inf vs(y) = inf vs(abe)

— yellplv2lolysls

inf

c€lyslply2lplyslp

<

This implies that

s (Y1y2y3) > s (ys), Ts(Y1y2ys) >

Then App(S) is a spherical fuzzy left ideal of T'.

vs(c)

abc€ly1]ply2]plyslpe

= inf ws(c) =Us(ys3).
c€lyslp

7s(ys) and Us(y1y2y3) < Us(ys3).

]

Theorem 3.3.6. Let p be a congruence relation on a ternary semigroup T. If S

s a spherical fuzzy lateral ideal of T and

App(S) is a spherical fuzzy set of T, then

App(S) is a spherical fuzzy lateral ideal of T.

Proof. Let yy,y2,y3 € T.

As(y1y2ys) =  sup  ps(y)
yEy1y293]p
> sup us(y) = sup  ps(abe)
y€[y1lply2]plyslp abe€lyi]ply2]plysle
> sup ps(b) = sup ps(b) = fis(yz),
abe€lyi]ply2]plyslp bE[y2]p
Ns(Y1y2ys) =  sup  ns(y)
yE[y1y293]p
> sup  ns(y) = sup ns(abc)
yEy1lply2]plysly abe€lyi]ply2]plyslp
> sup ns(b) = sup ns(b) = Ns(y2)
abe€(y1]ply2]plysle bE[y2]p
and
Us(yiyeys) = inf  wvs(y)
yEy1y293]p
< inf vs(y) = inf vs(abe)

yE€[y1lply2]plyslp

inf

T c€lys)ply2lplysle

This implies that

s (y1y2ys) > Tis(y2), Ns(y1y2y3)

Then App(S) is a spherical fuzzy lateral ideal of 7.

Vs (b)

abeelyi]ply2]plyslp

= inf vs(b) =Us(ya).
belyz2]p

> Ns(y2) and Us(y112y3) < Us(ye).
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Theorem 3.3.7. Let p be a congruence relation on a ternary semigroup T. If S
is a spherical fuzzy right ideal of T and App(S) is a spherical fuzzy set of T, then
App(S) is a spherical fuzzy right ideal of T.

Proof. Let yy,y2,y3 € T.

Is(yays) = sup  ps(y)

yE€[Y1y293]p
> sup us(y) = sup  ps(abe)
y€[y1lply2]plyslp abe€(y1]ply2]plyslp

> sup  ps(a) = sup ps(a) = ns(y),

abe€lyi]ply2]plyslp a€lyilp

Ns(y1y2ys) =  sup  ns(y)

y€y1y293]p
> sup  ns(y) = sup ns(abce)
y€[y1lply2lplyslp abe€lyi]ply2]plyslp

> sup ns(a) = sup ns(a) = Ns(y1)

abe€ly1]ply2]plyslp a€lyi]p
and
Us(yiyeys) = inf  wvs(y)

yEy1y293]p

< inf v = inf vs(abe

< e e, 5 T oL, 251409

< inf vs(a) = inf vs(a) =Ts(y1).
c€lyslply2]plyslp aclyilp

This implies that

fis(y1y2ys) = fis(y), s (yry2ys) = 7s(y1) and Ts(y1y2ys) < vs(yr).
Then App(S) is a spherical fuzzy right ideal of T'. H

Corollary 3.3.8. Let p be a congruence relation on a ternary semigroup T. If
S is a spherical fuzzy ideal of T and App(S) is a spherical fuzzy set of T, then
App(S) is a spherical fuzzy ideal of T

Proof. This follows from Theorem 3.3.5 — 3.3.7, we obtain

As(y1y2y3) > max{fis(y1), fis(y2), fis (y3) }

s (Y1y2y3) = max{7Ns(y1), 1s(v2), Ms(y3) },
and
Us(y1y2ys) < min{ws(y1), vs(y2), Vs(ys) }-
Therefore, App(S) is a spherical fuzzy ideal of T H



Chapter 4

Conclusions

A ternary semigroups is an algebraic structure (7', (-)) such that 7'
is a non-empty set and (-): 73— T is a ternary operation satisfying the associative
law, i.e., (abc)de = a(bed)e = ab(cde) for all a, b, ¢, d, e € T', and let S be a spherical

fuzzy subset of a universal set S defined by
S = {< x»ﬂs(x)ﬂ?s(fﬂ)aVS(x) >| LS S}

where ys, s and vs be three fuzzy subsets of S with the condition 0 < (us(x))*+
(ns(x))* + (vs(x))* < 1. Then ps(z), us(z) and ps(z) are called the degree of
membership, the degree of hesitancy and the degree of non-membership, respec-
tively.

In Chapter 3, we define spherical fuzzy ternary subsemigroups and
spherical fuzzy ideals in ternary semigroups. It is shown that the spherical fuzzy
set § on a ternary semigroup 7' is a spherical fuzzy ternary subsemigroup if and
only if SoSo S C S.

Furthermore, we study the relationship between rough set theory
and spherical fuzzy sets of ternary semigroups. We obtain that if p is a congruence
relation on a ternary semigroup 7" and § is a spherical fuzzy set on 7', then the
lower approximation is also a spherical fuzzy set on T. However, under the same
assumption the upper approximation need not be a spherical fuzzy set on T'. In
addition, when we study the relationship between rough set theory and spherical
fuzzy ideals of ternary semigroups, we obtain that if S is a spherical fuzzy ideal
[spherical left ideal, spherical lateral ideal, spherical right ideal] of T', then so are

the lower and upper approximations.



28

Bibliography

1]

8]

[9]

[10]

Ashraf, S., Abdullah, T., Mahmood, T., Gahni, F., and Mahmood, T. 2019.
Spherical fuzzy sets and their applications in multi-attribute decision making
problems. Journal of Intelligent & Fuzzy Systems, 36(3), 2829-2844.

Chinram, R., and Panityakul, T. 2020. Rough Pythagorean fuzzy ideals in
ternary semigroups. Journal of Mathematics and Computer Science, 20(4),
302-312.

Dubois, D., and Prade, H. 1990. Rough fuzzy sets and fuzzy rough sets.
International Journal of General Systems, 17(2), 191-209.

Giindogku, F.K., and Kahraman, C. 2019. Spherical fuzzy sets and spherical
fuzzy TOPSIS method. Journal of Intelligent & Fuzzy Systems, 36(1), 337-
352.

[ampan, A. 2013. Some properties of ideal extensions in ternary semigroups.

Iranian Journal of Mathematical Sciences and Informatics, 8(1), 67-74.

Kasner, E. 1904. An extension of the group concept. Bulletin of the American
Mathematical Society, 10, 290-291.

Kuroki, N. 1981. On fuzzy ideals and fuzzy bi-ideals in semigroups. Fuzzy
Sets and Systems, 5(2), 203-215.

Kar, S., and Sarkar, P. 2012. Fuzzy ideals of ternary semigroups. Fuzzy In-
formation and Engineering, 4(2), 181-193.

Lehmer, D.H. 1932. A ternary analogue of Abelian groups. American Journal
of Mathematics, 54(2), 329-338.

Los, J. 1955. On the extending of models I. Fundamenta Mathematicae, 42(1),
38-54.



[11]

[12]

[13]

[14]

[15]

[16]

29

Pawlak, Z. 1982. Rough sets. International Journal of Computer and Infor-
mation Sciences, 11(5), 341-356.

Petchkhaew, P., and Chinram, R. 2009. Fuzzy, rough and rough fuzzy ideals in
ternary semigroups. International Journal of Pure and Applied Mathematics
, D6(1), 21-36.

Siosan, F.M. 1965. Ideal theory in ternary semigroups. Mathematica Japonica,
10, 63-84.

Wang, Q. and Zhan, J. 2016. Rough semigroups and rough fuzzy semigroups
based on fuzzy ideals. Open Mathematics, 10(1), 1114-1121.

Zadeh, L.A. 1965. Fuzzy sets. Information and Control, 8(3), 338-353.

Zeng, S., Hussain, A., Mahmood, T., Ali, M.I., Ashraf, S., and Munir, M.
2019. Covering-based spherical fuzzy rough set model hybrid with TOPSIS
for multi-attribute decision-making. Symmetry, 11(4), 547.



30

VITAE

Name Mister Wasitthirawat Krailoet

Student ID 6310220035

Educational Attainment

Degree Name of Institution Year of Graduation
Bachelor of Science Prince of Songkla University 2020
(Mathematics)

List of Publications and Proceeding

Krailoet, W., Chinram, R., Petapirak, M., and Iampan, A. 2022. Applications
of Spherical Fuzzy Sets in Ternary Semigroups. International Journal of
Analysis and Applications, 20(1), 29.



