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ABSTRACT

In this thesis, we use the invariant subspace method to find the solu-
tions of three classes of fractional telegraph equations, i.e., space-, time-, and space
and time-fractional telegraph equations, in which fractional derivatives are consid-
ered in the Caputo sense. In this method, we first classify all possible invariant
subspaces with respect to the differential operator. By assuming the solution to be a
linear combination of functions in the appropriate invariant subspace, the fractional
telegraph equation is reduced to a system of fractional ordinary differential equa-
tions. Finally, solving the system of fractional ordinary differential equations yields

the solution of fractional telegraph equation.
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Chapter 1

Introduction

1.1 Background and significance

Diffusion is one of the most ubiquitous phenomena that has been
observed in many branches of science and engineering. In general, most diffusion
processes are studied under the assumption that the diffusion is normal-the mean
square displacement of a randomly walking particle grows linearly with time. In
addition, in the process, the particle can wait between successive jumps and the
jump size distribution must have finite moments. However, in some cases, these
conditions are not met, for example, anomalous diffusion, which is characterized
by power laws with exponents not equal to one [1, 2]. Mathematically, anomalous
diffusion is usually described by fractional partial differential equations, in which
the integer order derivatives are replaced by fractional order derivatives in time.

The telegraph equation is a simple example of a diffusion-like pro-
cess, which has characteristics of both wave motion and diffusion. For this reason, it
has been used to describe in various fields of applied science and engineering, for in-
stance, the diffusion of light in turbid [3, 4], distribution of organisms [5], population
dynamics [6] and hyperbolic heat transfer [7, 8].

In the previous works, Momani [9] used the Adomian decomposition
method to derive the analytical and approximate solutions of the space- and time-
fractional telegraph equations. By using the separation of variables method, Chen et
al. [10] solved the time-fractional telegraph equation with certain non-homogeneous
boundary conditions. Srivastava et al. [11] used the reduced differential transfor-
mation method to find the approximate solutions of the time-fractional telegraph

equations. Kumar [12] derived the analytical and approximate solutions of the space-



fractional telegraph equation by using the homotopy analysis and Laplace transform
methods. Das et al. [13] obtained the approximate solutions of time-fractional tele-
graph equation by applying the homotopy analysis method.

The invariant subspace method was initially proposed by Galaktinov
and Svirshchevskii [14] for solving non-linear partial differential equations. Later
on, it was extended by many authors [15, 16, 17, 18] to construct exact solutions for
fractional partial differential equations.

In this thesis, we apply the invariant subspace method to find exact

solutions of three classes of fractional telegraph equations as follows

1. The space-fractional telegraph equation of the form

v 0*u  Ou
m:w—i—aa—l—bu#—f(x,t), x>0,t>0,

where a, b are constants, f is a function of x and ¢, and 0 < o < 1 is the order

of the space-fractional derivative.

2. The time-fractional telegraph equation of the form

82u_325u+ 85u+b - )
a2 orp Vg T T

where 0 < § < 1 is the order of the time-fractional derivative.

3. The space and time-fractional telegraph equation of the form

9%y _ 0%y N 9%u bt fet)
or2e o g T Toth

where 0 < a < 1, 0 < 8 < 1 are the order of the space- and the time-

fractional derivatives, respectively.

In order to solve these problems by using the invariant subspace
method, first, we choose the differential operator and classify all possible invari-
ant subspaces. By choosing an appropriate invariant subspace, the solution can be
assumed as a linear combination of the elements in it. Then the fractional telegraph
equation can be reduced to a system of fractional ordinary differential equations.
Finally, solving this system by using the Laplace transform method, we obtain the

solution of fractional telegraph equation.



1.2 Objective of study

The objective of this thesis is to show how the invariant subspace
method provides exact solutions for space-, time-, and space and time-fractional

telegraph equations.

1.3 Expected advantage of this study

We will apply the invariant subspace method to find exact solutions
of three classes of fractional telegraph equations, i.e., space-, time-, and space and

time-fractional telegraph equations.



Chapter 2
Preliminaries

In this chapter, we introduce some basic definitions of fractional in-

tegrals and derivatives and some useful properties.

2.1 Definitions and Properties

Definition 2.1.1. Suppose that o and ¢ are positive real numbers. The Riemann-

Liouville fractional integral is defined by

L[ @)
T = r<a>/o (S

where

is the Gamma function.

Definition 2.1.2. Riemann-Liouville fractional derivative of order o« > 0 of the func-

tion f is defined by

4" rn—o _
D f(1) = G f(t), n—1<a<n, neN,
;i—n (1), o =n.

Definition 2.1.3. Caputo fractional derivative of order v > 0 of the function f is
defined by

Jredl f(1), n—1<a<mn, neN,
D2 f(t) = i 10

i—z (1), a = n.



Example 2.14. [letn =1,0<a < 1,ceR.

(1) The Caputo fractional derivative of constant is

de
D° 1 /t de g, g
= xz = 0.
T —a) ), (t—x)er

(2) The Riemann-Liouville fractional derivative of constant is

1 d [* c
a, - d
b F(l—a)dt/o(t—:p)ax

___¢ 4af_¢#=
 Tl-a)dt| 1-a
_ ¢ t*a
CI(l—a)

Example 2.1.5. Letn =1, 0 < a < 1, f(t) =t.

(1) The Caputo fractional derivative of the function f(¢) = ¢ is

dz

1 Ydr
D = L __d
* F(l—a)/o(t—m)ax

1 to1
:F(l—a)/o (t—:z:)adm

o 1 tl—a
C (1—-a)(1-a)

_ 1 tl—oc
CI(2-a)

(2) The Riemann-Liouville fractional derivative of the function f(t) = ¢ is

1 d [* T
pot=— 2 d
F(l—a)dt/o t—a)p "
L

A
Letu =2 = du=dx,dv= de = v =— (t—az)t™@
(t —x)~ l—«
t t 2—a
T 1 t
A=-— t—ax)® t— )" = :
o 0*1—04/0( L T g
We obtain

1 2o 1

oy _ 4 _
Dt_F(l—a)dt[(l—a)(Q—a)} T2~ a)

e,




In general case, the Riemann-Liouville and Caputo fractional derivative of the

power function can be shown as follows:

Proposition 2.1.6. The Riemann-Liouville fractional derivative of power function

satisfies
rg+1) 4
Dt = — L _¢f2 p_l<a<n, §>—1, BER.
I'—a+1) p p
Proposition 2.1.7. The Caputo fractional derivative of the power function satisfies
r 1
ﬂtﬁ‘a, n—1l<a<n, B>n—1, BER
potf = T(f—a+1)
0, n—l<a<n, <n—1, g&N.

Definition 2.1.8. [18, 19] Two-parameter function of Mittag-Leffler type is defined

as
kz:%]_"k,a_l_ﬂ 76726@, Re(Oé>>O,R€(B)>O, (21)
e.g.
* Bz =¢ o Eiy(z) = i
z
° E2,1(z2) = cosh(z) o Byy(s?) = sinh(z)
’ z
o Fyi(—2%) = cos(z) o Byop(—22) = sin z
’ z

[ ] 22E273(22) = E271<22) -1 (—QZ)ELQ(—QZ) = E171(—22) — 1.

The n-th order derivative of Eaﬂ(z) is given by

d" (k +n)!zk
ayﬁ(z) dZn Oé, k‘F O{k‘f—an—’—ﬁ) 07 » = ( )

Derivative of Mittag-Leffler function is given by

dOé
e {anl(azo‘)} =aF,(az”), Re(a) >0,a € R.

Proposition 2.1.9. Letn —1 < a < n,n € N. The Laplace transform of the Caputo

derivative of order « is defined as

daf n—1
E{ g s} =s"F(s) = > s (), (2.3)

k=0




where F'(s) is the Laplace transform of f.

Let a,6,A € R, o, > 0, n € N. Then the Laplace transform of the two-

parameter function of Mittag-Leffler type (2.2) is given by

nls®=A

E{z“”*ﬁ_lngg(i)\zo‘);S} = ——————, Re(s) > A",

<8a T )\)n+1 ’
whenn = 0, we have

@B
E{zﬂ_lEaﬂ(j:)\zo‘); st =

sE TN
Example 2.1.10. Let n = 1. Find the solution of this problem

dy
dre y(),
y(0) =1.

Applying the Laplace transform yields

By using (2.5), we have
Y(s) = L{Es1(z")}.

Taking inverse Laplace transform, we get
y(@) = Eaa(2®),

which is the solution of this problem.

If & = 1, then the solution of ordinary differential equation is

y(x) = Ey1(z) = €e".

2.2 Invariant Subspace Method

Consider evolution partial differential equation of the form
ug = Flul,

where F' is non-linear differential operator of order k, that is,

k
F[U] = F(ZE,U,Um,...,afu)’ 3§u = 0"u

Dk’

(2.4)

(2.5)

(2.6)

2.7)



Let IV, be a finite dimensional linear space spanned by linearly independent func-
tions fi(z), fo(x), ..., fu(z), thatis,

W, = L{fl(m),fg(x), ,fn(a:)}

n

— {Zcifi(xﬂ GER, i= 12n}

i=1
Definition 2.2.1. A finite dimensional linear space W, is said to be invariant with

respect to a differential operator F if F[W,] C W, thatis, F[u] € W, for all
uewWw,.

As a means to solve the equation (2.7), we suppose that 1/, is an invariant sub-
space with respect to a given operator F' if F'[W,,] C W,, and then the operator F' is
said to preserve or admit WW,, which means:

n

Flu] = F{Zcz(t)fz(x)] = Z‘I’z‘(ﬁ(t),@(t), o Cn(t)) fil), (2.8)
i=1 i=1

where {U;} are the expansion coefficients of F'[u] € W), on the basis { f;}.

We assume the solution of equation (2.7) to be a combination of functions in W,,,
that is,

n

u(a,t) =Y e(t) fi(x), (2.9)
i=1
where f;(z) € W,, i=1,2,...,n.
Since W, is invariant subspace under the operator /', we obtain equation (2.8).
By substituting equation (2.8) and (2.9) into (2.7), we get

n

Z ci(t) fi(z) = Z Ui (er(t), ealt), .o calt)) fil)

i=1

n

> [c;(t) — Wi(er(t), ca(t), s ca(t)) | fix) = 0.

i=1
Since fi(z), fao(z), ..., fu(z) are linearly independent functions, we obtain a system

of ordinary differential equations
ci(t) = Wi(er(t), ea(t), ...y en(t)), i=1,2,...,n.

Finally, by solving this system, we obtain the desired solution (2.9).



Example 2.2.2. (Galaktionov and Svirshchevskii [14]) Consider a non-linear diffu-

sion equation
v = (U"vx)x -0 o >0. (2.10)

. . 1 1_
By using the transformation ©u = v = v = u+ and v; = }TUJ Yug, we get

_ 1 1 1

(v"vx) — o7 = Zuuetu, | —wuet
z o

X

LIl 1y 1 11
— | U U, + UggUo | — U .
ol|lo

Substituting these terms into (2.10), the equation (2.10) turns to be

1
Uy = Ullyy + —(ug)? — 0. (2.11)
g

We choose the operator
1 2
Flu] = uuy, + —(u,)” — 0.
o

The subspace W, = L{1, 2} is invariant under F' because

2 NG 2 11d 2 ’
F[Cl‘f—ch]:(Cl‘f—ng)w c1 + cox +; %(cl—f—cg) —0

2
= (20102 - 0) + 2(1 + —) c%xQ e Ws.
o

Assume the solution u(x, ) as a linear combination of the elements in the invariant
subspace 15, that is,
u(z,t) = ¢y (t) + cot)z?

Substituting u(z, t) into the equation (2.11) , we obtain
/ 12 2\ 2.2
A (t) + &y(t)a® = 2¢1(t)ea(t) — o + 2(1 + ;)@(t)x

Ay (t) = 2¢1(t)ey(t) + 0] + [cg(t) -2 (1 + ;) c%(t)} 7% = 0.

Since 1 and 22 are linearly independent functions, we obtain a system of ordinary

differential equations
¢ (t) = 2¢1(t)co(t) — o, (2.12)

d(t) = 2(1 + §>c§(t). (2.13)



Taking integral to both sides of equation (2.13) yields

‘/Ciﬂéﬁﬁﬁ:i/2(1+§)dt

Ciﬂ::2(1%—§>t

(1 -
co(t) = —————.
? 2(0 + 2)t
Substituting c,(t) into equation (2.12), we get
o
¢ (t) + o+ 2)tcl(t) = —o,

which is the first order linear differential equation of the form

y' +p(t)y = q(t),

where p(t) = and ¢(t) = —o.

o
(0 +2)t
Then the general solution is

where

So, we obtain

- Int —Int
01(t):€<0+2) {—0/6(04_2) dt}
o o
:{0+2{—a/}0+2ﬁ}
o 20 + 2
—t 0+2 _Mta+2 + B
20 + 2
o
:Btia+2_M
2(c0+1)"

where B is an arbitrary constant.

Hence, the solution of the equation (2.11) is
o

o(o+2) o 9

u(x,t):Bt_U+2— t— L2

200+1) 2(0c+2)
Therefore, the solution of the equation (2.10) is

o

- +2) o
t) = | Bt 0—1—2_0(0 t— 2
v(@;1) 200 +1) 200 +2)t"

10

(2.14)



Chapter 3

Explicit solution of fractional

telegraph equations

In this chapter, we show how the invariant subspace can be extended
to three classes of fractional telegraph equations, i.e., space-, time-, and space- and

time telegraph equations.

3.1 The space-fractional telegraph equations

Consider the space-fractional telegraph equation with 0 < o < 1

0%*u  0*u  Ou
ax2a:ﬁ+a+u,z>0,t>0, (3.1

a2o¢

813204
left side of equation (3.1) by

where

is a space-fractional derivative in the Caputo sense. Now, we denote the

Pu 9
Flu] = a—;j + a—? +u. 3.2)

The following theorem shows an exact solution to the space-fractional telegraph

equation (3.1) by using the invariant subspace method.

Theorem 3.1.1. The space-fractional telegraph equation (3.1) admits a solution of
the form
u(z,t) = c1(x) + co(z)t + - - - + cpya ()",

where c;(x), i = 1,....n + 1 are solutions of the following system of fractional
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ordinary differential equations

( J2c
%1&(95) = 2c3(z) + ca(x) + 1 (2),
d2o¢
dCT%‘Ex) = 6cy(z) + 2c3(z) + ca(2), (3.3)
d2a o
\ %1(1:) = Cn+1 (I’)

Proof. The operator F'[.| defined by (3.2) is invariant under W,, = L{1,¢,--- ,t"}

because

F(ep+cot + - 4 cppat™) = (2e3 + o + ¢1) + (6¢4 + 2¢3 + o)t
+ o eyt € W

Assume the solution u(x,t) as a linear combination of the elements in the invariant

subspace IV, that is,
u(z,t) = c1(x) + o)t + - - - + cppr ()" 3.4
Then we have

Flu(z,t)] = [2¢3(z) + co() + e1(2)] + [6cs(z) 4 2¢3(x) + ()]t
+ o+ e ()2 (3.5)

Taking the fractional derivative of order 2a: with respect to x in both sides of equation
(3.4), we obtain
d2au<l’, t) _ dZOzCl (l’) d2a62(l')t 44 d2acn+1<x) " (36)

dea o dm2a dea dea

Substituting equation (3.6) and (3.5) into the equation (3.1), we get

d2a d2a
{%&'@ —2e3(z) — ea(x) — &1 (a:)} b [%&x) — 6es() — 2e5(2) — eo(2)
A 2 (x)
++t {CZ:E—;&—C”+1(ZE) :O
Since 1,1, - - - ,t" are linearly independent functions, we obtain a system of fractional

ordinary differential equations (3.3). O
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Remark 3.1.2. Under the operator (3.2), there are several invariant subspaces which
can be proved in a similar way. In below, we classify some invariant subspaces with

respect to the operator (3.2).

1. The subspace Wy = L{1,e%}, a # 0 is invariant under F’ because

F(cy + coe™) = ¢ + (aPcy + acy + cp)e™ € W,

2. The subspace Wi = L{1,sin(at),cos(at)}, a # 0 is invariant under F' be-

cause

Flc; + cysin(at) + ez cos(at)] = ¢ + e — acs — a’cy] sin(at)

+ [e3 + acy — a*cs) cos(at) € Wi

3. The subspace W2 = L{1,sinh(at),cosh(at)}, a # 0 is invariant under F

because

F[cy + cysinh(at) + c3 cosh(at)] = ¢1 + [ca + acs + a’cy] sinh(at)
+ [c5 + acy + acs) cosh(at) € W32

4. The subspace W3 = L{1, e, te*}, a # 0 is invariant under F' because

Fley + cpe®™ + cste™] = ¢; + [(1 4+ a + a*)cy + (1 + 2a)cs)e™
+c3(1 +a+ a®)te™ € W3.

5. The subspace W3 = L{1,e* cosbt,e*sinbt}, a,b # 0 is invariant under F

because

Flcy + coe™ cos bt + cse™ sin bt]
= c1 + [c2 + (acy + bes) + (a®cy + b2 cy)]e™ cos bt
+ [e3 + (acs — bey) — (abey + b2cs)
+ (a*cs — abey)]e™ sinbt € W'

The advantage of these different invariant subspaces is that, by choosing an ap-
propriate invariant subspace, we can solve the space-fractional telegraph equation

subject to different boundary conditions.
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Next, we will apply the invariant subspace method to solve some examples as

follows:

Example 3.1.3. (Momani [9]) Consider the space-fractional telegraph equation with

0<a<l
0*  0*u  du
= — + = >0, t>0 3.7
gra o ot oY ’ ©-7)
subject to the boundary conditions
0u(0,1)
0,t) =e™" ="
U( ) ) € b ax €
Under the operator
Pu  Ou
Flul = —+ —
=Gttt
we choose the invariant subspace
W2 = L{l, e*t}.

Assume the solution u(x,t) as a linear combination of the elements in the invariant

subspace 15, that is,
u(x,t) = a(z) + b(z)e .
By using the boundary conditions

e u(0,t) = e, that
a(0) +b(0)e ™" =e" = a(0) =0, b(0) =1,
0 —t
. %U(OJ) = e ', that
d(0)+V(0)et=e"=d(0)=0, ¥(0)=1.

Substituting u(z, t) into the equation (3.7), we get
d2a 20

—t
dxzaa(a:) +e T2

are linearly independent functions, we obtain a system of space-

b(x) = a(z) + b(x)e™

Since 1 and e~ !

fractional ordinary differential equations

ddx;a(x) =a(z), a(0)=d'(0) =0, (3.8)
& b(x) = b(x), b(0)="V(0)=1. (3.9

de(x



Applying the Laplace transform to both sides of equation (3.8), we obtain

E{ d;;(f) ; S} = L{a(z);s}
s2A(s) — 52 1a(0) — s**72a’(0) = A(s)

A(s) =0,

where A(s) is the Laplace transform of a(z).

Taking inverse Laplace transform yields
a(z) =0.

Applying the Laplace transform to both sides of equation (3.9), we obtain

E{%; s} = L{b(z);s}
s*B(s) — s**71b(0) — s** 2 (0) = B(s)

820471 820172
B(s) —
(5) 320“—1—’_32"‘—17

where B(s) is the Laplace transform of b(x).
By using (2.5), we have

B(8) = L{Ey1(2*); 8} + L{xFano(2); s}.
Taking inverse Laplace transform, we get
b(1) = Eog1(2%Y) + 1By 2(2*%).
Therefore, the exact solution of equation (3.7) is

u(z,t) =e" [EQQJ(mZ“) + xEQOQQ(an)},

15

which is the same solution obtained by the Adomian decomposition method by Mo-

mani [9].

In particular, if o = 1, then the exact solution of classical telegraph equation is

u(z,t) = e[ By (2%) + xFao(2?)] = e[ cosha + sinhz] = ",
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Example 3.1.4. (Momani [9]) Consider the non-homogeneous space-fractional tele-
graph equation with 0 < o < 1
O u  *u  Ou

axm_w—i—a+u—x2—t+l,a:>0,t>0, (3.10)

subject to the boundary conditions

0u(0,t)

0,t) =t = 0.
w0, =1, Ox
Under the operator
Pu Ou
Flul = —+ —
[u] 7 + 5 + u,
we choose the invariant subspace
Wy = L{1,t}.

Now, we assume the solution u(x,t) as a linear combination of functions in the

invariant subspace W21, that is,
u(z,t) = a(x) + b(x)t.
Using the boundary conditions

o u(0,t) =t = a(0) + b(0)t = t = a(0) = 0, b(0) =1,

. ou(0,t)
ox

Substituting u(x, t) into the equation (3.10), we get

= 0= a(0)+ b (0)t=0= a'(0) =0, b(0)=0.

J2e J2

T3 a(x) + tdxza
J2e J2e
dz?e dx?e

Since 1 and ¢ are linearly independent functions, we obtain a system of space-

b(x) +2°+t—1=>b(x)+a(x) + b(x)t

a(x) —a(x) — b(x) + 2* — 1] + t{ b(z) —b(x)+ 1] =0.

fractional ordinary differential equations

di;:z(ax> = a(x) + b(z) — 22 +1, a(0) =d(0) =0, (3.11)
d2ab($) = b(w) —1, b(O) =1, b/(O) =0. (3.12)

dana
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Applying the Laplace transform to both sides of equation (3.12), we get

of oo} = hotwns) - £y

2 B(s) — £ H(0) — 72 (0) = Bls) -

SQa—l 1
s20 _ 1 s(s?@ —1)

820471 82(171 1
s20 — 1 s —1 s

B(s) =

Taking inverse Laplace transform yields
b(x) = 1.

Substituting b(x) into the equation (3.11) and applying the Laplace transform to both

sides, we obtain

.c{ a(z) 3} = £{a(x); s} — L{a”; s} + L£{2}

dx2a

2 A(s) — 52 1a(0) — s**72d/(0) = A(s) — 2 + -

By using (2.5), we have
A(8) = 2L{ By 1 (2°*); s} — 2L{1} — 2L{2° Egq 3(27*); s} + L{2?}.
Taking inverse Laplace transform yields
a(r) = 2F5q1 (1%) — 2 — 202 By 5(2**) + 2°.
Therefore, the exact solution of equation (3.10) is
u(z,t) = 2F901 (7%*) — 2 — 202 Eop 3(2°%) + 2* + 1,

which is the same solution obtained by the Adomian decomposition method by Mo-
mani [9].

In particular, if o = 1, then the exact solution of classical telegraph equation is

u(z,t) = 2E51(2%) —2 = 2[Epy(2”) — 1] + 2> + t =2 + .
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Example 3.1.5. Consider the space-fractional telegraph equation with 0 < o <1

*u  9*u  Ou
S = gt 70, >0, (3.13)

subject to the boundary conditions
u(0,t) = sint, wu,(0,t) = cost.

Under the operator

0*u  Ou
Fll=Gm t e

we choose the invariant subspace
W3 = L{1,sint, cost}.

Assume the solution u(x,t) as a linear combination of the elements in the invariant

subspace /3, that is,
u(z,t) = a(x) + b(x) sint + ¢(x) cost.
By using the boundary conditions u(0,t) = sin ¢, that
a(0) +b(0)sint + ¢(0) cost = sint = a(0) = 0,b6(0) = 1,¢(0) = 0,
and u,(0,t) = cost, that
a’'(0) 4+ b'(0) sint 4 ¢/(0) cost = cost = a’(0) = b'(0) = 0,(0) = 1.
Substituting u(z, t) into the equation (3.13), we get

d2a d2a d2a
dxgaa(x) + sintdmm b(z) + costdx—mc(x) = a(x) — c(x)sint + b(x) cost

2c 2

{dcf:aa(x) - a(x)] + sint [ddxzab(x) + c(x)] + cost [dzp?a c(x) — b(x)] - 0.

Since 1, sint and cost are linearly independent functions, we obtain a system of

space-fractional ordinary differential equations

% — a(z), a(0) = d'(0) =0, (3.14)
djfgf) — —e(x), b(0) =1, K(0) =0, (3.15)
d2ac($) _ b(I), C(O) _ 07 Cl(()) -1 (3.16)

de(x



Applying the Laplace transform to both sides of equation (3.14), we get

c{ di:;f) : s} = c{a(x); s}

s2A(s) — 52 1a(0) — s**72a’(0) = A(s)
A(s) = 0.

Taking inverse Laplace transform yields
a(z) =0.

Now, we transform equation (3.15) and (3.16) by setting

Then

> |0 —1] |b(x)
dot ) = [1 ] [(1:) = 4%(@)

1o [ e [0
0]andz(())— [O]’ (0) L]

Applying Laplace transform to both sides, then we obtain

where A =

ZaZ( ) 2a 12(0) S2a 2 (0) AZ( )
(1 — A)Z(s) = s*712(0) + s*722(0)

2 1| . '52a—1 0 g2a-1
Z(s) = + =
-1 82a I 0 82a—2 82a—2
. -8204 1 -1 S2o¢—1
Z<S) - -1 82(1 820472
B 1 8201 -1 820471
- gl +1 1 SQa 820472
S4a—1 SQa—Q
B(S) 4o
= 4a§2 ++ 20—1
C(s) 5
sl +1
Then we get
4a—1 200—2
B(S) . S S

19
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By using (2.5), we have
B(s) = L{E1(—2")} = L{z"" Ego pasa(—2")}
Taking inverse Laplace transform yields
b(7) = Eaq(—1') — 2** M By 000 (—2).

And

Cls) = st +1 + slo+ 1
By using (2.5), we have
C(s) = L{zEsp(=2")} + L{2" Bt 2as1(—2"") }.
Taking inverse Laplace transform yields
c(7) = 2E402(—2") + 2% Eyg 20401 (— 7).
Therefore, the solution of equation (3.13) is

u(x, t) = {Em,l(—aflo‘) — $2“+1E4a72a+2(—x4a)] sint

+ [xEm,Q(—xA‘O‘) + :CQO‘EM,QQH(—QC‘I“)} cost.
If « = 1, then the solution of classical telegraph equation is

u(z,t) = {E471(—x4) - $3E474(—J}4)} sint + {xE472(—x4) + :L‘2E473(—ZE4):| cost.

3.2 The time-fractional telegraph equations

Consider the time-fractional telegraph equation with 0 < 5 < 1

Pu 0%y OPu
55 = g T T >0, £>0, (3.17)

0% o’ . P
where 08 and 5 are time-fractional derivatives in the Caputo sense. Now, we set
the differential operator
0*u

To obtain an exact solution of time-fractional telegraph equation (3.17) by applying

the invariant subspace method is stated in the following theorem.
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Theorem 3.2.1. The time-fractional telegraph equation (3.17) admits a solution of
the form
u(z,t) = c1(t) + ca(t)e + c3(t)ze®,

where c1(t), cy(t), and c3(t) are solutions of the following system of fractional ordi-

nary differential equations

( dgﬁcl(t) dﬁcl( )

g2 A = ol

d% + 5( ) es(t) + 2acs(t) — ea(t), (3.19)
\ddt% dtﬂ() — aes(t) — cs(t).

Proof. Under the operator F[.] defined by (3.18), we choose the invariant subspace
W3 = L{1,e* xe*}, a # 0 because

Flcp + cpe™ 4 czwe™] = —c; + (a’cy + 2acs — c3)e™ + (a’cs — c3)we™ € W3

Assume the solution u(x, t) as a linear combination of the elements in the invariant

subspace W3, that is,
u(z,t) = c1(t) + co(t)e™ + c3(t)ze™. (3.20)
Then we have

Flu(z,t)] = —e1(t) + (a’ca(t) + 2acs(t) — ca(t))e™ + (a’cs(t) — c3(t)) we™.
(3.21)

Applying the fractional derivative of order 2ae and o with respect to ¢ in both sides

of equation (3.20), we sum them together, we obtain

PPu(x,t)  du(x,t)  dPei(t)  dPe(t)  dPe(t) ., o dPel(t)
dt?s s dt2P dtP dt?s dtP
dPes(t) o dPeslt) .

Substituting (3.22) and (3.21) in (3.17), we get

d®ei(t)  dPei(t) L[dPey(t)  dPey(t)
{ dt?8 dt? +Cl(t)} e { dt?s dtP

d*¥cs(t)  dPes(t
+ C2(t>:| + xea‘”{ dzfsﬁ( ) + 5;5( ) _ a*es(t) + cs(t)| = 0.

— a’cy(t) — 2acs(t)

Since 1, e**, and xe®” are linearly independent functions, we get a system of frac-

tional ordinary differential equations (3.19). O
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Remark 3.2.2. We would like to mention that, in a similar way, there are several
invariant subspaces under the operator (3.18) can be proved this theorem. In the
following, we classify all possible invariant subspaces with respect to the differential

operator (3.18)

1. The subspace W,, = L{1,z, ..., 2™} is invariant under F' because

F(ei+cox+ ...+ cpz™) = (2c3 — 1) + (6c4 — o)

— e — Cp1x € W,

2. The subspace Wy = L{1, e}, a # 0 is invariant under I’ because

F(ep + ce™) = —c1 + (a%cy — c3)e™ € W,

3. The subspace W, = L{1,sin(ax), cos(ax)}, a # 0 is invariant under F' be-

cause

Flc; + epsin(ar) + ez cos(az)] = —c; — [c + a’cy] sin(ax)

— [es + a’cs] cos(ax) € W3

4. The subspace W7 = L{1,sinh(az),cosh(azx)}, a # 0 is invariant under F’

because

Flc; + cysinh(ax) + c3 cosh(ax)] = —c; + [a’cy — cy] sinh(ax)

+ [a*cs — c3) cosh(ax) € W

5. The subspace W3 = L{1, e cos bz, e*®sinbz}, a, b # 0 is invariant under F'

because

Fley + c0e™ cosbr + ¢3¢ sin bx|
= —c1 + [a*c3 — bPcy + 2abes — co)e™ cos b

+ [a*cs — 2abes — bPes — c3e™ sinbr € Wi

The benefit of these different invariant subspaces is that, by choosing an appro-
priate invariant subspace with respect to the initial conditions, we are able to solve

the time-fractional telegraph equation.



23

Next, we solve some examples which are stated in [11, 13] by using the invariant

subspace method.

Example 3.2.3. (Srivastava et al. [11]) Consider the time-fractional telegraph equa-
tionwith0 < g <1
Pu  0*u 0%u

o5 = gap T 2gm T ©>0, t>0, (3.23)

subject to the initial conditions

Ju(x,0)
0) =e" = —2¢”.
u(z,0) =€, g e
Under the operator
0%u

F[U] = @ — U,
we choose the invariant subspace

W2 = L{l, 635}.

Now, we assume the solution u(z, t) as a linear combination of the elements in the

invariant subspace W5, that is,
u(z,t) = a(t) + b(t)e”.
It follows the initial conditions

o u(x,0) =e¢" = a(0)+b(0)e” =e* = a(0) = 0,b(0) =1,

. Ju(z,0)
ot

Substituting u(z, t) into the equation (3.23), we obtain

= —2¢% = d'(0) + V' (0)e” = —2¢* = a'(0) = 0,4/(0) = —2.

428 428 48 d°

428 8 428 d?
dt—wa(t) +2—alt) + a(t)} +e” [Wb(t) +2—0b(t)| = 0.
Since 1 and e” are linearly independent functions, we obtain a system of time-

fractional ordinary differential equations

428 d° ,
428 dbs
Cb(t) + 25 b(t) = 0, b(0) =1,0(0) = —2. (3.25)

dts dtP
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Applying the Laplace transform to both sides of equation (3.24), we obtain

26 B
E{jt—wa(t); S} + QE{%a(t); s} = —L{a(t); s}
s A(s) — %71 (0) — s*°72d/(0) + 257 A(s) — 25" 1a(0) = —A(s)
A(s) = 0.

Taking inverse Laplace transform yields
a(t) = 0.
Applying the Laplace transform to both sides of equation (3.25), we get
d2p dP

s B(s) — s*771b(0) — s 72 (0) = —257 B(s) 4 25 7'b(0)
s B(s) + 25" B(s) = 26" 71 4 52771 — 25772

B(s) =2 -2
(5) s28 4 28 i s20 4 2P s28 4 2P
B 35(8*1) sﬁ(sﬁfl) 55(35*2)
C TSP +2)  sP(sP +2) sP(s? 4 2)
1 gh-1 sP—2
=9 + —2
s(sP+2) sP+2 P42
1 s 5Pt 572
- + —2
s sP+2 P42 TsF42
1 s72
s TSPt

By using (2.5), we have
B(s) = L{1} — 2L{tEs,(—2t")}.
Taking inverse Laplace transform yields
b(t) =1 — 2tEzo(—2t").
Therefore, the exact solution of equation (3.23) is
u(z,t) = " [1 — 2tEgo(—2t")],

which is the same solution obtained by the reduced differential transform method by
Srivastava et al. [11].

In particular, if 5 = 1, then the exact solution of classical telegraph equation is

u(z,t) =e*[1 = 2tEy o(—2t)] = €"[1+ By (—2t) — 1] = "%,



25

Example 3.2.4. (Srivastava et al. [11]) Consider the following time-fractional tele-
graph equation with 0 < § <1
Pu  0%u  _0u

72 0pp +28tﬁ +u, x>0, t>0, (3.26)

subject to the initial conditions

ou(z,0)

u(z,0) = sinh z, T —2sinh .
Under the operator
0?u
F[U] = @ — U,

we choose the invariant subspace
W, = L{1,sinh z}.

We assume the solution u(z, t) as a linear combination of the elements in the invari-

ant subspace W3, that is,
u(x,t) = a(t) + b(t) sinh z.
By using the initial conditions u(x,0) = sinh z, that

a(0) + b(0) sinh z = sinhz = a(0) = 0, b(0) =1,

and w = —2sinh z, that

a'(0) + V' (0) sinhx = —2sinhz = ¢’(0) =0, ¥'(0) = —2.

Substituting u(z, t) into the equation (3.26), we obtain

ds d?? d? d?
d*8 d? d*? d?

Since 1 and sinh z are linearly independent, we obtain a system of time-fractional

ordinary differential equations

d2° ds
26 B
T+ 2L by =0, b(0) = 1,0(0) = —2, (3.28)

dt*s dth
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where a system of fractional ordinary differential equations has already found in a
example (3.2.3), that
a(t) =0, b(t) =1 — 2tEgy(—2t7).
Therefore, the exact solution of equation (3.26) is
u(z,t) = [1 — 2tEg,(—2t")] sinhz,

which is the same solution obtained by the reduced differential transform method by
Srivastava et al. [11].

In particular, if 5 = 1, then the exact solution of classical telegraph equation is
u(z,t) = e *sinh .

Example 3.2.5. Consider the time-fractional telegraph equation with 0 < g <1

Pu 0%y 0Pu
52 = By +26t5+u7 x>0, t>0, (3.29)

subject to the initial conditions

0 0
u(z,0) = coshz, Ou(z,0) = —2coshz.
ot
Under the operator
0*u
F[U] = @ — U,

we choose the invariant subspace
W3 = L{1,coshz}.

Now we assume the solution u(z,t) as a linear combination of the elements in the

invariant subspace W2, that is,
u(z,t) = a(t) + b(t) cosh z.
Using the initial conditions

e u(x,0) = coshx = a(0) + b(0) coshz = coshx = a(0) = 0,b(0) = 1,

ou(z,0)
ot

= —2cosh = d/(0) + b'(0) coshz = —2coshz

= d'(0) = 0,5(0) = —2.
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Substituting u(x, t) into the equation (3.29), we obtain

d* d* d? d?
Wa(t) + cosh wa(t) + QWa(t) + 2 cosh wa(t) = —af(t)
d* db 28 dP

Since 1 and cosh z are linearly independent, we obtain a system of time-fractional

ordinary differential equations

d* d8

Zat(t) +255a(t) = —a(t), a(0) = a'(0) =0, (3.30)
23 I

%b(” + Q%b(t) =0, b(0) = 1,0'(0) = 2, (3.31)

where a system of fractional ordinary differential equations has found in a example
(3.2.4), we have
a(t) =0, b(t) =1—2tEz5(—2t").

Therefore, the exact solution of equation (3.29) is
u(z,t) = [1 — 2tEg2(—2t7)] coshz.
In particular, if 5 = 1, then the exact solution of classical telegraph equation is
u(z,t) = e * cosh x.

Example 3.2.6. Consider the time-fractional telegraph equation with 0 < g < 1

Pu 0*u 0%u
972 0pp +28t5 4+u, x>0, t>0, (3.32)

subject to the initial conditions

0
u(z,0) = cosz, ug; ) = sinx.
Under the operator
0*u
F[U] = @ — U,

we choose the invariant subspace
W3 = L{l, sin x, cos x}

Assume the solution u(x,t) as a linear combination of the elements in the invariant

subspace /3, that is,

u(z,t) = a(t) + b(t)sinx + ¢(t) cos x.
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By using the initial conditions
e u(z,0) =cosz = a(0) + b(0)sinx + ¢(0) cosx = cosx

= a(0) = b(0) = 0,¢(0) = 1,

. au(m, 0) =sinz = a/(0) + ¥/ (0)sinz 4 ¢/(0) cosx = sinx

= a'(0) = 0,0/(0) = 1,¢(0) = 0.

Substituting u(x, t) into the equation (3.32), we get

d*a(t) . d*Pb(t) d*c(t)  _dPal(t) . dPb(t) dPe(t)
W—i—smxw—l—msx 7528 pTE —|—281an+2008$ g7

= —a(t) — 2b(t) sinx — 2¢(t) cos

d*Pa(t) _dPa(t) d?Pu(t)  _dPb(t)

i t
728 +2 e —|—a(t)} —f—smx{ 738 +2 e + 2b( )}
d*c(t) dPc(t)
—i—cosx{ 738 +2 703 —|—20(t)} = 0.

Since 1, sin x and cos z are linearly independent functions, we get a system of frac-

tional ordinary differential equations

28 B
dd;ét) + 2ddi¢(f) = —af(t), a(0)=d'(0) =0, (3.33)
23 B
ddtg(ﬁt) + Qddlz,gt) = —2b(t), b(0) =0, V'(0) =1, (3.34)
42 dP
d;g) +2 djé” = —2c(t), ¢(0)=1, (0)=0. (3.35)

Applying the Laplace transform to both sides of equation (3.33), we obtain

£{d2;tigt);s} + 2£{%; s} = —L{a(t); s}

s A(s) — s 71a(0) — s2°72d/(0) + 25° A(s) — 257 a(0) = —A(s)
A(s) =0.

Taking inverse Laplace transform yields
a(x) = 0.
Applying the Laplace transform to both sides of equation (3.34), we get
E{d;il;gt) ; s} + ZE{%; 3} = —2£{b(t); s}
s*B(s) — sP71b(0) — s (0) 4 25° B(s) — 25°7'b(0) = —2B(s)
B(s) [525 + 257 + 2] = §2=2
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5282

528 4258 42
§26-2

(sP+1)2+1

82,872 |: 1 :|
= (8’8+1)2 1+(53i1)2 .

We have
1 o
— = —1)"t".
PR
Then
1 > |
—1 =)V
1 + — n=0 ( - )
(57 + 17
Hence
0 . 5282
B(s) = Z(_l) (sB + 1)2n+2'
n=0
By using s
an+8—1 (n) a\. _ nls*”
£{Z + Eaﬁ(j:)\z ),5} = W,
we get

B = > o e B )

Applying the inverse Laplace transform to both sides, we get

- (=" 2np+1 p(2n+1) 4B
b(t) - th + Eﬂ,?—ﬁ (—t )

n=0

Applying the Laplace transform to both sides of equation (3.35), we obtain

,c{d;iigt);s} n 2£{d2§g>;s} = —20{c(t); 5}

s?PC(s) — 5771 (0) — %72 (0) 4 25°C (s) — 257 1e(0) = —2C(s)
C(s)[s* + 25" +2] = ¥71 + 2571
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§26-1 1 9g8-1
= @12
sP7(sP + 1) + 5771
(s +1)2+1
PP+ 1) N 51
(sP+1)2+1 (sf+1)2+1

B 1(35+1){ 1 }—i— sf-1 [ 1 ]

= -t -
;0( ) (3,8 + 1)2n+1 + RZ_; ) (56 + 1)2n+2
We have ' p
an+p—1 (n) ay. 1 nls®”
L{z B, 5(EA"); s} = CEE
Thus

— (=1
B Z (2n)!

n=0

n n - (_1)n n n
B O+ 3 Gy e B )
n=0 ’

Taking the inverse Laplace transform yields

> tZﬁ (2n) t(2n+1)5 S
t) = —1 EP(4fy 4~ gty
o) = 2| G A ) + gy B
Therefore, the solution of equation (3.32) is
o t2nﬁ+1 (@n+1)
J— n mn 6 .
U(,T,t) = §(_1> {mEﬁ’Qﬁ (—t ):| S x
tZﬁn (2 ) t(2n+l) (2 +1)
(=t L5 " t° .
+Z [ By ( )+(2n+1) (— )}cosx

If 5 = 1, then the solution of classical telegraph equation is

u(z, t) = i(—m [(th—HEf{”l)(—t)} sin

— 2n + 1)!

o0 20 o 201 )
—l—nz%(—l) [mELI (—t) —l—mE11 (— t)] CoS T

= —e 'sin(t)sinx + e costcosw — e 'sint cosx

=e¢ 'cos(t+x) — e 'sintcosz.
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Example 3.2.7. (Das et al. [13]) Consider time-fractional telegraph equation

P OMu O lu .
ox2  Otr + Otn—1 +u+ o] sinhz, 1<p<2, (3.36)

subject to initial condition

ou(z,0)
0) = =0.
u(a, 0) = =
Under the operator
0?u
F[U] = @ — U,

we choose the invariant subspace
Wy = L{1,sinhx}.

Assume the solution u(x,t) as a linear combination of the elements in the invariant
subspace W5, that is,
u(z,t) = a(t) + b(t) sinh z.

It follows the initial condition u(z,0) = 0, we have
a(0) + b(0) sinhz = 0 = a(0) = b(0) = 0.

Ju(z,0)
ot

a'(0) +b'(0)sinhz =0 = a'(0) ='(0) = 0.

And another initial condition

= 0, we have

Substituting u(x, t) into the equation (3.36), we obtain

d"a(t) d"b(t) N d"La(t) d"1b(t) tn

s sinh T e sinh T = —a(t) + ] sinh x
dra(t) d*la(t) , deb(t) dv'o(t) ]
I S o +a(t)| + sinhz 7T e v =0.

Since 1 and sinh x are linearly independent functions, we get a system of fractional

ordinary differential equations

dta(t) —d"la(t) o
o + T —a(t), a(0) =d'(0) =0, (3.37)

db(t)  db(t) T
@ g MO =Y =0 539




Applying Laplace transform to both sides of equation (3.37), we obtain

g{d%ff);s% {d;til } _{a(t): s}

sMA(s) — s*7ta(0) — s#7%a’(0) + s A(s) — s*2a(0) =
A(s)[s" 4+ s*1 +1]
()

S =
Applying inverse Laplace transform yields
a(t) = 0.
Taking Laplace transform to both sides of equation (3.38), we get
drb(t) dr1b(t) "
E{ o ,S} +£{ pr=h =L AR

$"B(s) — " 1(0) — " 20/(0) + 87 B(s) + 5 7(0) = %( ; )

| sn+1
B H p—17 _ 1
(s)[s + s } = o
1
B(s) =
() s (st + s
B 1
 sntlgnl(s 4 1)
S_(n'hu)
os+17
By using
L{PVE, 4(+A20 5t
{Z a,,B( z >78}_Sa:|:)\7
we have

B(s) = L{" By g (—1)}

Taking inverse Laplace transform yields

b(t) = "By ().
Therefore, the solution of equation (3.36) is

U({L‘,t) = [tn+NE17n+“+1(_t)} Sinhx)
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which is the same solution obtained by the homotopy analysis method by Das et al.

[13].
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If 1« = 2, then the solution of classical telegraph equation is

0 N th+n+2
u(x,t) = —1)f—————sinhxz
@) =2 W gy
o0 tm
= Z (—1)m_(”+2)—' sinhz, k=m— (n+2)
m!
m=n+2
= (1)~ Y (=1)"— sinhz
m=n+2
n+1
—£)m
= (—1)" ¢+ {e_t - Z ( m)! } sinh z.

m=0

3.3 The space and time-fractional telegraph equations

Consider the space and time-fractional telegraph equation with 0 < o, 8 < 1

9%y - 0%y 0Pu

Or2a 9P +28t5 +u, x>0, t>0, (3.39)
82a 62ﬁ
where 92 and 908 are space-fractional and time-fractional derivatives in the Ca-
T e

puto sense, respectively.
If o = 1, then equation (3.39) becomes to time-fractional telegraph equation of the
form

Pu  0*Pu 0P

o~ ot T

If 8 = 1, then equation (3.39) becomes to space-fractional telegraph equation of the

form
0%y 0% N 2(9u n
= — — + .
Ox2e ot? ot

As a means to find the solution of the space and time-fractional telegraph equa-

tion (3.39) by using the invariant subspace method, we need to choose the operator

0%
o 61:204

. (3.40)

The way to obtain an exact solution of equation (3.39) by using the invariant sub-

space method will be shown in the following theorem.

Theorem 3.3.1. The space and time-fractional telegraph equation (3.39) admits a
solution of the form
u(z,t) = c1(t) + co(t)z?,
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where ¢, (t), ca(t) are solutions of the following system of fractional ordinary differ-
ential equations
dQBcl (t) 2dBC1 (t)

120 dth
dQ%CQ (t) dBCQ (t)

dt?s dts
Proof. The subspace W, = L{1, x2*} is invariant under the differential operator F'[.|
defined by (3.40) because

=c(t)T2a+1) — ¢ (t),
(3.41)

= —co(t).

F[cl + 021‘2&] = [CQF(QQ +1)— 01] — 1% € W,

Assume the solution u(x,t) as a linear combination of the elements in the invariant

subspace W5, that is,
u(z,t) = 1 (t) + co(t) 2z (3.42)

Then we have
Flu(z,t)] = [T (2a + 1) — c1(t)] — ()2, (3.43)

Taking the fractional derivative of order 25 and (8 with respect to ¢ in both sides of

equation (3.42), we sum them together, we obtain

d*Pu(z,t) dPu(x,t)  d*Pei(t) d*Pey(t) dPe(t) dPey(t)

) 2 ) — 2a 2 2a ]

a2 T g azs 0 T T
(3.44)

Substituting equation (3.44) and (3.43) in equation (3.39), we get
|:d2501 (t) 4 Qdﬁcl (t)

728 e t)l2a+1)+ ¢ (t)]

d*Pey(t dPesy(t
+x2a[ d;;g( ) 4 ;;B( ) +C2(t>} = 0.

Since 1 and 2?* are linearly independent functions, we get a system of fractional

ordinary differential equations (3.41). ]

Remark 3.3.2. Hence, this theorem can be stated in a similar way when we choose
other invariant subspaces with respect to the operator (3.40). Under the operator
(3.40), we classify all possibilities of invariant subspaces as follows
1. The subspace Wy = L{1, Ey,(az?**)}, a # 0 is invariant under F because
200

F[cl + cgEga(axQ‘l)] =

[cl + CQEQQ(&.’L'ZQ):| — [cl + cgEga(axQO‘)]

= acy Ey(az®) — 1 — ¢y By (az®)

= —c + [a@ — CQ]Ega(ax%‘) cWs.
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2. The subspace W3 = L{1, Ey,(2**)} is invariant under F because

2
- deOé

= CgEga($2a) —C1 — CQEQQ(.Z‘Q(X) = —cC € W22

Fler + 2B (2°)] [61 + C2E2a<x2a):| - [01 + C2E2a(332a>1

3. The subspace W,, = L{1,z%* --- (M} is invariant under F because

Fley+ca™ + -+ cmlm@")a] =ol2a+1)—c

The usefulness of these distinct invariant subspaces is that, by choosing an ap-
propriate invariant subspace, we can solve the space and time-fractional telegraph

equation with respect to distinct initial conditions.

In the following example is the same as the time-fractional telegraph equation

when the space-fractional order derivative closes to one.

Example 3.3.3. Consider the following space and time-fractional telegraph equation
with) < o, <1

%y 0%y 9Pu
e = B8 +28tf3 4+u, x>0, t>0, (3.45)

subject to the initial conditions

u(z,0) = Egq1(2%%), us(,0) = —2F5, 1 (2**).

Under the operator
02,

Flu] = ora U

we choose the invariant subspace
W22 = L{l, E2a71($2a)}.

Assume the solution u(x,t) as a linear combination of the elements in the invariant

subspace W2, that is,
u(z,t) = a(t) + b(t)EQQJ(xZO‘).
By using the initial conditions
e u(z,0) = 22>, we have

a(0) + b(0) Ege1(2°*) = Eaq 1 (2**) = a(0) = 0,b(0) = 1,
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o u(x,0) = —2F5, 1(z**), we have

d'(0) + b'(0) B 1 (27%) = —2F541 (2**) = d’(0) = 0,¥(0) = —2.

Substituting u(z, t) into the equation (3.45), we obtain

23 3
;5—25 [a(t) +b(t)Eza,1(x2“)] +2% [a(t) +b(t)E2a,1(x2a)] — —a(t)
d*Pa(t) | d°a(t) oo [d2Pb(t) _dPb(t)
{ 128 e J”‘(t)} + Bz (@ )[ —ar T2 }:0,

Since 1 and Fy, 1 (x?) are linearly independent functions, we get a system of frac-

tional ordinary differential equations.

d*a(t) dPal(t)

112 T = —alt), a(0) =0,d'(0) =0, (3.46)
d*b(t)  _d°b(t
dt2(ﬁ) + dt? =0, b(0) =1,0'(0) = —2. (3.47)

Applying Laplace transform to both sides of equation (3.47), we get

SR

s* B(s) — s*71b(0) — s* 72 (0) = —25° B(s) + 25°715(0)
B(s) [32*3 + 235] = 2071 942072 4 941
§2P—1 _ 9428-2 4 94f-1

Bls) —
(s) §28 + 248
B Pt —2g6-2 4 91
B sP 42
P sP—2 2
— 9 +
sB+2 P42 s(sP+2)
g1 582 1 sB-1
sP+2 sP+2 s sP42
1 g2
s s

By using (2.5), we have
B(s) = L{1} — 2L{tEs(—2t")}.
Taking inverse Laplace transform yields

b(t) = 1 — 2tEzo(—2t7).
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Applying Laplace transform to both sides of equation (3.46), we obtain

E{%;s} + QE{di;gt);s} = —L{a(t)}

s*PA(s) — s%71a(0) — 527720/ (0) + 257 A(s) — 2577 a(0) = —A(s)
A(s)[s* =2 +1] =0
A(s) =0.

Taking inverse Laplace transform yields
a(t) = 0.
Therefore, the solution of equation (3.45) is
u(z,t) = [1 — 2tEg(—2t")] Egg1(2%%).
If « = 1, then the solution of equation (3.45) is
u(z,t) = [1- QtE@Q(—Qtﬁ)} cosh z,

which is the same as solution of time-fractional telegraph equation in the previous

example (3.2.5).
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Conclusions

The objective of this thesis was to construct exact solutions of three

classes of fractional telegraph equations, i.e., space-, time-, and space and time-

fractional telegraph equations. The invariant subspace method by Galaktinov and

Svirshchevskii [14] was mainly used in our study.

The following are the summarized results we have obtained:

1.

In theorem 3.1.1, we have constructed an exact solution of space-fractional
telegraph equation by using the invariant subspace method under the invariant
subspace in time W,, = L{1,t,....t"}.

In remark 3.1.2, we have given some invariant subspace in time.

. In example 3.1.3-3.1.5, we have applied the invariant subspace method to de-

rive solutions to space-fractional telegraph equation with different boundary

conditions.

In theorem 3.2.1, we have derived an exact solution of time-fractional tele-
graph equation by using the invariant subspce method along with the invariant
subspace W3 = L{1, e ze*}.

In remark 3.2.2, we have listed other invariant subspace in space.

In example 3.2.3-3.2.6, we have derived explicit solutions of time-fractional

telegraph equation with different initial conditions.

In theorem 3.3.1, we have combined both space- and time-fractional deriva-
tives in the telegraph equation and shown an exact solution by using the invari-

ant subspace method under the invariant subspace in space Wy = L{1, 2?*}.
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8. In remark 3.3.2, we have given other invariant subspace in space.

9. In example 3.3.3, we have modified an example of time-fractional telegraph
equation by replacing the integer order in space with fractional order and de-
rived the solution. In particular, we have shown that the obtained solution
closes to the solution in time-fractional telegraph equation when the space-

fractional order derivative closes to one.
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